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Khovanovspectra

Khovanovf000 ngLc gb

L t Khal IFKII bigradedabeliangroupR
Rmodule

such that

xnxx.am y11

Itis rank Kh as

m_ i
such that

I Xinch R E kik
Thurs

X Xin 1 coefficient of g in gta
1 Jk



Moeprecisely

IES sequences of objects of type S indexedby j ez
all but finitely many of them trivial

Notation
e g KEI Laurentpolynomials in q

viewingthejt integer
asthecoeff ofgi

i

i

I

J Jones polynomial

Kh Khovanor homology

Xun Lifshitz Sarkar Khovanov spectrum



Suspensionspectra

Spaces Spectra
t complicated to define

The subcategory on the objects I'X X finite CW complex has

a simple description This is the category of finitesuspensionspectra

i e Z

written E X
identify Iit X Z EX

Tiffin of X
go.is IYfoisr

Morphisms six Ey are k zitky I 25in
t

p
suchthat itk usual basedmap
andpen so

I
ofspaces

identify K F Kel Ef

Homotopies 2 morphisms defined similarly

I finite CW complexes finite suspension spectra
X EX

Upshot IX Y if and only if IK I X EKY



Stablewhomologyoperations

Spectra contain much more
information than their

cohomology groups H Xjr

How to extract this information as algebraic invariants

ctrum I X Fp is a module over

the Steenvadalgebra Ap
Ah

gradedFp algebrat known explicitpresentation

other generalised cohomologytheories

e.g topological k theory K X

which come with their own algebras of
stable cohomology operations

e.g Adamsoperations for k theory

Az generatedby Sg for n l Sg F1 X IF I x z

subject to the Ademvelations

e.g thesubalgebra generatedby Sg Sai is

Azt Iz Sg say sq's 0

says Sg's s



Rinks

C No nontrivial stable ooh operations on X Q

2 Stable coh operations on IT X 2 are determined by the
stable ooh operations on F X p forall primes p

3 The cohomology H X of space X also has

a cup product

Massey products etc

BUT these do not exist for spectra

aatm ti

w.isH X E pt 3 E X

Inggeneralised

Fact da d differentials for E K theory are determined

by Sg and Sg operations

so sometimes Khl plus sq nd sq determine

Khoggyffhgt

Ls compute this for all linkswith Ill crossings and it is

just Kh L Kelpy
3

But theremay be non trivial Adams operations

in general K Xin 4 is expected to be richerthan KK's L



Examplessalternatinglink

Wd
gumtmgy.si khy

spectmxi

É
F

So

so

Moregenerally

Prof ILS If L is an alternating link then Xin L is

a wedge sum of Moore spaces In particular

it is determined by its a homology

all Steenrod operations are trivial

Rink In fact this is true of any spectral refinement of Kh L

independently of how it is defined

It follows fromthe factthat Kh d O only when

i j
3111

and has torsion onlywhen i je anti

due to Manolescu Ozsvath 2007



BUI

145 guantmgydingjkhaayspect.in

7 É sous
9 2 Rp Rp
11 I 5 sonsus v5
13 E RPYpp.VERP2

4

s
17 E sous
19
21

theorem Seed 74 Lz with Khl I Khle
but Xkut I Xunka

T
L 1170 shownby

computing Sg
Lz 132566

theorem ILLS Yu I I knot L such that

Sg Kh L KEE L

is non trivial

Explicit combinatorial formulas for Sg Kh L KEE L

Lipshitz Sarkar n 1 2,3

Cantero all u



Spatiallifts

Éliggetti
Then one has to check that the sequence of CW complexes

associated to a link diagram is invariant uptostablef
under Reidemeister moves

Fix a quantumgrading j Then we want to lift
CW complexes

LEE
linkdiagrams chaincomplexes



Def B e objects finite sets

maps X s y homomorphisms 2 Z
X Y

B S objects finite sets

maps X Y continuous maps Is Ys

A Z chain complex is a linear diagram in B NotByabuseofnotation
weconflate afiniteset
xwiththefreeabelian

n F n p ppqanat.ge
orthewedgeofspheresIsn
that yesdependingonsuch that any pair composes to the zero homomorphism

An S chaincomplex is a linear diagram in BCS

P n Is I pi Is p
such that any pair composes to the constantmap

A strict spatial lift of a chain complex F is an S chain complex P

such that H O P F

T
degree N homology

From this we can construct a CW complexXpwith E Xp E F
as follows

The fact that f of means that I map g IPR Conf

p no



Thus we obtain her sequence of CW complexes with each pair of

maps composing to the constantmap

IP n IP 3 EP z I Coneff

Iterating we eventually obtain a CW complex Xp whose reduced

cellular cochain complex is the original chain complex F

Summary

s chain complexes CW complexes

to
2 chaincomplexes

So it would be enough to refine the Khovanov chain complex to

an S chair complex

BUI Beasley Home E 2

jgj.togatriceson2because is a product

BCS X Y Map YS YS

II Map S Y S because V is a coproduct



ToBCS YY TN YS E IS E B 2 X Y

Ear
exercise or

HiltonMilnortheorem

So a strict spatial lift P of F does not containany more
information up to than F Hence the homotopy type of Xp
also cannot contain any more information

A



Laxspatiallifts

A lax s chain complex is a linear diagram

pen PCD Is P
where Pen S together with

for eachpair Vs I Vs I Vs

a homotopy

7

for each triple vs s

a homotopy of homotapies

ÉFIÉx vs vs

etc

Emphasis Themaps fi homotopies H K higherhomotopies I etc are

all choices i.e they arepartof the data of a laxS chain
complex

A laxspatial lift of a chair complex F is a lax

SN chain complex P such that HyoP F



A lax spatial lift P also determines a CW complex Xp
whose reduced cellular chain complex is the original chain complex F

g IPR Coneff is defined by
i

T Imp

Formally it can be defined as the homotopycolimit

of a certain diagram

Thisnetae

lax SNchain complexes CW complexes

he
2 chaincomplexes

So we need to construct a laxspatiallift of the
Khovanor chair complex



Framedflowcategories

IiIf
dasi ow complexes

to
linkdiagrams fast

2 chaircomplexes

A framed flow category has a finite set ofobjects

graded by O gu and for objects x y

M x y k dimensional manifold with corners

K gu x grey I

composition is an inclusion

MG y x Ml y z I OMG Z

framed embeddings of all of these manifolds into

highdim Euclidean space

Ii
I dimspace of morphisms

2 dimspace of morphisms



Ide
framed flow categories I chain complexes

Objects s generators

Forget all higher dim morphism spaces

s of O dim morphism spaces s coefficients of the
differential

ITS construction refines this to a lax S chain complex

using the higher dim morphism spaces and the

Po agin thomcollaperstriction

LS construct a framed flow category from the

Khovanor cube of resolutions
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Play

1 Flow categories cubical flow categories
setup 2 The Burnside category B cubical diagrams

3 The correspondence X

4 The Khovanov functor Fkn D of a linkdiagram D

Construction 5 Invariance of Fkn

6 The realisation

7 Corollary H mirrors of links

Applications 8 Corollary nontrivial Sg

g Universal Khoranahomology deformations of Kh
otherquestions



1 Ecategories

A fatty eye is a categorywhere

its objectset obe isgraded by
gr obe z

Hom sax id
if x g and grey grey Kt
thenHom x y is a compact k dimensional Thy

manify
It

Homzig xHomerz Homes
maintain no

age
withcorners M modelledonIREIo a d

gragusto
equippedwith a decomposition of 2Minto
2M 2M whereeach2M is a disjoint

EI EI 2dim iz meld

EI 2dim is mad

ie
ois ndim in meld

i ie i



A famedfwcategory is a flategoyf
together with framed embeddings of each TK manifold Hom x y into some

Euclideanspare vida theseshouldbe compatible with composition in E

Not
When gree grey 1 Homers is a compact Odim To manifold i.e a finiteset

A framed embedding of Hom x y into Euclideanspace
determines a signforeachpointofHoming

chainframedflow completecategories

objects generators

Homexy

grin guy

differential Sk I ftp.y
withsign

Def
Considerthe n points ok on EIR for ore In

Note they all lie on the affine subspace IER I Ini Incan

The Edina permutohedron In is the convex hull of these points

E.g nel

n 2 I
n 3 Eff



n 4

n

d d

source Wikipedia

Lemmy Tn is a k dimensional Tk manifold

Eg T E
Tz 11

Proposition There is a flowcategory ecu with
objects o i
grading g v vn Ivi
whengreat grous k o Homun Tu if rizvi

0 otherwise



Rink Themorphism spaces Homluv in Ecu may be thought of as modulispaces

of brokenMouseflows on the n cube toi

Def A cubicalflowcategory is a flow category E and a functor

fi e een that preserves thegrading up to a global shift suchthat

each f Home x y Home foolfool is a trivial covering

te
or empty

Rmt Cubical flow categories are very rigid compared withgeneral flowcategories

This allows LLS to give a construction of the realisation of a cubical flow

category that is much simpler thantheone of Css whichworks forall flowcategoric

Éyf

caffi
We'll see this construction later via abesi

cobesin

Y
cubicalfcategories

i



2 Re sidcategey admbicaldiagrams

Def B has objects finitesets

Hom A B diagrams of functions of thefarm At B

correspondence

2morphisms from AF B to Ay B are bisections

XIX suchthat AI.nltIB commutes

y f
s ex Itansay

Composition is 9 b

aft B c

The category has objects 0,13
Hom up Yur if u v

0 otherwise

Notation Z

n 2
11 to

EI it

É



A cubeinB consists of

foreachobject ve o i a finiteset F v

foreachpair u v a correspondence
you type

Flu w
foreachtriple u v w a bijection pg

satisfying a certain conditionforany quadruple u v w x

Formally this is a strictly unitary lax 2 functor 2 B

Lemmy It is enough to specify
Flu for eachvertex u

Flu v foreachdeg u or

thecomposite Flu4,1Fwiw yw
E Flu r I Fei w foreach2face u IT

The undying apx of a cube in B

First construt a cube of freeabeliangroup by

alsocalled its totalisator

Flu ZfFiu

Fa if I
a on Ipa scanties y

Then add signs tocertainedges ofthecubeand sum

Z

Iggy fit



3 thecomespmdencedt 9li1nB

In cubical flow categories morphism spaces are disjoint unions of permutohedra

So most of the complication is taken care of by
the combinatorics of permutohedra

The additional information is exactly encoded by a cubeinB

a t

Et Ecu cubical flow category
in

objects 0,13

F 8 Flu f er

qpenara
FC u

ftp.gtotiomgx

Fca

f er Far

Flu v yaFor
w E Flu w induced from composition in e



mB

F I B et een

ob e ftp Far

y e Fa
consider

pen
type

ye
and let Home x y s a n t y x Homeen un

Composition is defined using usu yaFor
w E Flu w from F

composition in Ecn

Lemmy These constructions are inverse to each other

In otherwords

y.us kpieBhsbWdNWIhnthXN0cubes in theBurnside category B



the tow categories instructed

jigggsaka

a add so

he may describe them equivalently as cubes in B

E

ÉI

caffi
ÉÉ

Next describe Fun



4 thekhor ofmetrofalinkdiagram

Warmup link diagramD Khoranovcube Fit D ofabeliangroups
fecollection

addsigns to certainedges
otake withineachhomologicalgrading

Khovanor chaincomplex

label crossingsby 1,2 n

ve o i Dr perform Oresolution I at the ithcrossing it v o

perform I resolution f I at the ithcrossing if v 1

This is an embedded disjointunionofcircles in IR

Fit D a 2kt x 7
t.ca

u v edgeofthecube

if Du Dr merges two circles apply m ÉÉÉ É andidentityonothercomponent

x ext andidentityonothercomponentsif Du Drsplits acircleintwo apply 1
x x ox

AimilinkdiagramDkhovannabefaldlind
EMin x xÉ
u v edgeofthecube

FatD Cu v ZfFkuD Ca 724FkuD V

all coefficients are 0 or 1 by construction so
there is no choice

xf Yfj
d l d

fP



Rink So far this is thesame information as Fat D repackaged

The difference lies in the lastpartofthe construction of Fun D

u In 2 face of thecube

We need to choose a bijection

Franklin

Y ED rt

xee.IE EtiltdMjiq
FraD cry

I
Fenella
ng I D ri

Unpacking this for each x labelling of to Da by xx c

Y labelling of to Dw by xx c

we need to choose a bijection

s X nt y labelling of i Du compatible withFuld u or ow

X Y

5 X E y labelling of i Du compatiblewithFranco u or ow

X Y



In all cases these sets

are both empty or

both have size 1 or
no choice

both have size 2

The last case occurs when

D Du Di Dr Dr Du

saintly ID 11

sexiness 8
This is called the ladybugetching

It is theonly extra information about the linkdiagram D that is

mama

signee
in

I
Khovanor spectrum



5 Invarianceoffa

Thin Lawson Lipchitz Sarkar

linkdiagrams
n
É cubes m Bkmapn.im

linty Yes
IEueegu.name

Def stable equivalence is the equivalence relation on cubes in B generatedby

natural transformations 2 B whose inducedmap on underlying

chain complexes is a chain homotopy equivalence

if I B is obtained from Z B n I N by
sending all vertices of Zn Zn to 0

Ideaofproof Copytheproof of invarianceof Khorana homology under

the Reidemeister moves and upgrade to a stable equivalence at each

stage

Rmf We will next construct cubes in B É CW complexes

which will send stables to stabhomopyequives

links
p

7 cubes nBK giant spectra

Questions Howmuch information about a link does I forget



6 TherealisationofacubeintheBurnsidecategony

Boxmay

A box It ai bit E IRFix
y

and box B XeX

By yoY
Misfit

Ba E Bsa as A gigp

The corresponding boxmap is

Keys Boy

I
YeaBaba s Y S

determinedby tcollapsethecomplement

y

I

ii
henna For fixed y't t y the space of boxmaps



Def For a cube In B a kdimspatialefinement is

a homotopycoherentdiagan 21 Top

for each object ve 2 a space F V

for each sequence of morphisms

v E v I rn
am ma

É fu f O I x F ro F Va

satisfying some conditions

where Fir Vs
Far

É fu f ti tn i V S
Foo

V Sk
F un

is a box map associated to the correspondence

Fa

f

yen

Proposition If K ntl k dim spatial refinements exist

and are unique up to hty equivalence of hty
coherentdiagrams

Idea construct it recursively using the fact that

the space of box maps is highly connected



Rink Homotopy coherentdiagrams 21 Top have

welldefined iterated mapping cones IF I e Top

Vogt 19733

Construction

Zn B ND I É Top 8 IF I E Top

Rink Both steps depend on the higher faces of the cube

This is essential for preserving the extra info that

2 B captures

Proposition If F G are stably equivalent cubes in B

then El 151 are stably homotopy equivalent pointed spaces

ie they determine homotopy equivalent suspension spectra

Proposition The composition

links
p
É cubes inBba giant spectra

comes equipped with a decomposition tank JfXiiiof jkhoanaspectrmofeipswti
s.ua

in particular Xiii KE'd



7 CorollaryitiFgmirrorsoflin

This new much simpler construction of Xml allows ELLS to prove

TheELLS

Xan 4th e Xun 4 a Trnka

I smashproduct

Xkn L La Xanthi Xanthe
Sus

tensorproduct over v Xen unknot

Xii m L yappy
SpanierWhitehead dual

in
mirrorofL

Rmf In each case theproof reduces to a statementabout obesity
instead of flowcategories which is what makes it tractable



8 Corollaryinontrivials

Then LLS Yu I link Lu such that its Khorana homology has a

non trivial Sg Kh ku Kh Ln operation

Proof We need to find In
such that thespectrum Xun Ln has

a non trivial Sg in its cohomology

The space Reiji
has a non trivial Sg

Enough to find Lu with Xanten Zr RP anRP

Calculationof Lipshitz Sarkar

Xan lefttrefoil I Z I 4Rp

By theprevious corollary
we maytake

Lu disjoint union of n left trefoils I



g Universalkhovanovhomologydeformationsofkh otherguestions

Khorana homology may be upgraded to universalkhoranorhomology

label crossings by 1,2 in

ve o i Dr perform Oresolution I at the ithcrossing it ve o

perform I resolution f I at the ithcrossing if v

This is an embedded disjointunionofcircles in It

Fat D V 22h t It x 7
t.ca

u v edgeofthecube

ox i s x
x ox is x andidentityonothercomponentsif Du Dr merges two circles apply m I I hi

if Du Drsplits acircleintwo apply A I It andidentityonothercomponents
x site

t next

addsigns to certainedges
take withineach homologicalgrading Qgtadings

universalKhovanor chaincomplex
x I
h 2

sethit cao
andtake seathighs Lattaninomology

n j man www.wwm.i.gg
Khovanorhomology overZenit

overZeus bigradedover2
BarNatanhomology

loverz
bigraded

heehomology

ng
www.dgagggg.a.g.n.co

homologicalquantumgradingorecoa

Question Can any of thesedeformations ofKhovanovhomologybespectrified

Question If we specialise hit to integers can the Khovanovcube

in Ab be lifted to a cube in theBurnside category

Rink Clearly to unless 4 0 and t 0 becausesetscannothavenegativecardinality

LLS Alsoimpossible for hit om



Question

Can SeidelSmith's description of Khovanov homology via Floetheory beupgraded to produce a

flowcategory refining the Khovanor chaincomplex and then a
Khoranaspectrum via theconstruction

of CohenJones Segal

If yes is it homotopyequivalent to Xun
LanflipshitzSarkar
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Play
Howthisis done atthe levelof Khl JacobssonKhoranaBarNatan

incl extension to tangles

Whytheargumentdoes not lift directly to XunC

Howto fixthis LawsonLipshitzSarkar



Carter Saito93 CarterRieger Saito 97

Presentation of the embedded cobordism category via

elementary cobordism

Reidemeister

Morse

movie moves relations betweenfinite sequences of elementary cobordism

is equivalenttothe
identitymovie



3 dim interpretation of the last 4 moves



There are obvious candidates for how to define Kh on

elementary cobordism

Just need to verify that the maimone relations are

satisfied it

man
15 in the formulationof es

smoothmovies

3 in the formulation of crsz
movieswithfinitely

Jacobsson04

Explicit verification by hand

Khovanov 05

Extended Khl to tangles composable bystacking

Suffices to checkthe movie moves on local tangle pieces

less bruteforce computation required

Bar Natan 05

Extended Khl to tangles composable
Inductions

ie respecting theirstructure as a
plananalafon



Even more localised

almost no brute face computation required

Instead
Most moviemoves MMI Mmo are of the form

am

5
tanglewithno

PropositionCBN If T has no closed components then

Act Knelt Ii
in

Khovanov complex

Corollary Kh M Iid



Ideaofproot

First where does KhCT live

Tangle me formal chaincomplex ofmatrices

y withentries in tho
MamalocalrelationsItaketheKhovanov

cubeofsmoothingsbut obj I manifoldsin D
donotapplytheTaft mor 2 manifolds inDixons s
Frobeniusalgebrayet

t

4Th

All arguments takeplace at this level

Afterwards one may apply the construction

wig
assurfacesof genus 2

which recovers the usual Khevanov complex over Ze when T is a link



Lemmy If Act Khe T I 13

then the same is true for

Ideas Formal using theplanar algebra structure of tangles

Lemmy If T has no closed components and no crossings T is a matching

then Act Khe T 113

Sketch The cube of smoothing is O din ie just one vertex

So KUCH T in degree 0
no differential

Aut Knelt formal Z linearcombinations of

self cobordism thatareequalto
atxcar on
apexcons

In order to preserve homologicaldegree on itcannotbeinvertible
since Khe t 0 in
all other degrees

each cobordism C must satisfy

xd To oc x

We may assumeby T that C has no torus components

There are no sphere components by s

If there is a Ig component for g 2 thenby x therewould
also have to be a sphere component

Henceeachcomponent of C is a disc 7 C is theidentity cobordism

Each automorphism is a Z multiple of the identity

Since it is invertible it must be Iid 11



Whydoesfnotlifttorn

Khe has a non trivial automorphism

i.e not Iid

It É
it I 22 generated by the Hopfmap

z s 5

Koby passthisproblemt Om tangles

KUIKUI E KUTIPrep LLS Honkwdidm

KK A

linkformedbygluing
T T upsidedown

toTz



Idf Most movie moves are of the fam M s id for

T TT
bridgetangle

By the above proposition

Khe M e Homance.am KhCtl KhC t1 EKhC FT

T
unlink

and the righthand side is E Z

in thebidegree under consideration

hence Khe m is a scalarmultiple of the identity

This re proves functoriality of Khe

Moreover this alternative strategy dog lift directly to Xun

Why Roughly

The first strategy fundamentally depends on Khe having no

non trivial automorphisms But the existenceof non trivial elements of

IT i 0 means that this becomes falsewhen lifted to Xun

The secondstrategy fundamentally depends on Khe unlink being essentially

trivial When lifting to Xun we instead need toXununlink to be trivial

But Xun unlink I in the appropriatequantumdegree so this

remainstrue



Addendum

complex over Coby D I
5

In
relations

I
ta

zagMorphisms O
gats pgotT

invent2 inthe
coefficients

to obtain a cube where each vertex v is sent to a Z linear combination

of nullbordisms of the smoothing of T corresponding to V
X

modulotherelations

4Th
Eg 0 g 2

This turns out to identify with the usual Khorana complex when TL is

a link so this extends Khl to tangles

Rmf Above the relationEg 0 1972 is equivalent to 23 0

Proof Since 2 is invertible a special case of the 4Th relation says

i0 io



Applying this to Ez e we obtain

Iz 2212 I Ez

Iz E

2 Ez byrelation t

Heme E

Applying the elation to Ig g z

we obtain

Ig I Eg.at g i

byabove
I Ig z

Inductively O byelation s

Eg Is EYE
0

Eat Is IgE
E

Egs
by relation t

In particular adding the relation I 0 automatically

implies that Ig 0 for all g 2

H

Rmf We could instead set I K forany other k e Z

Then Eat kg
When K 8 this recovers homology


