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1 Ecategories

A fatty eye is a categorywhere

its objectset obe isgraded by
gr obe z

Hom sax id
if x g and grey grey Kt
thenHom x y is a compact k dimensional Thy

manify
It

Homzig xHomerz Homes
maintain no

age
withcorners M modelledonIREIo a d

gragusto
equippedwith a decomposition of 2Minto
2M 2M whereeach2M is a disjoint

EI EI 2dim iz meld

EI 2dim is mad

ie
ois ndim in meld

i ie i



A famedfwcategory is a flategoyf
together with framed embeddings of each TK manifold Hom x y into some

Euclideanspare vida theseshouldbe compatible with composition in E

Not
When gree grey 1 Homers is a compact Odim To manifold i.e a finiteset

A framed embedding of Hom x y into Euclideanspace
determines a signforeachpointofHoming

chainframedflow completecategories

objects generators

Homexy

grin guy

differential Sk I ftp.y
withsign

Def
Considerthe n points ok on EIR for ore In

Note they all lie on the affine subspace IER I Ini Incan

The Edina permutohedron In is the convex hull of these points

E.g nel

n 2 I
n 3 Eff



n 4

n

d d

source Wikipedia

Lemmy Tn is a k dimensional Tk manifold

Eg T E
Tz 11

Proposition There is a flowcategory ecu with
objects o i
grading g v vn Ivi
whengreat grous k o Homun Tu if rizvi

0 otherwise



Rink Themorphism spaces Homluv in Ecu may be thought of as modulispaces

of brokenMouseflows on the n cube toi

Def A cubicalflowcategory is a flow category E and a functor

fi e een that preserves thegrading up to a global shift suchthat

each f Home x y Home foolfool is a trivial covering

te
or empty

Rmt Cubical flow categories are very rigid compared withgeneral flowcategories

This allows LLS to give a construction of the realisation of a cubical flow

category that is much simpler thantheone of Css whichworks forall flowcategoric

Éyf

caffi
We'll see this construction later via abesi

cobesin

Y
cubicalfcategories

i



2 Re sidcategey admbicaldiagrams

Def B has objects finitesets

Hom A B diagrams of functions of thefarm At B

correspondence

2morphisms from AF B to Ay B are bisections

XIX suchthat AI.nltIB commutes

y f
s ex Itansay

Composition is 9 b

aft B c

The category has objects 0,13
Hom up Yur if u v

0 otherwise

Notation Z

n 2
11 to

EI it

É



A cubeinB consists of

foreachobject ve o i a finiteset F v

foreachpair u v a correspondence
you type

Flu w
foreachtriple u v w a bijection pg

satisfying a certain conditionforany quadruple u v w x

Formally this is a strictly unitary lax 2 functor 2 B

Lemmy It is enough to specify
Flu for eachvertex u

Flu v foreachdeg u or

thecomposite Flu4,1Fwiw yw
E Flu r I Fei w foreach2face u IT

The undying apx of a cube in B

First construt a cube of freeabeliangroup by

alsocalled its totalisator

Flu ZfFiu

Fa if I
a on Ipa scanties y

Then add signs tocertainedges ofthecubeand sum

Z

Iggy fit



3 thecomespmdencedt 9li1nB

In cubical flow categories morphism spaces are disjoint unions of permutohedra

So most of the complication is taken care of by
the combinatorics of permutohedra

The additional information is exactly encoded by a cubeinB

a t

Et Ecu cubical flow category
in

objects 0,13

F 8 Flu f er

qpenara
FC u

ftp.gtotiomgx

Fca

f er Far

Flu v yaFor
w E Flu w induced from composition in e



mB

F I B et een

ob e ftp Far

y e Fa
consider

pen
type

ye
and let Home x y s a n t y x Homeen un

Composition is defined using usu yaFor
w E Flu w from F

composition in Ecn

Lemmy These constructions are inverse to each other

In otherwords

y.us kpieBhsbWdNWIhnthXN0cubes in theBurnside category B



the tow categories instructed

jigggsaka

a add so

he may describe them equivalently as cubes in B

E

ÉI

caffi
ÉÉ

Next describe Fun



4 thekhor ofmetrofalinkdiagram

Warmup link diagramD Khoranovcube Fit D ofabeliangroups
fecollection

addsigns to certainedges
otake withineachhomologicalgrading

Khovanor chaincomplex

label crossingsby 1,2 n

ve o i Dr perform Oresolution I at the ithcrossing it v o

perform I resolution f I at the ithcrossing if v 1

This is an embedded disjointunionofcircles in IR

Fit D a 2kt x 7
t.ca

u v edgeofthecube

if Du Dr merges two circles apply m ÉÉÉ É andidentityonothercomponent

x ext andidentityonothercomponentsif Du Drsplits acircleintwo apply 1
x x ox

AimilinkdiagramDkhovannabefaldlind
EMin x xÉ
u v edgeofthecube

FatD Cu v ZfFkuD Ca 724FkuD V

all coefficients are 0 or 1 by construction so
there is no choice

xf Yfj
d l d

fP



Rink So far this is thesame information as Fat D repackaged

The difference lies in the lastpartofthe construction of Fun D

u In 2 face of thecube

We need to choose a bijection

Franklin

Y ED rt

xee.IE EtiltdMjiq
FraD cry

I
Fenella
ng I D ri

Unpacking this for each x labelling of to Da by xx c

Y labelling of to Dw by xx c

we need to choose a bijection

s X nt y labelling of i Du compatible withFuld u or ow

X Y

5 X E y labelling of i Du compatiblewithFranco u or ow

X Y



In all cases these sets

are both empty or

both have size 1 or
no choice

both have size 2

The last case occurs when

D Du Di Dr Dr Du

saintly ID 11

sexiness 8
This is called the ladybugetching

It is theonly extra information about the linkdiagram D that is

mama

signee
in

I
Khovanor spectrum



5 Invarianceoffa

Thin Lawson Lipchitz Sarkar

linkdiagrams
n
É cubes m Bkmapn.im

linty Yes
IEueegu.name

Def stable equivalence is the equivalence relation on cubes in B generatedby

natural transformations 2 B whose inducedmap on underlying

chain complexes is a chain homotopy equivalence

if I B is obtained from Z B n I N by
sending all vertices of Zn Zn to 0

Ideaofproof Copytheproof of invarianceof Khorana homology under

the Reidemeister moves and upgrade to a stable equivalence at each

stage

Rmf We will next construct cubes in B É CW complexes

which will send stables to stabhomopyequives

links
p

7 cubes nBK giant spectra

Questions Howmuch information about a link does I forget



6 TherealisationofacubeintheBurnsidecategony

Boxmay

A box It ai bit E IRFix
y

and box B XeX

By yoY
Misfit

Ba E Bsa as A gigp

The corresponding boxmap is

Keys Boy

I
YeaBaba s Y S

determinedby tcollapsethecomplement

y

I

ii
henna For fixed y't t y the space of boxmaps



Def For a cube In B a kdimspatialefinement is

a homotopycoherentdiagan 21 Top

for each object ve 2 a space F V

for each sequence of morphisms

v E v I rn
am ma

É fu f O I x F ro F Va

satisfying some conditions

where Fir Vs
Far

É fu f ti tn i V S
Foo

V Sk
F un

is a box map associated to the correspondence

Fa

f

yen

Proposition If K ntl k dim spatial refinements exist

and are unique up to hty equivalence of hty
coherentdiagrams

Idea construct it recursively using the fact that

the space of box maps is highly connected



Rink Homotopy coherentdiagrams 21 Top have

welldefined iterated mapping cones IF I e Top

Vogt 19733

Construction

Zn B ND I É Top 8 IF I E Top

Rink Both steps depend on the higher faces of the cube

This is essential for preserving the extra info that

2 B captures

Proposition If F G are stably equivalent cubes in B

then El 151 are stably homotopy equivalent pointed spaces

ie they determine homotopy equivalent suspension spectra

Proposition The composition

links
p
É cubes inBba giant spectra

comes equipped with a decomposition tank JfXiiiof jkhoanaspectrmofeipswti
s.ua

in particular Xiii KE'd



7 CorollaryitiFgmirrorsoflin

This new much simpler construction of Xml allows ELLS to prove

TheELLS

Xan 4th e Xun 4 a Trnka

I smashproduct

Xkn L La Xanthi Xanthe
Sus

tensorproduct over v Xen unknot

Xii m L yappy
SpanierWhitehead dual

in
mirrorofL

Rmf In each case theproof reduces to a statementabout obesity
instead of flowcategories which is what makes it tractable



8 Corollaryinontrivials

Then LLS Yu I link Lu such that its Khorana homology has a

non trivial Sg Kh ku Kh Ln operation

Proof We need to find In
such that thespectrum Xun Ln has

a non trivial Sg in its cohomology

The space Reiji
has a non trivial Sg

Enough to find Lu with Xanten Zr RP anRP

Calculationof Lipshitz Sarkar

Xan lefttrefoil I Z I 4Rp

By theprevious corollary
we maytake

Lu disjoint union of n left trefoils I



g Universalkhovanovhomologydeformationsofkh otherguestions

Khorana homology may be upgraded to universalkhoranorhomology

label crossings by 1,2 in

ve o i Dr perform Oresolution I at the ithcrossing it ve o

perform I resolution f I at the ithcrossing if v

This is an embedded disjointunionofcircles in It

Fat D V 22h t It x 7
t.ca

u v edgeofthecube

ox i s x
x ox is x andidentityonothercomponentsif Du Dr merges two circles apply m I I hi

if Du Drsplits acircleintwo apply A I It andidentityonothercomponents
x site

t next

addsigns to certainedges
take withineach homologicalgrading Qgtadings

universalKhovanor chaincomplex
x I
h 2

sethit cao
andtake seathighs Lattaninomology

n j man www.wwm.i.gg
Khovanorhomology overZenit

overZeus bigradedover2
BarNatanhomology

loverz
bigraded

heehomology

ng
www.dgagggg.a.g.n.co

homologicalquantumgradingorecoa

Question Can any of thesedeformations ofKhovanovhomologybespectrified

Question If we specialise hit to integers can the Khovanovcube

in Ab be lifted to a cube in theBurnside category

Rink Clearly to unless 4 0 and t 0 becausesetscannothavenegativecardinality

LLS Alsoimpossible for hit om



Question

Can SeidelSmith's description of Khovanov homology via Floetheory beupgraded to produce a

flowcategory refining the Khovanor chaincomplex and then a
Khoranaspectrum via theconstruction

of CohenJones Segal

If yes is it homotopyequivalent to Xun
LanflipshitzSarkar


