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Twisted homological stability for configuration spaces

Martin Palmer / 17 December 2014

Abstract

Let M be an open, connected manifold. A classical theorem of McDuff and Segal states
that the sequence {Cr (M)} of configuration spaces of n unordered, distinct points in M is
homologically stable with coefficients in Z — in each degree, the integral homology is eventually
independent of n. The purpose of this note is to prove that this phenomenon also holds
for homology with twisted coefficients. We first define an appropriate notion of finite-degree
twisted coefficient system for {Cy (M)} and then use a spectral sequence argument to deduce
the result from the untwisted homological stability result of McDuff and Segal. The result
and the methods are generalisations of those of Betley [Bet02] for the symmetric groups.
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1. Introduction

For a pair of spaces M and X, the configuration space of n unordered points in M with labels
in X is defined by
Cn(M, X) := (Emb(n, M) x X™)/%,.

Here n is the discrete space of cardinality n, so Emb(n, M) is the subspace of M"™ where no two
points coincide. The symmetric group ¥, acts diagonally, permuting the points and the list of
labels, so an element of C,, (M, X) is a subset of M of cardinality n, together with an element of
X “attached” to each point. More generally, one could define a configuration space associated to
a fibre bundle 7: E — M by

Cn(M,m) = {(e1,...,e,) € E™ | m(e;) # mw(e;) for i # j}/Z.

An element of C,,(M,7) is thus a subset of M of cardinality n, together with an element of 7~ (p)
“attached” to each point p of this subset. However, with the exception of Remark 1.9, we will
restrict our attention to configuration spaces with labels in a fixed label-space X, corresponding
to the trivial bundle M x X — M.

Assumption 1.1 Henceforth we assume that M is an open, connected manifold with dim(M) > 2,
and that X is a path-connected space. To be precise, by an open manifold we mean a manifold
with empty boundary, each of whose (path-)components is non-compact but paracompact.

Since M is open, there are well-defined “stabilisation maps” C, (M, X) — Cy+1(M, X), which
we define precisely in §2.2 below. They are so called because the sequence of spaces {C, (M, X)}
is homologically stable with respect to them:
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Theorem 1.2 ([Seg73, McD75, Seg79, RW13]) Under the conditions on M and X assumed above,
the map Cp(M,X) — Cni1(M, X) induces an isomorphism on integral homology in degrees * < %,
and is split-injective on homology in all degrees.

Twisted coefficients. Several other families of groups or spaces which are homologically stable
are also known to have homological stability for twisted coefficients. For example general linear
groups [Dwy80], mapping class groups of surfaces [Iva93, CM09, Bol12] and the symmetric groups
[Bet02] are known to satisfy this phenomenon. A machine for proving twisted homological stability
for many natural families of groups is constructed in [Wah14], and in particular covers the cases
of mapping class groups of non-orientable surfaces and orientable 3-manifolds.

The minimum data required in order to pose the question of twisted homological stability for a
sequence of based, path-connected spaces {Y;,} is a functor m1 ({Y¥;,}) — Ab, where the source is the
category (groupoid) where the objects are the natural numbers, all morphisms are automorphisms
and Aut(n) = m1(Y,,). In other words, this is just a choice of 71 (Y, )-module for each n. There is
of course no chance of stability with respect to such a general “twisted coefficient system”, as the
71(Yy,)-modules for differing n may be completely unrelated.

To obtain a notion of twisted coefficient system with a chance of stability, one needs to add
some (non-endo)morphisms to 71 ({Y,,}) and require that the functor from this new source category
to Ab satisfy some finiteness conditions defined in terms of the new morphisms. The correct way
to do this depends on the particular context one is working in (although a very general context for
classifying spaces of discrete groups is introduced in [Wah14]).

In §§2,3 below we will define a twisted coefficient system of degree d for the sequence {C,, (M, X )}
to be a functor from a certain category B(M, X) to Ab satisfying a certain finiteness condition. To
state the main result, it is enough to mention that it includes the data of a m,C), (M, X)-module
T, for each n, and that the stabilisation map induces a natural map

H,.(Cph(M,X);T,) — H.(Cpy1(M, X); Trt1). (1.1)
The main result of this note is the following;:

Theorem 1.3 Under Assumption 1.1, if T is a twisted coefficient system for {C, (M, X)} of degree
n—d

d, then the map (1.1) is an isomorphism in degrees x < 5%, and is split-injective in all degrees.
This is a generalisation of the result of [Bet02], where twisted homological stability is proved
for the symmetric groups {X, }, corresponding to the case M = R and X = x.

Remark 1.4 (Split-injectivity) The split-injectivity statement of this theorem is fairly easy, and
has essentially the same proof as in the untwisted case. It is proved separately in §7, and its proof
does not depend on the twisted coefficient system being of finite degree — this assumption is only
required for surjectivity in the stable range.

Remark 1.5 (When -2 is invertible) If T: B(M, X) — Ab is a twisted coefficient system of Z[3]-
modules, i.e. its image lies in the subcategory Z[%]—mod of Ab, then the stability range in Theorem
1.3 can be improved to * < n — d, as long as M is at least 3-dimensional. When M is a surface, a
similar improvement is possible if T" is a rational twisted coefficient system, i.e. its image lies in the
subcategory Vectg of Ab. The improved range in this case is * < n — d when M is non-orientable
and * < n —d when M is orientable. This uses the improved homological stability ranges, for
untwisted coefficients, obtained in [Chul2, RW13, KM14b, Knul4]. See Remark 6.5 after the proof
of Theorem 1.3 in §6.

Remark 1.6 (Related results) Some other examples of twisted homological stability theorems for
configuration spaces are as follows. Firstly, there is the stability result [Bet02, Theorem 4.3], of
which the present note is a generalisation, corresponding to taking M = R* and X = % in Theorem
1.3. Another example is [CF13, Corollary 4.4], which concerns the braid groups 3, = m1(C, (R?)).
The local coefficient systems in this case are the rational (,-representations V). Here, A is a
fixed Young diagram with |A| boxes, A[n] is the Young diagram obtained by adding a new row
of length n — |A| to the top of A and V), is the irreducible ¥,,-representation corresponding to
A[n], viewed as a (,-representation via the projection 8, — X,,. Another example concerning the
braid groups is [Wah14, Example 5.3 and Theorem 6.13], which proves homological stability for



B, with coefficients in the Burau representations 3, — Aut(Z[t*1]"). Note that in this example
the local coefficient systems do not factor through the projection 3, — %,,. In fact, the homology
of B, with coefficients in the reduced rational Burau representations 3, — Aut(Q[tT!]"~1) is
explicitly computed in [Chel4], and one can directly read off a stable range from the computation.
Interestingly, the stable range obtained in [Chel4] for the reduced rational Burau representations
has slope 1, whereas the stable range obtained in [Wah14] for the integral Burau representations
has slope % This parallels the improvements to the range of Theorem 1.3 discussed in Remark 1.5
above. See also Remark 4.10, which explains that the Burau representations do not fit into the
framework of the present note.

Some special cases of Theorem 1.3 are as follows. Fix a principal ideal domain R and a path-
connected based space Z with H,(Z; R) flat over R in all degrees. For example we could take R
to be a field, or we could take R = Z and assume that the integral homology of Z is torsion-free.
Also choose non-negative integers ¢, h and suppose that H,.(Z; R) = 0 in the range x < h. The
homology group H,(Z"; R) is a Z[X,]-module given by permuting the factors of Z”, and hence
also a Z[m (Cy (M, X))]-module via the projection m (Cy (M, X)) = ;.

Corollary 1.7 There are isomorphisms
H,(Co(M,X); Hy(Z";R)) = H,(Cpy1(M,X); Hy(Z"'; R))

i the range x < %(n— {hLHJ) If we take R = Q, or R is a ring in which 2 is invertible and M is
at least 3-dimensional, then this holds in the larger range x < n — {hLHJ (except in the case where

M is an orientable surface, in which case the larger range is x < n — LhLHJ)

Proof. The first statement follows directly from Theorem 1.3 applied to Example 4.1, using Lemma
4.2 and Remark 4.4 to compute the degree of the twisted coefficient system in this case. The
improved ranges follow from Remark 1.5 above. o

For an ordered partition pu = (p1,. .., tx) of || = p1 + - - + px, denote by X, the product of
symmetric groups ¥, x---x X, , which is naturally a subgroup of ¥,,,|. Fix an ordered partition A,
and assume that n > |A|, so that there is an induced ordered partition A[n] = (n — [A|, A1, ..., Ax)
of n. Then %, /¥y, is a (transitive) ¥,-set, so that R[X, /Y] is a m(Cy, (M, X))-module via
the projection 7 (Cy (M, X)) — %, for any ring R.

Corollary 1.8 There are isomorphisms

H.(Co(M, X); R[Z0/Zam)]) = Hi(Cny1(M, X); R[Z0n11/San11y])

in the range * < %(n — |/\|) If we take R = Q, or R is a ring in which 2 is invertible and M 1is at
least 3-dimensional, then this holds in the larger range x < n — |A| (except in the case where M is
an orientable surface, in which case the larger range is x < n — |A|).

In particular this includes stability for coefficients in Z[%,, /3, _x] or in Z[E,, /(Zk X E,—g)] in
the range * < Z5% by taking A to be (1,...,1) or (k) respectively.

Proof. The first statement follows directly from Theorem 1.3 applied to Example 4.6, using Lemma
4.7 and Remark 4.8 to compute the degree of the twisted coefficient system in this case. The
improved ranges follow from Remark 1.5 above. (]

Remark 1.9 (Configurations with twisted labels) A consequence of Corollary 1.7 is (untwisted)
homological stability for configuration spaces C, (M, ) with labels in a fibre bundle 7: E — M
with path-connected fibres, defined at the very beginning of this note. This uses the Serre spectral
sequence for the fibre bundle

Cn(M,7) — Cp(M)

that forgets the labels, and which has E? page isomorphic to the twisted homology groups of
Cy (M) with coefficients in the homology groups of F™, where F is the typical fibre of 7. Corollary
1.7 says that the stabilisation maps induce a map of spectral sequences which is an isomorphism in
a range on the E? page, as long as we take field coefficients. One can then reconstruct an integral



homological stability result from the fields F, and Q. This is proved in detail in Appendix B of
[CP14] and also in Appendix A of [KM14a]. We note that this result can alternatively be proved
using a generalisation of the proof of [RW13], which is concerned with configuration spaces with
labels in a fixed space. This alternative proof is also sketched in Appendix A of [KM14a].

Remark 1.10 (Coloured configuration spaces) Corollary 1.8 may in fact be deduced quickly from
untwisted homological stability, as follows. First note that

H, (Cn(M7X>aR[En/Z)\[n]]) = H*(C)\[n](MvX>aR)v

where the coloured configuration space Cy[,) (M, X) is defined to be the covering space of C,, (M, X)

with |En/2>\[n]| = (;’1) (";jl) e ("—’\1_)'\;_’\’“*1) sheets, in which the n points are coloured accord-

ing to the partition A\[n]. There is a stabilisation map
CA[n] (M, X) — C/\[nJrl] (M, X)

given by adding a point of the first colour to a coloured configuration (similarly to the stabilisation
map defined in Definition 2.1). This commutes up to homotopy with the projections to Cy\ (M, X),
which are fibre bundles, and the map of fibres is the ordinary stabilisation map Cy,—|x|(M)y}, X) —
Cpy1-a|(M)y), X), where M|y denotes the manifold M with |\| points removed. The result then
follows by applying the relative Serre spectral sequence associated to this map of fibre bundles over
CO\(M, X).

Remark 1.11 (Representation stability) Let F,,(M,X) denote the configuration space of n dis-
tinct, ordered points in M labelled by X. This is an (n!)-sheeted covering space of C,, (M, X), and
in the notation of the previous remark it may also be written as Cy, . 1) (M, X), where the partition
contains n instances of the number 1. The sequence of graded Q[X,,]-modules {H*(F,, (M, X); Q)}
satisfies representation stability, a notion introduced in [CF13] and proved in this case by [Chul2].
Roughly, this says that for each fixed degree * and Young diagram A, the number of copies of the
irreducible X,,-representation V), in the nth term H*(F, (M, X); Q) of the sequence is eventually
independent of n. See Remark 1.6 for an explanation of this notation. Moreover, the stability in
this case is uniform: the bound on “eventually” depends only on * and not on \.

The rational homology of F,, (M, X) is related to the groups appearing in Corollary 1.8 as
follows:

H. (Fpo(M, X);Q) ®qps,) QEn/Sam] = Ha(Cn(M, X); Q[E5/Exim])- (1.2)

This follows from the collapse of the Kiinneth spectral sequence for the singular chain complex
Ci(Fn (M, X); Q) and the module Q[%,,/¥},] over the ring Q[X,]. By Corollary 1.8 (c.f. also the
previous remark), this sequence of graded groups is stable in the range * < n — |A| (or the range
* < n— |A| if M is an orientable surface). There is a proof due to Sgren Galatius [personal commu-
nication], involving only the representation theory of symmetric groups, that takes stability of the
left-hand side of (1.2) as input and proves representation stability for {H*(F, (M, X);Q)}. This
therefore reveals a link between twisted homological stability (via Corollary 1.8) and representation
stability.

More quantitatively, the argument of Galatius proves representation stability in the range
n > 2.max{|\|, *} (or n > 2.max{|\|,*+ 1} in the case of orientable surfaces). For comparison, the
range obtained in [Chul2] is n > 2% for manifolds of dimension at least 3 and n > 4x for surfaces.
So the range obtained by Galatius’ argument improves the range of [Chul2] for surfaces when
|A| < 2% (and also works equally well for non-orientable manifolds). If we define the complezity of
a Young diagram u to be the number of boxes below the first row, x(u) = |u| — g1, then we can say
that the range is improved for Young diagrams with low complexity, since k(A[n]) = |A|. However,
it does not recover uniform representation stability, as the range depends on A as well as on .

Remark 1.12 (Alternating coefficients) There is a sequence of 1 (C), (M, X ))-modules that does
not fit into the framework of this note (it does not form a twisted coefficient system at all, let
alone a finite-degree one), but which nevertheless does exhibit homological stability. Every loop
in C,(M,X) induces a permutation of its base configuration, so there is a natural projection
map 71(Cp, (M, X)) — X,,, which we can compose with the sign homomorphism to obtain a map



m1(Cn (M, X)) — Z/2. This makes Z[Z/2] into a 71 (Cy, (M, X ))-module, and its kernel corresponds
to a double cover C;F (M, X) — C, (M, X). The space C;F (M, X) is the “oriented configuration
space” where each configuration is additionally equipped with an ordering of its points up to even
permutations. One can easily see that

H.(Cf (M, X); Z) = H.(C, (M, X); ZIZ/2). (1.3)

In [Pall3] the author proved that the sequence of spaces C;7 (M, X), with analogous stabilisation
maps, is homologically stable as n — oo, in the range % < % Via the identification (1.3) this is
twisted homological stability for C, (M, X') with respect to the sequence of local coefficients Z[Z/2].

Remark 1.13 (Future generalisations) It would be very interesting to generalise this twisted
homological stability result to a setting which admits more examples. As mentioned before the
statement of Theorem 1.3, a twisted coeflicient system for {C,, (M, X )} is a functor from a certain
category B(M, X)) (the category of “partial braids” on M) to the category of abelian groups. One
way to encompass more examples would be to replace B(M, X) by the subcategory Bi (M, X) of
“full braids” on M. This is analogous to the category of finite sets and partially-defined injections,
and its subcategory of everywhere-defined injections. Twisted coefficient systems in this more
general sense would include for example the Burau representations when M = R? and X = x (see
Remark 4.10). The category B(M, X) has a zero object, which is only initial (and not terminal)
in the subcategory By(M, X). However, the methods developed in [Wah14] for proving twisted
homological stability for families of groups involve functors from a source category which is only
required to have an initial object (see also [DV13, §1.2]). This suggests that it is reasonable to
hope for a stability result for twisted coeflicient systems indexed by the category By (M, X).

A note on terminology. To keep our terminology from becoming ambiguous, we will always use
the terms “local coefficient system” and “twisted coefficient system” as follows. For a space Y, a
local coefficient system for Y will have its usual meaning as a bundle of abelian groups over Y, or
a functor from the fundamental groupoid of Y to Ab, or (when Y is based and path-connected) a
71(Y)-module. The phrase twisted coefficient system will always be used in the sense of Definition
2.2 below; in particular it applies to a sequence of spaces.

Acknowledgements. The content of this note appeared, in a slightly different form, as part of
the author’s PhD thesis in 2012, and he would like to thank his supervisor, Ulrike Tillmann, for her
invaluable advice and guidance throughout his PhD. He would also like to thank Sgren Galatius
for sharing his proof of representation stability for ordered configuration spaces, cf. Remark 1.11,
and Aurélien Djament for a discussion of cross-effect decompositions, cf. Remark 3.5.

2. Twisted coefficient systems

2.1. Setup. First we fix some data. Recall from Assumption 1.1 that M is an open, connected
manifold of dimension at least 2 and X is a path-connected space. This assumption on M means
that we may pick a connected manifold M with non-empty boundary dM whose interior is M
(although we must allow OM to be non-compact in general). Also choose a basepoint xq for X.
Choose a point a € OM, and let U be a coordinate neighbourhood of a with an identification
U=R¢ ={zeR?|z; >0} which sends a to 0. Also choose a self-embedding e: M < M which
is isotopic to the identity, is equal to the identity outside U, and such that e(a) € M (i.e. in the
interior of M). Moreover, we choose an isotopy I: e ~ id ii- We obtain a sequence of points in M
by defining
a1 = e(a) ap, = e(anp—1) for n > 2.

The isotopy I provides us with canonical paths p,: [0,1] = M between a,, and ay41.

2.2. The configuration space and the stabilisation map. Recall that the configuration space
of n unordered points in M with labels in X is defined to be

Cr(M,X)=((M"\A)x X")/%, = (Emb(n, M) x X™)/Z,,



where A = {(p1,...,pn) € M"™ | p; = p; for some i # j} is the so-called fat diagonal of M™, and
the symmetric group X, acts diagonally, permuting the points of M along with their labels in X.
Thus a labelled configuration is an unordered set of ordered pairs in M x X, generically denoted
by {(p1,21),- -, (Pn,Tn)}. When X is a point we will also write C,, (M) = Cy, (M, *).

Definition 2.1 The stabilisation map sy : Cp(M,X) — Cpy1(M, X) is defined by

{(p17x1>a R (pna :L'n>} = {(e(pl)vxl)v R (e(pTI)a :L'n>, (ala :L'0>}

Essentially, the existing configuration is “pushed” further into the interior of the manifold by e,
and the new configuration point a; added in the newly vacated space. Up to homotopy, the only
“extra data” that this map depends on is the component of M containing a.

2.3. Twisted coefficient systems. We define the category B(M, X) to have ]_[n>0 X" as its
set of objects, and a morphism from (z1,...,%m) to (y1,...,¥s) is a choice of k& < min{m,n}
and a path in Cy(M, X) from a k-element subset of {(a1, 1), ..., (@m,Zm)} to a k-element subset
of {(a1,91),-..,(am,yn)} up to endpoint-preserving homotopy. The identity is given by k =
m = n and the constant path. Composition of two morphisms is given by concatenating paths
and deleting configuration points for which the concatenated path is defined only half-way. For
example (omitting the labels in X):

SClo = e

— . — o

(2.1)

Again, when X is a point we will also write B(M) = B(M, X).

Definition 2.2 A twisted coefficient system, associated to the direct system of spaces {C,, (M, X)},
is a functor from B(M, X) to the category Ab of abelian groups.

For each n, take {(a1,20),...,(an,2o)} as the basepoint of C,(M,X). Then the automor-
phism group of the object (xo)™ = (zo,...,%o) (a tuple of length n) in B(M, X) is precisely the
fundamental group m C,, (M, X). So if we are given a functor T: B(M, X) — Ab this induces an
action of 11 C, (M, X) on T, .= T((z)"), and we can define the local homology H.(C,,(M,X);T,).

For every object = (x1,...,2,) of B(M, X) there is a natural morphism ¢z : (21,...,2,) —
(xo,x1,...,%,) as follows. It is represented by the path in C,,(M, X) from {(a1,21),...,(Gn,zn)}
to {(a2, 1), ..., (ant1,Tn)} where each configuration point a; travels along the path p; (see §2.1)

and the labels x; stay constant. Schematically, this may be pictured as:

% An41
an e . e an

. ta o (2.2)
az o~ az
al e T1 eai
When z = (z9)" we will write ¢; =: ¢,, for this canonical morphism (z)" — (x)"*!. For any

v € mCn(M, X) = Autp(ar, x)((w0)") it is easy to check that

ln Oy = (Sn)*(’Y) O ln,

so for any T the map T't,: T, — T,+1 is equivariant with respect to the group-homomorphism
($n)s: MmCp(M,X) — mCpy1(M, X). Hence we have an induced map

(sn;Tin)w: Ho(Cp(M, X);Tn) = Hi(Crgr (M, X); Tygn).
This is the map (1.1) which induces the isomorphism in Theorem 1.3.

Notation 2.3 From now on, by abuse of notation, we will denote the induced map T, : T}, = Tht1
also by ty: T, — Tp11. Similarly for the left-inverse m,: (zo)" ™! — (x0)" of ¢, (see §3.1): we
denote its image under T" also by m,: T,+1 — T).



2.4. A special case. Let X = % and assume that M is simply-connected and of dimension at
least 3. Since X is just a point, the objects of B(M, X) = B(M) are (in canonical bijection with)
the non-negative integers. The conditions on M imply that 71C,, (M) = X,,, in other words a path
in C,, (M) from the basepoint {a1,...,a,} to itself is determined by the permutation it induces
on the set {ai,...,a,}. More generally, a morphism from {ay,...,an} to {a1,...,a,} in B(M) is
determined by the partially-defined injection {a1,...,am} --+ {a1,...,a,} it induces. Hence there
is a canonical isomorphism of categories B(M) = X, where X is the category defined as follows:

Definition 2.4 The category ¥ has objects {0,1,2,...}, and a morphism from m to n in ¥ is a
partially-defined injection m --+ n. Composition is then composition of partially-defined functions
(where the composite function is defined exactly where it is possible to define it). Note that ¥ is
an inverse category, i.e. every morphism f has a morphism g such that fgf = f and gfg =g. It is
a subcategory of the category with objects {0,1,2,...} and morphisms partially-defined functions,
which is precisely I'°P, a skeleton of the category Seti'n of finite pointed sets. Partially-defined

injections are also sometimes called partially-defined bijections. The category X is also sometimes
called finPInj [Heu09], FIf [CEF12] or © [CDG13].

In particular we have B(R*>®) = X. Of course, R* is not a finite-dimensional manifold, as was
assumed of M, but the definitions make sense for arbitrary spaces M and X, and C,,(R*) is the
colimit of the spaces C,, (R?) under the obvious inclusions. The space Emb(n, R*) is a contractible
Hausdorff space on which the natural action of %, is free, so its quotient C,,(R*) is a model for
the classifying space BY,.

Any embedding M < N taking OM into N, together with a continuous map X — Y, induces
a functor B(M, X) — B(N,Y). Any manifold M has a unique-up-to-isotopy embedding into B>,
the closed unit ball in R*>. This embedding, together with the map X — *, induces a canonical
functor B(M,X) — B(B>*) = B(R*) = X. Another description of this functor is that it forgets
both the labels of the paths and the paths themselves, remembering only the partially-defined
injection induced by the paths.

In particular this means that any twisted coefficient system ¥ — Ab canonically induces a
twisted coefficient system B(M, X) — 3 — Ab.

2.5. A more general case. Instead of configurations of points (closed 0-dimensional submani-
folds), one may consider configurations of closed submanifolds of higher dimension. Let M be a
connected manifold with non-empty boundary and of dimension at least 2, as before. Also fix a
closed manifold P and an embedding to: P < dM. Choose an embedding e: M < M which is
isotopic to the identity and such that e(M) is disjoint from 1o (P). We obtain a sequence of pairwise-
disjoint embeddings of P into M by defining ¢, := €™ o1g. Writing the disjoint union PU---U P of
n copies of P as nP for short, define C,,p(M) to be the path-component of Emb(nP, M) /Diff (nP)
containing [¢1 U -+ Uy]. A stabilisation map C,p(M) — Cny1yp(M) may then be defined by
sending [¢1 U -+ U ¢p] to [(eogr)U---U (e o ¢p)Uig]. One may also define more complicated
versions of this setup, in which the submanifolds in C,,p(M) are parametrised modulo a subgroup
of Diff (P) and come equipped with labels in some bundle over Emb(P, M).

Everything in this note generalises to this setting, including an analogous notion of twisted co-
efficient system for {Cpp(M)}. In an article in preparation [Pal] we prove (untwisted) homological
stability for these more general kinds of configuration spaces, as long as dim(P) < 3 (dim(M) — 3).
The arguments of this note then immediately imply a twisted homological stability result for these
spaces too.

3. Height and degree of a twisted coefficient system

3.1. Degree. First we will define the degree of a functor T: B(M,X) — Ab. Recall from §2.3
the natural morphisms ¢y : & — (x0,z). The adjective “natural” suggests that they should form
a natural transformation, and in fact they do: For every morphism ¢ of B(M,X) we have a



commutative square

(xla ,(Em) —— (anxla ,$m)
b S6 (3.1)
(yla"'ayn) f’ (anyla"'ayn)
Yy

where the morphism S¢ is defined as follows: if ¢ is represented by a path p in Cx(M, X) for
some k < min{m,n}, then S¢ is represented by the path s; o p in Cyy1(M,X). Thus we have
an endofunctor S: B(M, X) — B(M, X) (which could be called the stabilisation endofunctor) and
a natural transformation ¢: id = S. Note that each ¢, has an obvious left-inverse 7., and these
morphisms fit together to form a left-inverse 7: S = id for «¢.

So, given any T': B(M, X) — Ab we get a natural transformation Tov: T = T o S, or in other
words a morphism in the abelian category AbBM:X)  Denote its cokernel by AT': B(M,X) — Ab.

Definition 3.1 The degree of a functor T': B(M, X) — Ab is defined recursively by
deg(0) = —1 deg(T) = deg(AT) + 1,
where 0 is the identically-zero functor.

Example 3.2 The degree of T is < 0 exactly when AT = 0, i.e. when Tvy: Tax — T(zg,z) is an
isomorphism for all z € B(M, X). But the category B(M, X) is generated by the morphisms ¢,
their left-inverses 7, and isomorphisms. Hence deg(T") < 0 if and only if T is constant in the sense
that it sends every morphism to an isomorphism.

See §4 for some less trivial examples.

3.2. Height. Denote the homomorphism mC, (M, X) — %,, which only remembers the permu-
tation of the basepoint configuration by w (this is part of the canonical functor B(M,X) — %
from §2.4). Write G,, == m1C,,(M, X) and define G¥ := u=1(2,,_x x Xx). To define the height of
a functor T': B(M, X) — Ab we need the following decomposition result:

Proposition 3.3 Let T: B(M,X) — Ab be any functor, and recall that we write T,, = T ((x0)").
Then for k =0,...,n there is a direct summand (as abelian groups) T* of T,, such that the action
of GF < G,, on T, preserves it: so it is also a direct summand as a G¥-module. Moreover, there
s a decomposition of T,, as a Gy -module:

n

T, = @ (ZGy @z Ty) - (3.2)
k=0

This identification is natural in the sense that v, : T, — Tni1 sends TF into TT]erl, and the map of
the right-hand side induced by v, and (sy )« corresponds under (3.2) to i, on the left-hand side.

Remark 3.4 (Related decompositions) This is similar to the cross-effect decomposition of a functor
from a pointed monoidal category (a monoidal category whose unit object is also initial and
terminal) to an abelian category, which appears in [HPV12, Proposition 2.4] (see also [DV13,
Proposition 1.6]), and the idea of which goes back to Eilenberg and MacLane [EML54, §9]. However,
our category B(M, X) is not in general monoidal (it is when M is of the form R x N), so this setup
does not cover our situation. A similar cross-effect decomposition appears in [HV11, Proposition
1.4] for functors from a source category which has finite coproducts — however, B(M, X) also does
not have finite coproducts. Yet another similar decomposition appears in [CDG13, Lemme 2.7(3)]
for functors from a source category which is a wreath product C! A, where C is any category and
Y < A< Sefm, Here, Sefi" is the category of finite sets and partially-defined functions and X is
its subcategory of partially-defined injections, as in Definition 2.4. Our category B(M, X ) may be
written as a wreath product PX ! B(M), where PX is the path category of X and the wreath
product is defined using the projection B(M) — X. This is however not of the form considered in
[CDG13], unless M is simply-connected and of dimension at least 3 (see §2.4).



Since none of the existing decompositions in the literature covers the general case that we
require, we give a complete proof of the decomposition (3.2) in our situation (i.e. Proposition 3.3).
This is a little technical, so the reader may wish to skip directly to Definition 3.12 at this point.
Before embarking upon the proof of Proposition 3.3, we point out a correction.

Remark 3.5 (A correction) We should mention that the proof of the decomposition in Lemme
2.7(3) of [CDG13] contains an error. We will briefly explain the error and sketch a corrected proof
of their decomposition. See [CDG13, §2.1] for any unexplained notation. The first part of their
proof establishes a decomposition

T(C) = @ m Tam(C), (3.3)

PCP(E) AEP
where T4 5(C) is defined to be ker(T'(dc,4)) Nim(T'(dc,s)), M = Mp is defined to be ((P(E)\ P)
and the notation P(F) means the power set of E.! The aim is then to show that this is equal to

@ ﬂ T'a,s(C), (3.4)

SCE AeQs

where we define Qg := {A € P(E) | A C S}. Define also Rg .= {A € P(E) | A 2 S} and note that
Qs € Rg with equality exactly when S = E. They state that T4 s(C) = 0 whenever A ¢ Qg, but
in fact this is only true under the stronger assumption that A ¢ Rs. We may therefore restrict the
direct sum in (3.3) to those P such that P C Ry, (rather than P C Qpsp, as claimed). The P with
this property are precisely the subsets Rg for S C E. Moreover, the function R: P(E) — P(P(E))
given by S +— Rg is injective (in contrast to the function @), so we see that (3.3) is equal to

@ ﬂ T4 s(C). (3.5)

SCFE A€Rs

The final step of the proof is to show that restricting each intersection to the subset Qg of Rg
does not change it. The subset Qg is coinitial in Rg, but the function P(E) — P(T(C)) given by
A — T4 s(C) is non-increasing, so this does not help us. Instead, this follows from the facts that
TAys(C) = TAOS,S(C) and {Aﬁ S | Ae Rs} =Qs.

An alternative correction to the proof of Lemme 2.7(3) of [CDG13] was pointed out to us
later by Aurélien Djament, which we also briefly sketch. The decomposition (3.3) arises from the
family of pairwise-commuting idempotents {T'(dc.g) | S C E} of T(C). If we instead consider the
subfamily {T'(d¢, g (s}) | s € E}, the corresponding decomposition is

T(C) = @ ﬂ TE\{S},S(C)- (36)

SCE seS

Using the fact that T',5(C) = T'ans,s(C), we may replace T {5},5(C) with T (s},5(C) on the
right-hand side. Note that {S ~ {s} | s € S} is cofinal in Qg and the function P(E) — P(T(C))
given by A — T4 ¢(C) is non-increasing, so this is equal to (3.4).

We now prove Proposition 3.3, for which we will need the following definitions.
Definition 3.6 For S C {1,...,n} = nlet fs: (9)" — (x0)" be the endomorphism in B(M, X)

given by the constant path in Cg(M, X') on the configuration {(a;,zo) | i € n . S}. So this is the
endomorphism which “forgets” the points a; for ¢ € S and is the identity elsewhere.

Definition 3.7 For p > 0 and {S1,...,S,} a partition of S C n define

p
To[Su]-++[Sp] = im(T fous) N () kex(Tfs,).

i=1

Note that the induced maps T fs: T, — T, are not in general G,-module homomorphisms, so
these are subgroups but not sub-G,,-modules.
We will write S? for the discrete partition of S, and define

TF = T,[{n—k+1,...,n}°].

I There is a typo in [CDG13], where M is incorrectly defined to be () P, rather than (P(E) \ P).




Remark 3.8 A few immediate observations are the following: Each T fs: T,, — T, is idempotent.
The composition of T'fg, and T'fs, is T fs,us,, so in particular the T fg for S C n all pairwise
commute. By definition T,,[] = im(T'f,), and since fz = id we also have T, [n] = im(T fz) N
ker(T fy,) = ker(T f,,), so:

T, = im(T'fy) @ ker(T f,) = Tul ] & Tal). (3.7)

The following lemma is less immediate but can be proved by some diagram-chasing and draw-
ing little cartoons like (2.1) and (2.2). We will give a proof in symbols.
Lemma 3.9 For k < m < n, the map
=1p_10-0ly: Ty =T,

n
Lm

is split-injective and sends T* into T*. Moreover, its restriction to a map T — TF is a bijection.
Hence any left-inverse for ., restricts to a bijection T* — TF .

Proof. As mentioned in §3.1, each ¢, has a natural left-inverse 7, — these compose to give a left-
inverse 7}, for ¢,. Just as for ¢, and 7, by an abuse of notation we will denote the induced map
Tfs: T, — T, also by fs.

We now show that ¢, (T%) C T +1, and hence by induction that " (TE) C TF. Suppose z =
tm(y) for y € TE. Then by definition y = fi1,...m—ky (2) for some z € Tp,. Since 2 Trng1 — Tiny
is split-surjective we have z = 7., (w) for some w € T}, +1. Hence

T = lm © f{l,...,m—k} © 7T'm(u}) = f{l,...,m—k-{-l} (w) (38)
For any m — k+ 2 <t < m+ 1 we have
fry (@) = friy 0 tm(y) = tm © fi—1} () = tm(0) =0, (3.9)

since y € T)¥. The two properties (3.8) and (3.9) verify that x € TP _ .

Now we show that the restriction of ,, to Tt — T* 41 is a bijection, and hence by induction
that the restriction of 7, to T% — T* is a bijection. Suppose x € Tffwl, and define z == m,(x) €
Ty,. Then

tm(2) = tm 0 T (1) = fr1y ().
But note that © = ff1, . m—r+13(y) for some y € Ty 41, s0

foy (@) = fry o frnm—kr13(v)
= f{l _____ m,kJrl}(y) (by Remark 3.8 and since k < m)

So it remains to prove that z € TX. Firstly,
2 =Tm 0 11, .m—k+1} (¥) = fi1,...m—k} © Tm(Y)-
Secondly, for any m — k + 1 < ¢ < m, we have
tm © f{i}(z) = f{i+1} o Lm(z) = f{z‘+1}($) =0,
since = € T,’fH_l. But ¢y, is split-injective, so f{;;(z) = 0. These two facts verify that z € Tk, O
The following lemma will allow us to construct the required decomposition by induction:

Lemma 3.10 For all {S1,...,Sp} partitioning S C n with p > 2, there is a split short exact
sequence

0= T,[S1]--+|Sp] = Tn[S1US2|--|Sp] — Tn[S1]Ss]--+|Sp] & Tn[S2| - -|Sp] — 0.

The first map is the inclusion, and a section of the second map is given by the inclusion of each of
the two factors. So in other words we have a decomposition

Tn[S1US2| - +[Sp] = To[S1]-++|Sp] @ TulS|--+|Sp] & Tn[S1]Ss]---|Sp).
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Proof. One can check from the definitions that the following facts are true:
1. T'fg, restricts to a map T,[S1US2]- - -|Sp] = Tn[S1]S3]- - -|Sp),
and similarly T fg, restricts to a map T,[S1US32]- - -[Sp] = Tn[S2|- - -|Sp].
2. T,,[S1]S3]- - -|Sp) and T,,[S2|- - -|Sp| are contained in T, [S1USa|- - -|Sp).
3. For {i,7} C {1,2} if 2 € T,[S;|S3|- - -|Sp], then T fs,(x) is  when i # j and 0 when i = j.
These facts imply that the map (7' fs,, T fs, ) restricts to the required split surjection (with a section
given by inclusion of each factor). The kernel of this is

Tn[Sll_ISQ|S3|' . |Sp] n ker(Tfsl) n ker(TfSQ)

p
= im(T fuus) N [ kex(T fs,) Nker(T fs,us,) Nker(T fs,) Nker(T fs,)
1=3
= To[S1]- Sl

since ker(T' fs,) C ker(T fs,us,)- O
We can now use this to inductively prove a more general decomposition:

Lemma 3.11 For any @ # S Cn and R C n~\ S there is a decomposition

T,[SIR = @ T.l(QUR)’]. (3.10)

2#QCS

As before, Q° denotes the discrete partition of the set Q, so for example T,,[{1,2}|{3,4,5}°] means
T.[{1,2}{3}|{4}|{5}]. Note that this decomposition is an equality of subgroups, not just an abstract
isomorphism of groups.

Proof. The |S| =1 case is obvious, so we assume that |S| > 2 and assume the theorem for smaller
values of |S| by induction. Pick an element s € S. Then by Lemma 3.10,

TolSIR’] = TulS\{s}(RU{s})’] ® TulS\{s}|R’] & Tu[{s}|R"].

Apply the inductive hypothesis to the right-hand side. The proposition then follows from the
observation that for @ # @ C S, exactly one of the following holds: (i) s € @ but Q # {s}; (i)
s ¢ Q; (iii) @ = {s}. O

We can now use this to deduce the decomposition we want:

Proof of Proposition 3.3. Combining (3.10) (setting R := & and S := n) with (3.7) we obtain:

T, = é P 7.1Q°. (3.11)

k=0 QCn
|QI=k

The action of G,, on T,, permutes the summands via the projection G,, — X, and the obvious
action of ¥, on subsets of n. So:

- TF =T, [{n—k+1,...,n}°] is preserved by the action of G¥ < G,, on T),.

- The G,-action on T}, preserves the outer direct sum.

- The inner direct sum is the induced module IndggTT’f = ZGy Qzar Tk.
This proves the decomposition of G,-modules (3.2). We proved in Lemma 3.9 above that ¢,,: T,, —
T41 sends T% into T}, |, and the naturality statement is clear. (|

Having established this decomposition we can now define the height of a twisted coefficient
system:

Definition 3.12 The height of a functor T': B(M,X) — Ab is the height at which the decom-
position (3.2) is truncated. More precisely, we define height(T") by: height(T) < h if and only if
TF =0 for all k > h and all n. (So in particular height(7) = —1 if and only if 7' = 0.)
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3.3. Height and degree. These two notions are related as follows:
Lemma 3.13 For any functor T: B(M, X ) — Ab, height(T) < deg(T).

This inequality is useful because having an upper bound on the height of a twisted coefficient
system is what is needed to prove Theorem 1.3, whereas it is often easier to find an upper bound
on the degree in examples.

Proof. We will use induction on d to prove the statement
deg(T) < d = height(T) < d (IHy)

for all d > —1, using the decomposition (3.11) above, which we restate as:

T, = P T.[5°). (3.12)

SCn

In this notation the height of 7' is determined by height(7) < d if and only if 7,,[S°] = 0 for all
|S| > d and all n.

When d = —1 the definitions of height and degree coincide. This deals with the base case,
so let d > 0 and assume that (IH4;_1) holds. For all n we have a split short exact sequence
0— 1T, = Tht1 — AT, — 0. Applying (3.12), this is

0= P TS — P TunlR] — P ATLIQ] — 0.

SCn RCntl QCn

Analysing the maps carefully we see that

(a) T,[S?] is sent isomorphically onto Ty, 1[(S + 1)°] by the first map.

(b) Tny1[(Q U {1})%] is sent isomorphically onto AT}, [(Q — 1)°] by the second map.
Suppose that deg(T) < d. Then deg(AT) < d — 1 by the definition of degree, and so by the
inductive hypothesis (IH4_1), height(AT) < d — 1. By fact (b) above this implies that

T,+1[R’] = 0 whenever |R| > d and 1 € R. (3.13)

For any fixed k, the subgroups {T},41[R°] | |R| = k} are all abstractly isomorphic via the action of
Gr41 on Tpq. Also note that d > 0, so that |R| > 0, i.e. R # &. Hence:

T, 1[R%] = 0 for all |R| > d. (3.14)
Therefore by (a), T,,[S°] = 0 for all |S| > d; in other words, height(T) < d. O

Remark 3.14 To prove that height(T) = deg(T), one could try to reverse the argument above
to get the other inequality. This goes wrong in one place though: Above we were able to deduce
(3.14) from (3.13) because for every |R| > d, there is an R’ of the same cardinality which contains
1. However, for the converse we would need to deduce (3.14) from:

T,+1[R°] = 0 whenever |R| > d and 1 ¢ R. (3.15)

Now there is a subset R C n+1 for which there does not exist R C n+1 of the same cardinality
and not containing 1 — namely n+1 itself. This is the basic asymmetry which prevented us from
proving an equality between height and degree.

Remark 3.15 The notion of height in this note is the same as the notion of degree in [Bet02] (for
twisted coefficient systems for symmetric groups) and [Dwy80] (for general linear groups), whereas
the notion of degree in this note is in the same spirit as the notion of degree in [Iva93], [CM09] and
[Bol12] (for mapping class groups of surfaces) and [Wah14] (for automorphism groups in a general
categorical setting). Hence Lemma 3.13 provides a link between these two notions of degree.

We finish this section with a few immediate facts about the degree of a twisted coefficient
system.
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Lemma 3.16 For twisted coefficient systems T,T': B(M,X) — Ab and a fized abelian group A,
(a) deg(T & T") = max{deg(T), deg(T")},
(b) deg(T ® A) < deg(T),
and more generally, for deg(T) and deg(T’) non-negative,
(©) deg(T ® T") < deg(T") + deg(T"),
where ® and ® are defined objectwise.

Proof. Fact (a) follows by induction from the fact that A(T @ T") = AT & AT’. Fact (b) follows
from the fact that A(T® A) = AT ® A, which is true because tensoring a split short exact sequence
with A preserves split-exactness. Fact (c) is proved by induction with base case (b), and inductive
step using the fact that

ATRT) = (TOAT )& (AT RT') & (AT @ AT'). O

4. Examples of twisted coefficient systems

Recall from Definition 2.4 that the category X has objects the natural numbers including zero,
and morphisms the partially-defined injections. We will give some examples of functors T': 3 — Ab,
which are twisted coefficient systems for the special case M = R*> and X = x since B(R*>) = X.
However, recall (§2.4) that there is a canonical functor U: B(M, X) — X for each (M, X), so these
examples also give twisted coefficient systems in general. Moreover, one can check (see §3 for the
notation) that A(T oU) = AT o U, so by induction deg(7 o U) = deg(T), and also (T o U)* =T,
so height(T o U) = height(T').

Example 4.1 Fix a path-connected based space (Z,%), an integer ¢ > 0 and a field F. The
functor T%7: ¥ — Top is defined on objects by n + Z", and on morphisms as follows: given a
partially-defined injection j: {1,...,m} --» {1,...,n} in X, define T%(j): Z™ — Z™ to be the
map

(Zlv SRR Zm) = (ijl(l)a cee ,ijl(n)%

where z4 is taken to mean the basepoint *. For example:
% b (21,22, 28) B> (%, 21, %, 22).

The functor Tz, r: ¥ — Ab is then the composite functor Hy(—; F) o Ty.

Lemma 4.2 The twisted coefficient system Ty, p has degree at most |+ |, where for a path-

h+1
connected space Z,
h = heconnp(Z) == max{k > 0| Hy(Z;F) =0 for all i <k} > 0.

Proof. First note that the Kiinneth theorem gives us natural split short exact sequences

q
0— Hy(Z" F) — Hy(Z"" F) — @ Hy-i(2™; F) @5 Hi(Z; F) — 0, (4.1)

i=1
which together with the fact that H;(Z; F) = 0 for 1 < ¢ < h implies that
q
ATZ,q,F = @ TZ,q—i,F ®F Hi(Z; F) (42)
i=h+1

So, by Lemma 3.16 above, deg(Tz,4,7) < 1 + max{deg(Tz 4—i.r) | h +1 < i < ¢}. Abbreviating
deg(Tz,q,F) to tq, we have the recurrence inequality

tq g 1+ max{to, N ,tq,hfl}. (43)
Note that Ho(Z™; F) — Ho(Z™*; F) is the identity map F — F for all n, so ATz r = 0, and

hence deg(T'z,0,r) = 0. Also note that for 1 < ¢ < h, hconnp(Z) > ¢ implies that hconnp(Z") > ¢
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for all n (by the Kiinneth theorem), so Tz 4, r(n) = Hy(Z™; F) = 0, and hence deg(Tz,4,r) = —1 <
0. So we also have the initial conditions

to, b1, .., tn <O. (4.4)

It now remains to prove that the recurrence inequality (4.3) and the initial conditions (4.4) imply
that t, < |45 for all ¢ > 0. This will be done by induction on g. The base case is 0 < ¢ < h
which is covered by the initial conditions (4.4). Assume that ¢ > h + 1. Then:
ty < 1+ max{to,...,tq—n—1}
—h—

<1+ [

= 7] O
Remark 4.3 See also [Han09b, Proposition 12], where it is proved (in the terminology of this
note) that the height of Tz 4 F is at most g.

Remark 4.4 If, in Lemma 4.2, we replace F' by a general principal ideal domain R (such as Z),
the short exact sequence (4.1) becomes

q
0— Hy(Z";R) — Hy(Z""; R) — @D Hy—i(Z"; R) ®r Hi(Z; R)
=1

, (4.5)
@@ Tor"(H,—i(Z2™; R), Hi—1(Z; R)) — 0.

Here, as in (4.1), we have used the splitting in the Kiinneth short exact sequence to move some
summands from the left-hand side to the right-hand side. However, this splitting is not always
natural, and so (4.5) is not natural for general principal ideal domains R. When R = F is a field,
the Tor terms vanish and the Kiinneth short exact sequence is of the form 0 - A — B — 0 — 0, so
its splitting is certainly natural in this case.? This is the reason why the short exact sequence (4.1)
is natural — which was necessary to deduce the isomorphism of functors (4.2). More generally, the
Tor terms vanish if H,(Z; R) is flat over R in each degree, so the most general version of Example
4.1 works for a principal ideal domain R and path-connected space Z satisfying this condition. In
particular, if H,(Z;Z) is torsion-free, this example works for homology with integral coefficients.

Notation 4.5 Write N = Z~o. For k € N and A = (\1,...,\) € N¥ define || :== A\; + - + g
For / € N, define A\ - ¢ to be the statement

X € N¥ for some k € N and |A| = £.

In words, A is an ordered partition of £ of length k. For a set S with |S| > ¢, an ordered decomposition
of S of type A is a tuple (S1,...,Sk) of pairwise disjoint subsets S; C S such that |S;| = A\;. Note
that this decomposes S into either k or k + 1 subsets, depending on whether |S| = ¢ or |S| > £. As
a final piece of notation, define A[n] = A for n = £ and

)\[n] :(n—f,)\l,...,)\k)

for n > ¢, so that A[n] - n. We note that this notation has a slightly different meaning compared
with its appearance in Remarks 1.6 and 1.11, which involve unordered partitions (corresponding
to Young diagrams), rather than (as in this section) ordered partitions.

Example 4.6 Let Se" be the category of finite sets and partially-defined functions. Note that this
is equivalent® to the category Set™™ of finite pointed sets. There is a free functor Z(—): Se™ — Ab
taking S to ZS and taking a partially-defined function j: S --+ R to the homomorphism

Znss — Znsj(s), (4.6)

seS seS

2 This just comes from the fact that a natural transformation is invertible if it is objectwise invertible.
3 Although not isomorphic, for essentially set-theoretic reasons.
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where j(s) means 0 € ZR if j is undefined on s. So any functor ¥ — Sefi" gives a twisted coefficient
system for ¥ by composing with Z(—).

We now define a functor Py: ¥ — Se™ associated to any A F /. On objects, it is defined by

{ordered decompositions of n of type A} n >/¢
1%/ n < /.

Py(n) = P\(n) = {

Given a partially-defined injection j: {1,...,m} --» {1,...,n}, we define Py(j): Prn(m) --» Px(n)
as follows. First, if m < £ or n < £ then P\(7) is the empty function. If m,n > ¢ and (S1,...,Sk) €
Py(m), then Py(j) is defined on (51, ..., Sk) exactly when j is defined on every element of Ule Sis
in which case its value is (§(S1),...,7(Sk)) € Pr(n). .

Note that, when A = 1, the functor Py is simply the inclusion of ¥ as a subcategory of Se™".
There is a natural action of X,, on Py(n), since ¥, is the automorphism group of n in ¥, and an
isomorphism

ZP\(n) = Z[Sn/Sam]

of Z[¥,]-modules, where we write ¥, for the subgroup ¥,, x --- x ¥,, of ¥;,|. Note that the
right-hand side is only defined for n > £. In particular, when A = (1,...,1) with |A\| = ¢, we have
ZPy\(n) 27Xy /En—_g].

We have the following isomorphisms in Ab for |A| > 2:

AZPy(n) = Z{(Sl, < Sk) EPA(n+1) 1€ Uf:lsi}
= (| Pree, (n))
>~ @lezpk—ei (n)’

where A — e; is the ordered partition (A1,...,A; — 1,...,A\¢).* The first and third isomorphisms
are obviously natural isomorphisms of functors > — Ab, and one can also explicitly check that the
second isomorphism is natural. Hence we have an isomorphism

k
AZP, = @ZP,\_% (4.7)
=1

for |\| > 2. This allows us to prove:
Lemma 4.7 The twisted coefficient system ZPy has degree |A|.

Proof. The proof is by induction on |A|. First, if |A\| = 1 then AZPy(n) = Z for all n > 0. Hence
all morphisms in X are sent to endomorphisms of Z in Ab. But all morphisms in ¥ have one-sided
inverses, so their images in Ab are endomorphisms of Z admitting one-sided inverses, and hence
automorphisms. Thus AZP) has degree 0 (c.f. Example 3.2) and so ZPy has degree 1 by definition.
Now assume that |A| > 2. By (4.7), Lemma 3.16 and the inductive hypothesis, we have:

k
deg(AZPy) = deg(@ ZPA_%) = max (deg(ZPr—.,)) = \| - 1,
N 1pax

so deg(ZPy) = |A| by the definition of degree. O

Remark 4.8 Given an arbitrary ring R, there is also a functor R(—): Se™ — Ab taking a set S
to the free R-module generated by S (viewed as an abelian group) and with morphisms defined
by the same formula (4.6) as for Z(—). Thus we have twisted coefficient systems RPy: ¥ — Ab
associated to any ring R and ordered partition A. Just as in the case R = Z, we have isomorphisms
RPy\(n) = R[X, /Y] of R[X,]-modules for all n, and the twisted coefficient system RP, has
degree |A|. To see this, we can adapt the proof of Lemma 4.7 directly, as long as we are slightly more
careful about the base case. It is not in general true that the monoid Endap(R) has the property
that any one-sided inverse is a two-sided inverse (consider R = [[*°Z for example), so the base
case does not come for free. However, one can explicitly compute the maps ARPy(m) — ARPy(n)
induced by any j: {1,...,m} --+ {1,...,n} in &, and see that they are just the identity on R.

4 And where (A1,...,A,) means (A1,...,Aa—1, Xat1s---, k) if Ag = 0.
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Remark 4.9 Example 4.6 may also be generalised in a different direction. Fix ¢ > 0 and write
Ap = {\| A€ N* for some k >0 and \ - ¢ for some ¢/ < (}.

This set has a partial order where (A1,..., A\¢) < (p1,. .., ) if and only if there exists an injection
a:{1,...,k} <= {1,...,1} such that \; < piq(; for each i € {1,...,k}. For A < p, write [A, p] for
the interval {v € Ay | A < v < p}. We may then define a functor Py ,: ¥ — Sefi as follows. On
objects it is defined by

{ordered decompositions of n with type € [\, u]} n > |}
Py () =
o n < |\l
Given a partially-defined injection j: {1,...,m} --» {1,...,n}, we define P}5 ,;(j) to be the empty
function if either m < |A| or n < |A|; otherwise it takes (Si,...,Sk) to (5(S1),...,7(Sk)) if this is
an ordered decomposition with type € [A, u], and is undefined on (Si,...,Sy) if not.
Again, we may compose this with the functor R(—): Se™ — Ab for any ring R to obtain a
twisted coefficient system RPjy ,: ¥ — Ab, which has degree |u| by a similar argument to above.

Remark 4.10 (Burau representations) There is a presentation of the braid category B(R?) with
generators of,,, tn, and T4 forn > 0,4 € {1,...,n — 1} and e € {+1,—1}. The objects are the
non-negative integers {0, 1,2, ...} and the sources and targets of the generating morphisms are as
follows:

Ofpim—n n:n—n+1 Tpy1:n+1—n.

The relations are:

. 1. . 1
(i) 07, is an inverse for o, = 0},

,n
(b) the usual braid relations on {c; ,}=} for each n
(c) the stabilisation and forgetful maps “commute” with the o maps:

€ _ € € _ €
Oitlnt1ln = n0ip and OinTn+1 = Tnt+10i41,n+1

(e) edge effects:

id,, for k even (4.8)
tp—1Tp for k odd.

7rn+1(0—1,n+1)kLn - {

Write Bo(R?) for the subcategory generated by {5} and By (R?) for the subcategory generated by
these together with {.,}. Note that By(R?) is the category with objects N, where every morphism
is an automorphism and with Aut(n) = (,, the classical braid group on n strands.

The Burau representation 3, — Aut(Z[t*1]") = GL,,(Z[t*!]) is defined by sending the gener-
ator 0, of B, to the matrix I;_1 ® (*7*{) & I,—;—1. This defines a functor By(R?) — Ab, which
casily extends to a functor bu: B;(R?) — Ab by sending ¢,, to the inclusion Z[t*!]" < Z[tF1]"+!
that takes (f1,..., fn) to (0, f1,..., fn). In order to define a twisted coefficient system for {C,, (R?)}
we would need to extend this further to the morphisms {m,1}. However, bu does not naturally
extend in this way. We can attempt to define bu(m,+1) to be the projection Z[t*!]"+! — Z[tF!]"
that takes (f1,..., fnt1) to (f2,..., fnt+1); this satisfies the commutation relations (c¢), but not the
relations (e). Instead, it turns out that the right-hand side of (4.8) is I,, or (0) @ I,,—1 depending
on whether k is even or odd, and the left-hand side is equal to

Nk
((3,—1-"_15) D In—l-

Note that these are equal when ¢ = 1, but for no other values of ¢ € C (consider k = 2). So
this only defines a twisted coefficient system when ¢ is evaluated at 1, in which case the Burau
representation is simply the projection 3, — ¥, followed by the permutation representation of 3,
on Z[t*1]. This twisted coefficient system has degree 1. It seems likely that bu cannot be extended
to B(R?) at all, even if we allow ourselves to restrict to bu|g,rz) and redefine it on {¢,}.
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5. A twisted Serre spectral sequence

To prove Theorem 1.3 we will need a generalisation of the basic Serre spectral sequence,
allowing the base space to be equipped with a local coefficient system. It is a special case of (the
homology version of) an equivariant generalisation of the Serre spectral sequence constructed by
Moerdijk and Svensson in [MS93]. This section gives a brief description of their spectral sequence
and deduces the particular case that we will need.

We start by describing an alternative basepoint-independent viewpoint on (co)homology with
local coefficients (in the non-equivariant setting).

Definition 5.1 For a space Y let A(Y) be the category whose objects are all singular simplices
in Y, and whose morphisms are simplicial operations (generated by face and degeneracy maps).
Denote the fundamental groupoid of Y by #(Y), and the standard n-simplex by A™. There is a
canonical functor vy : A(Y) — 7(Y) which takes a singular simplex A™ — Y to the image of its
barycentre b,. A morphism A* % A" — Y is taken to the image of the straight-line path in A™
from a(bg) to by.

A covariant (resp. contravariant) functor A(Y) — Ab is a coefficient system for homology
(resp. cohomology); it is a local coefficient system if it factors up to natural isomorphism through
Vy .

The functor vy : A(Y) — 7(Y) encapsulates most of the combinatorics needed to define
(co)homology with local coefficients. The definition makes sense for any (not necessarily local)
coefficient system, but it is only homotopy-invariant for local coefficient systems.

Definition 5.2 (Homology) Given a space Y and coefficient system M : A(Y) — Ab, the homology
H.(Y; M) is the homology of the chain complex C,(A(Y); M):
Ont1 @ M(Uo) On @ M(To) On—1
cEN,A(Y) TENL,_1A(Y)

where NoA(Y) denotes the nerve of the category A(Y), and for a chain of singular simplices
o= (AF — AF ... 5 AR 5 V) of N, A(Y), the Oth one A¥ — Y is denoted by og. The
map 0, is the alternating sum of maps 97 which are defined using the ith face map of NgA(Y).%

Definition 5.3 (Cohomology) Given a space Y and coefficient system M: A(Y)°? — Ab, the
cohomology H*(Y; M) is the homology of the cochain complex C*(A(Y); M):

s I M) = [T M)
cENL,A(Y) TENL+1A(Y)

where the map d,, is the alternating sum of maps ¢, which are defined using the ith face map of
NJA(Y).S

This reduces to ordinary (untwisted) homology and cohomology when M is constant. (Al-
though it does not reduce to the usual singular (co)chain complex, one can show that it does
compute the same homology as it; cf. [MS93, Theorem 2.2].)

In [MS93] the above is generalised to the equivariant setting: they define vy: Ag(Y) —
me(Y) for a G-space Y, and equivariant twisted cohomology H¢(Y; M) for any coefficient system
Ag(Y)°P — Ab. Again a coefficient system is local if it factors up to natural isomorphism through
vy. Cohomology with respect to local coefficient systems is G-homotopy invariant [MS93, Theorem
2.3]. Their main theorem is the existence of a twisted equivariant Serre spectral sequence:

Theorem 5.4 ([MS93, Theorem 3.2]) For any G-fibration f: Y — X (ie. YH — X" js q
fibration for all H < G) and any local coefficient system M on'Y, there is a local coefficient system
HL(f; M) on X for each ¢ > 0 and a spectral sequence

YT = HE (X HE(f: M) = HE(Y; M) 5-1)

5For 0 € NpA(Y), let 7 be its ith face. There is a canonical map o9 — 7o (which is the identity except when
i = 0) inducing a map M (og) — M (70). The direct sum of these maps is 97,.

6 Given an element {g> € M(00) | ¢ € NnA(Y)}, we need to choose an element of M (7o) for each 7 € Ny 41 A(Y).
Let o be the ith face of 7, which has a canonical map 79 — oo (which is the identity except when ¢ = 0). Apply M
to get a map M(og) — M(70) and take the image of go under this map.
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with the usual cohomological grading.

Remark 5.5 We will describe the local coefficient system HY(f; M) in the non-equivariant case.
As a functor A(X)°? — Ab it does the following. A singular simplex A* % X is taken to the
cohomology H(c*(Y); M), where o*(Y) is the pullback of o and f, and we denote any pullback
of the coefficients M also by M. A morphism Al % AF 2 X induces a map of pullbacks
(0 0oa)*(Y) — o*(Y) and hence a map on cohomology.

It is a local coefficient system since it factors up to natural isomorphism through vx by the
following functor m(X)°? — Ab. A point z € X is taken to H?(f~1(x); M). Given a homotopy
class [I £ X] of paths from z to y, there are induced maps of pullbacks f~*(z) < p*(Y) « f~1(y).
These induce maps on cohomology, and since they are isomorphisms” the first one can be inverted
to get a composite map HY(f~(z); M) — H(f~1(y); M). One can check that this map is
independent of the choice of representing path p.

In [MS93] the authors point out that there is an analogous version of the spectral sequence
(5.1) for homology. We will only need the non-equivariant (but twisted) version, which is:®

Theorem 5.6 For any fibration f: Y — X and any local coefficient system M on Y, there is a
local coefficient system Hy(f; M) on X for each ¢ > 0 and a spectral sequence

B}, = H,(X; Hy(f; M)) = H.(Y; M) (5.2)
with the usual homological grading.

The description of the local coefficient systems H,(f; M) is the same as above, replacing
cohomology with homology. When the local coefficient system M on Y is pulled back from the
base X, they are built out of the untwisted homology of each fibre.

We now return to the viewpoint of local coefficient systems as an action of the fundamental
group on an abelian group. In the special case where the local coefficient system on Y is a pullback
of one on X the above can be rephrased as:

Corollary 5.7 For any fibration f:Y — X with fibre F' over the basepoint xo € X, and any
71 (X)-module M, there is a spectral sequence

E},=Hy(X;Hy(F; M)) = H.(Y; M) (5.3)

with the usual homological grading. Here the action of m(Y) on M is pulled back from that of
m(X) via f. and the action of w1 (F) on M is trivial. The action of m1(X) on Hy(F; M) is induced
by its diagonal action on the chain complex S.(X) ®z M.

This is natural for maps of fibrations in the obvious way:

Proposition 5.8 Suppose we have a map of fibrations (the vertical maps are fibrations, and the
square commutes on the nose):

Yy —Y

l |

X — X'

and a m (X')-module M. Denote the fibres over the basepoints by F and F' respectively. Then
there is a map of spectral sequences (5.3) where:

o The map F — F’ induces a map of untwisted homology Hy(F; M) — Hy(F'; M), which
is equivariant w.r.t. the homomorphism 7 (X) — m(X'), so it induces a map of twisted
homology H,(X; Hy(F; M)) — H,(X'; Hy(F'; M)). This is the map on the E* pages.

o The action of m1(Y') on M s the pullback of the action of m1(Y') on M, so the map Y — Y’
induces a map of twisted homology H.(Y; M) — H,(Y'; M). This is the map in the limit.

7 The inclusion {0} < [0,1] is an acyclic cofibration, so its pullback along the fibration f is again an acyclic
cofibration, in particular a weak equivalence.
8 This was also stated (referencing [MS93]) as Theorem 4.1 of [Han09a].
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6. Proof of twisted homological stability

We now use the twisted Serre spectral sequence of the previous section to prove Theorem 1.3.
We first record another fact we will use:

Lemma 6.1 (Shapiro for covering spaces) Suppose we have a based space X which is locally mice
enough to have a universal cover, a subgroup H of m(X) and an H-module A. Let X be the
(based) covering space corresponding to H. Then

H,(X;A) = H,(X;Zn(X) @z A). (6.1)

Moreover, given a map of the above data, namely a (based) map f: X — X' such that f.(H) C H’
(so that there is a unique based lift f: X — X') and a map ¢: A — A’ which is equivariant w.r.t.
f«, the identification (6.1) is natural in the sense that

H*(X,A) H*(X/;A/)
% 11 (6.2)
H (X3 Zm (X) ®zu A) H, (X" Zm(X') @z A)

commutes.

Proof. Denote the singular chain complex functor by S.( ) and the universal cover of X by X.
Then we have an isomorphism of chain complexes

S(X) @z A — S:(X) @zx,(x) Zm1(X) @z A

given by 0 ® a — o ® [¢;] ® a, where ¢, is the constant loop at the basepoint x of X. Taking
homology gives the identification (6.1). Let f denote the unique (based) lift of f to X — X’. The
diagram (6.2) is induced by

Si(X) @z A S (X') @zpr A

| |2

Se(X) @z (x) Zm1(X) @zr A —— Su(X') @y (x) L1 (X') Qe A’

R

and one can check that both routes around the square send o ® a to ﬁ(o’) ® [er] @ P(a). O

This will be applied to the following covering spaces of configuration spaces:

Definition 6.2 The configuration space C(; ,—k)(M,X) of k red and n — k green points in M
with labels in X is defined to be

(Emb(n, M) x X™)/(Sn_r % Sk)

(cf. Remark 1.10), and we give it the basepoint {(a1, o), ..., (an, o)} with the points a1, ..., an_k
coloured green and the points a,_g+1,...,a, coloured red. There is also a stabilisation map
sk Cliyn—t)(M, X) = Clin—i+1)(M, X), which is defined exactly as in §2.2, and adds a new
green point to the configuration.

Definition 6.3 Let f: C —p) (M, X) — Cx(M, X) be the map which forgets the green points.
We will also need the following two maps for technical reasons: Define p: C (M, X) — Cy(M, X) to
be the self-homotopy-equivalence induced by the self-embedding ey : M < M (see §2.1). Choose
a self-diffeomorphism of M which is isotopic to the identity and which takes a; to a;+n—g41 for
i=1,...,k. Denote by ¢ the self-homeomorphism Cy (M, X) — Cr(M, X) induced by this.

The forgetful maps f are locally trivial fibre bundles, so we have a map of fibrations:

k
Clioyn—1) (M, X) o Clhn—t+1) (M, X)
f ¢ lof (6.3)
Ck(MvX) 1 Ck(M,X)
¢~ op
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The p is there to ensure that it commutes on the nose, and the ¢! is there to deal with basepoints:
on the bottom-left we have to give Cy(M, X) the basepoint {(an—g+1,%0),---,(an, o)}, but on
the bottom-right we can give it its usual basepoint of {(a1, o), ..., (ag, o)}

The map s¥ restricted to the fibres over the basepoints is a map

Cn—t(M ~{an—g+1,---yan}, X) = Cpn—pr1 (M N {an—k+2,- -+, any1}, X),

but this can be identified, up to homeomorphism, with the stabilisation map s, —: Cp—r (Mg, X) —
Cr—k+1(My, X), where My, is M with a subset of M \ U of size k removed (see §2.1 for notation).

Finally, before beginning the proof proper, we mention how a certain local coefficient system
pulls back along the maps in (6.3). The covering space Cy n—x) (M, X) — Cy, (M, X) corresponds
to the subgroup GE < G,, = m1C,,(M, X). Recall from Proposition 3.3 that T is a GX-module (it
is a sub-GX-module of T},), so it is a local coefficient system for Clon—ry(M, X).

Lemma 6.4 The local coefficient system Tk on the right-hand base space pulls back to the local
coefficient systems T* and Tk+1 on the total spaces of (6.3).

Proof. By Lemma 3.9, the left-inverse 77 of «7: Ty, — T), restricts to a bijection T% — TF. So
this is an isomorphism of abelian groups, and it is enough to check that it is equivariant w.r.t. the
map on 7 induced by the composite ¢~ opo f in (6.3). This is true because both e[y : M — M
(which induces p) and the diffeomorphism which induces ¢ are isotopic to the identity. Exactly
the same argument works for the right-hand side. o

Proof of Theorem 1.3 (except the split-injectivity claim). We need to show that the map
H.(Co(M,X);Ty) — Hi(Cpi1(M, X ); Thi1) (6.4)

induced by s, and ¢, is an isomorphism in the range x < "T_d. By the decomposition (3.2) of

Proposition 3.3, and the fact that T has degree d, this is the same as the map

d d
D H(Ca (M. X); ZGn @365, TY) — D Ha(Cot (M, X): ZGnir @z, Thyr) - (6.5)
k=0 k=0

induced by sy, t, and (s, )«. By Shapiro’s Lemma for covering spaces (Lemma 6.1) this is isomor-
phic to the map

d d
P Ho(Cirn—iy (M, X); Th) — € Ho(Clrin—rsr) (M, X); T, ) (6.6)
k=0 k=0

induced by s* and ¢,,. The map of fibrations (6.3) gives the following map of twisted Serre spectral
sequences (Corollary 5.7, Proposition 5.8 and Lemma 6.4):

Ep = Hy(Cr(M, X); Hy(Cok(My, X); ) = Ho(Cgn—ry (M, X); Ty7)

J | (6.7)
E}iq :HP(C]C(M7X);Hq(Cn—k-‘rl(M]ﬁX);Tlf)) = H*(C(k,n—k+l)(MvX);T7]f+1)'

The map in the limit is the kth summand of (6.6), and the map on E? pages is induced by the
stabilisation map s,_j on the fibres and the homotopy-equivalence ¢—! o p on the base. Note that
TF is a constant coefficient system once it has been pulled back to the fibres C,,_x(My, X) and
Chp—k+1(My, X), since it was originally pulled back from the base.

Hence, by untwisted homological stability for configuration spaces (Theorem 1.2) and the
universal coefficient theorem, the map on E? pages is an isomorphism for ¢ < ”T’k (and all p > 0).
By the Zeeman comparison theorem? it is therefore an isomorphism in the limit for * < "T’k So

in the range * < 254 each summand in (6.6) is an isomorphism, so (6.4) is an isomorphism. O

9 The required implication is contained in the proof of Theorem 1 of [Zee57], although stronger hypotheses are
stated there. An explicit statement of the comparison theorem which applies to our case is Theorem 1.2 of [Iva93].
It is also written in Remarque 2.10 of [CDG13].
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Remark 6.5 When M is at least 3-dimensional, the stabilisation map C,, (M, X) — Cy41(M, X)
is an isomorphism on homology with coefficients in Z[1] in the larger range * < n, by [KM14b).
Since Z[%] is a PID, this implies, via the universal coefficient theorem, the same for homology with
coefficients in any Z[1]-module. If T: B(M, X) — Z[$]-mod < Ab is a twisted coefficient system
of degree d of Z[%]—modules, then the constant coefficients T} appearing in (6.7) above are all
Z[%]-modules, and the same proof tells us that the map

H(Cp(M, X);T,y) = H,(Crs1(M, X); Tps1) (6.8)

is an isomorphism in the larger range * < n — d (rather than just % < ”—gd) When M is a surface,
there is a similar improvement to the range for rational coefficients. In this case, the stabilisation
map is an isomorphism on homology with rational coefficients in the range * < n in the non-
orientable case and in the range * < n in the orientable case, by [Chul2, Corollary 3] and [Knul4,
Theorem 1.3].1° Thus if T: B(M, X) — Vectg < Ab is a rational twisted coefficient system of
degree d, then the map (6.8) is an isomorphism in either the range * < n — d (for non-orientable
surfaces) or the range * < n — d (for orientable surfaces).

7. Split-injectivity

To prove the split-injectivity part of Theorem 1.3 we will use the following lemma which was
used implicitly by Nakaoka in [Nak60] and later written down explicitly by Dold in [Dol62]:

Lemma 7.1 ([Dol62, Lemma 2]) Given a sequence 0 — Ay o, Agy LN of abelian groups and
homomorphisms, the following is sufficient to imply that each of the maps ¢; is split-injective:
There exist maps Trpn: An — Ay for 1 <k < n with 7, , = id such that

im(Tk,n — Tk,n+1© ¢n) < 1m(¢k—1) (71)

Let U, (M, X) be the universal cover of Cy, (M, X). One can think of its elements as n-strand
“open-ended braids” in M x [0,1] (n pairwise disjoint paths in M x [0, 1] which are the identity
in the second coordinate and start at {(a1,0),...,(an,0)}, up to endpoint-preserving homotopy)
with each strand labelled by the based path space PX. Let 5,,: U, (M, X) — U,4+1(M, X) be the
lift of the stabilisation map which applies e|ps X id[g 1) to the braid and adds a vertical strand at
a1 labelled by the constant path c,,.

As before, denote 7, Cp, (M, X) by G,, and denote the singular chain complex of a space by
S«( ). Let T: B(M,X) — Ab be any twisted coefficient system (we do not assume finite-degree
in this section). Then the map

(Sn; Ln)* : H*(Cn(Ma X); Tn) — H*(Cn+1(M, X); Tn+1)' (7-2)
is induced by the map of chain complexes
(gn)ﬁ ® L S (Un(Ma X)) ®zaG., T, — S*(Un-i-l(MaX)) ®ZGn+1 Tn-i-l-

Proof of Theorem 1.3 (split-injectivity claim). We want to prove that (7.2) is split-injective for all
x and n. By Dold’s Lemma 7.1, it is sufficient to construct chain maps

thon: Sx(Un(M, X)) ®zc, Tn — Su(Us(M, X)) @26, Tk
for 1 < k < n such that ¢, , =id and
then 2= tent1 0 ((Sn)t ® tn) — ((Sk—1)g ® th—1) © th—1,n (7.3)

Let S C {1,...,n}. There is a unique partially-defined injection {1,...,n} --» {1,...,|S|}
which is order-preserving and is defined precisely on S. This is a morphism n — |S| in the category

10 The maps used in these two references to induce isomorphisms between configuration spaces are not the stabilisa-
tion maps. However, we may reduce to the case where the manifolds are of finite type, so that the rational homology
of the configuration spaces is a finite-dimensional vector space in each degree. Moreover, the stabilisation maps are
always split-injective in all degrees (see Theorem 1.2). So the fact that H«(Cr (M, X); Q) and H«(Crhy1(M, X); Q)
are abstractly isomorphic in a range implies that the stabilisation map is an isomorphism in this range.
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Y. Let 75, be the lift along B(M, X) — ¥ to a morphism (z9)" — (20)!°! given by travelling
along the paths p; (see §2.1) and keeping the labels constant. By our standard abuse of notation
we will denote its image under T" also by 7g . : T, — Tjg)-

We also define a map pgsn: Un(M, X) — Ujg)(M, X) as follows. Given an open-ended braid
in U, (M, X), forget the strands which start at (a;,0) for i € {1,...,n} \ S, and then concatenate
this with the reverse of ms ,: (z9)™ — (0)!° to get an open-ended braid in Ujg|(M, X).

Directly from these definitions one can check (where the notation (S—1) means {s—1|s € S}):

(a) If 1 ¢ S then 75410 tn = T(5—1),n a0d PS5 n1108n = P(s—1),n-
(b) If 1 € S then Tsn11 0Ly = t]5]=1 © T(S~{1}=1),n ANd PS 0110 8n = 5|5|=1 © P(S~{1}—1)n-
We now define ¢ ,, to be the following chain map:

cRxT > Z (ps,n)p(0) @ g n(x).
SC{1,...,n},|S|=Fk

Clearly t, , = id, so we just need to check the identity (7.3). The right-hand side of this is:
oz > (Pswr)io Gaki() ® (M5 0 (@)
SC{1,....,n+1},|S|=k

- > (Gi=1)s © PR)1(0)) ® (th1 © TRA(2)).

RC{1,....n}, | Rl=k—1

(7.4)

Using (a) and (b) above, we see that the top line of this decomposition is chain-homotopic to:

o > (Gr=1)t 0 (P(s~{13-1),n)£(0)) @ (k=10 T(5 13 -1),n (7))
SC{1,...,n+1},|S|=k, 1€S (7 5)
+ Z (P(s—1),n)t(0) ® T(5-1)n(T).

SC{1,....n+1},|S|=k, 1¢S

The first line of (7.5) cancels with the second line of (7.4), leaving just the second line of (7.5),

which is precisely ¢y ., as required. O
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