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Moeprecisely

IES sequences of objects of type S indexedby j ez
all but finitely many of them trivial
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Suspensionspectra

Spaces Spectra
t complicated to define

The subcategory on the objects I'X X finite CW complex has

a simple description This is the category of finitesuspensionspectra

i e Z

written E X
identify Iit X Z EX

Tiffin of X
go.is IYfoisr

Morphisms six Ey are k zitky I 25in
t

p
suchthat itk usual basedmap
andpen so

I
ofspaces

identify K F Kel Ef

Homotopies 2 morphisms defined similarly

I finite CW complexes finite suspension spectra
X EX

Upshot IX Y if and only if IK I X EKY



Stablewhomologyoperations

Spectra contain much more
information than their

cohomology groups H Xjr

How to extract this information as algebraic invariants

ctrum I X Fp is a module over

the Steenvadalgebra Ap
Ah

gradedFp algebrat known explicitpresentation

other generalised cohomologytheories

e.g topological k theory K X

which come with their own algebras of
stable cohomology operations

e.g Adamsoperations for k theory

Az generatedby Sg for n l Sg F1 X IF I x z

subject to the Ademvelations

e.g thesubalgebra generatedby Sg Sai is

Azt Iz Sg say sq's 0

says Sg's s



Rinks

C No nontrivial stable ooh operations on X Q

2 Stable coh operations on IT X 2 are determined by the
stable ooh operations on F X p forall primes p

3 The cohomology H X of space X also has

a cup product

Massey products etc

BUT these do not exist for spectra

aatm ti

w.isH X E pt 3 E X

Inggeneralised

Fact da d differentials for E K theory are determined

by Sg and Sg operations

so sometimes Khl plus sq nd sq determine

Khoggyffhgt

Ls compute this for all linkswith Ill crossings and it is

just Kh L Kelpy
3

But theremay be non trivial Adams operations

in general K Xin 4 is expected to be richerthan KK's L



Examplessalternatinglink
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spectmxi
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So
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Moregenerally

Prof ILS If L is an alternating link then Xin L is

a wedge sum of Moore spaces In particular

it is determined by its a homology

all Steenrod operations are trivial

Rink In fact this is true of any spectral refinement of Kh L

independently of how it is defined

It follows fromthe factthat Kh d O only when

i j
3111

and has torsion onlywhen i je anti

due to Manolescu Ozsvath 2007
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theorem Seed 74 Lz with Khl I Khle
but Xkut I Xunka

T
L 1170 shownby

computing Sg
Lz 132566

theorem ILLS Yu I I knot L such that

Sg Kh L KEE L

is non trivial

Explicit combinatorial formulas for Sg Kh L KEE L

Lipshitz Sarkar n 1 2,3

Cantero all u



Spatiallifts

Éliggetti
Then one has to check that the sequence of CW complexes

associated to a link diagram is invariant uptostablef
under Reidemeister moves

Fix a quantumgrading j Then we want to lift
CW complexes

LEE
linkdiagrams chaincomplexes



Def B e objects finite sets

maps X s y homomorphisms 2 Z
X Y

B S objects finite sets

maps X Y continuous maps Is Ys

A Z chain complex is a linear diagram in B NotByabuseofnotation
weconflate afiniteset
xwiththefreeabelian

n F n p ppqanat.ge
orthewedgeofspheresIsn
that yesdependingonsuch that any pair composes to the zero homomorphism

An S chaincomplex is a linear diagram in BCS

P n Is I pi Is p
such that any pair composes to the constantmap

A strict spatial lift of a chain complex F is an S chain complex P

such that H O P F

T
degree N homology

From this we can construct a CW complexXpwith E Xp E F
as follows

The fact that f of means that I map g IPR Conf

p no



Thus we obtain her sequence of CW complexes with each pair of

maps composing to the constantmap

IP n IP 3 EP z I Coneff

Iterating we eventually obtain a CW complex Xp whose reduced

cellular cochain complex is the original chain complex F

Summary

s chain complexes CW complexes

to
2 chaincomplexes

So it would be enough to refine the Khovanov chain complex to

an S chair complex

BUI Beasley Home E 2

jgj.togatriceson2because is a product

BCS X Y Map YS YS

II Map S Y S because V is a coproduct



ToBCS YY TN YS E IS E B 2 X Y

Ear
exercise or

HiltonMilnortheorem

So a strict spatial lift P of F does not containany more
information up to than F Hence the homotopy type of Xp
also cannot contain any more information

A



Laxspatiallifts

A lax s chain complex is a linear diagram

pen PCD Is P
where Pen S together with

for eachpair Vs I Vs I Vs

a homotopy

7

for each triple vs s

a homotopy of homotapies

ÉFIÉx vs vs

etc

Emphasis Themaps fi homotopies H K higherhomotopies I etc are

all choices i.e they arepartof the data of a laxS chain
complex

A laxspatial lift of a chair complex F is a lax

SN chain complex P such that HyoP F



A lax spatial lift P also determines a CW complex Xp
whose reduced cellular chain complex is the original chain complex F

g IPR Coneff is defined by
i

T Imp

Formally it can be defined as the homotopycolimit

of a certain diagram

Thisnetae

lax SNchain complexes CW complexes

he
2 chaincomplexes

So we need to construct a laxspatiallift of the
Khovanor chair complex



Framedflowcategories

IiIf
dasi ow complexes

to
linkdiagrams fast

2 chaircomplexes

A framed flow category has a finite set ofobjects

graded by O gu and for objects x y

M x y k dimensional manifold with corners

K gu x grey I

composition is an inclusion

MG y x Ml y z I OMG Z

framed embeddings of all of these manifolds into

highdim Euclidean space

Ii
I dimspace of morphisms

2 dimspace of morphisms



Ide
framed flow categories I chain complexes

Objects s generators

Forget all higher dim morphism spaces

s of O dim morphism spaces s coefficients of the
differential

ITS construction refines this to a lax S chain complex

using the higher dim morphism spaces and the

Po agin thomcollaperstriction

LS construct a framed flow category from the

Khovanor cube of resolutions


