





















































































































ii.it it iiiiEDiaconn
GEMAT SEILERPysand

Outline

Background Dirichlet L functions

Analogue one function fields

Conjectural asymptotic formulas for moments

Them BDPW these asymptoticformulas are correct in

the function field setting

Idea ofproof Reduction to a stable twisted H calculation

via twisted homological stability

Reduction to a stable untwisted H calculation for
a differentmodulispace

Scanning
methods todo this calculation
























































































































Dividetchartersseries

Dirichletcharacted

Iix de Z positive males

Definition

A Dirichletcharacter of models d is a group homomorphism

Edet Is
e extend by 0

It is imprimite if it factors through

Kaz 4 x

for a properdivisor dold Otherwise it is primitive

It is red quadratic if it takes values

in R B ex
























































































































Remand X always takes values in

did roots of 13 E at

Lemmy consequence of the group structureof Hdz

d n ou 4m x I unige real primitive X

d 8W o 7 two red primitive x

n odd square free

d not of the farm 0 real primitive X
























































































































f IN aÉÉ

see

Convergence

If Fcs does not converge everywhere or noted then

IET eastgabsolute
convergence

ta

Ioc Ioa EIR I

Fcs converges on Recs Oc but not on Recs Loc
well defined on Reis a

Fcs converges absolutely on Recs era but not on Recs fora
Lo analytic on Rest Oa

ra o E I

F at it fi as o a uniformly in t

if fan o tu then Fb has a singularity at s o



Example

f u I 0 Fk 3 Riemann zeta function
of 1
of I

fan n n o T

Mobius fu

fan din
Enetotent

F

n

tyg I
Fk Lls X

Dirichletchar Dirichlet L function

Oa I

9 EI
I

trivialmodhargt



Properties

Eulerprodustfanule

If f in A is a semigroup homomorphism

then
Fcs pf.tn sfpj for Reti a

G
If X X is the trivial character mod d

then L S X 5 s 1 p's

Integalfamula analytic tinuation

EI This For Re 1 5

analyte me
poles

2,3

where It If dz

Cat 5k may be analytically continued to d i

with a pole at 5 1



f X
p Ly ing

For Real 1 LIS A t factor integralfactor

This gives an analytic continuation to

IC X X

I X X

FunctionalequationsulatingFstandFC

54 2 2 P 1 s sin Es i e

f
56 27 0 for new

trivial zeros

l S X II Tcs e is't aye
s

El aye
d

s I



Selbergdast

Definition

A Dirichlet series Ff É II with filet is in

the Selberg class if

It converges absolutely on Recs I

It can be analytically continued to Q i with
a pole at s l

I functional equation involvingexponentials and T

relating FST to FCI s

I Euler product formula

fan I n Ye o

Exayty

Lls X X Dirichlet character

K a finite extension Suki Dedekind zetafunction



Functionieldanalogue

IF finite field of order 9

Dirichletcharacter

Fix de It monic males

Definition

A Dirichletcharacter of models d is a group homomorphism

EKFEST I

e extend by 0

F EI

primitive real quadratic defined as before

Lemme for q odd

d square free unique real primitive

otherwise real primitive



Dirichletseries

59 Iggy
Ifl gas

Fts on Recs 1

Analytic continuation to Q i with pole at s l

six
Iggy IIs

A Dirichlet character

Converges absolutely on Regi 1

Analytic continuation to Q i

In fact if X X then L S X polynomial in g's

so it is analytic on E

These have analogous Euler product formulas etc



Numberfieldsetting Function field setting

ddthfsdftILFD2dKKFeext.ve L

www.n.fi i
Kaz E X FEI It I

kx.at
i

deinnIQeftrallieRecs7
f

GeneralisedRiemannHypothesis

I has no non trivial zeros outside ofthe central line Re s

T.EE ike I t tEefger
Function field setting theorem Weil 48

Number field setting Conjecture 1,000,000



if X is a real non trivial Dirichlet character mod d

then

LET
the centralvaldof the L function associated to

Numberfield setting open

Function fieldsetting FALSE Li 2018

Moverefinedquestiont

D real primitive Dirichlet charactersmod d

Den real primitive Dirichlet charactersmod d with Id N

D real primitive Dirichlet charactersmod d with Idl N

No fm if it lnoddsgnae.su

otherwise

engage
a an.ge

otherwise

odd g

What is the distributionof the central values L for ED

Moreprecisely fix relN

What is an asymptotic formula for 2,41k
as N a



I averagecentralvalue

2 variance of the central values

73 higher moments of the distribution of centralvalues

Asymptotic formulas known conjectured

In the number field setting

2 Jutila 81

Soundararajan 00

Fff Shen 21 and Li 22

r CONJECTURE by Convey FarmerKeating Rubinstein Snaith 05

Ʃ L N Pr logN
EDEN

explicit polynomialof degree rti

In the functionfield setting

r Hoffstein Rosen 92

Florea 17
followingthey

r 4 CONJECTURE by Andrade Keating 14

Ʃ L NQr log N
DN

explicit polynomialof degree rti

Theorems Bergstrom Diaconn Petersen Westerland 23

The conjectured asymptotic formula is true for odd q



Ihff f ffg
about twisted homological stability

This has recently beenprovenby
Miller Patzt Petersen RandalWilliams

using work in progress by Sierra Wald

via homological

stability
ˢᵗʰ

to a stable twisted the calculata

Reduction to a stable untwisted the calculationof a
different modulispace

Do this calculation via scanning



SHE

Set N 929
1

asymptotically as N
a g a

Aim Ʃ poly of degree uti in log N

XED 2 1

Mr g poly of degree uti in g

i reflectedin
Grothendieck Lefschetz trace formula

Mr g Eet's trace Frob G Hr 74 Va dim x

modulispaceof hypeelliptic
g irred repr of

curves ofgenesg with a
marked point fixedunder

SP assocto

the hyperelliptic involution 1,7123 7 930

71 Mig

t Bagt Mod'g Sp 2



Why7E_
Because 71 Fg movie square free polynomials

one Fg of degree 29 1

real primitive Dirichletchar's

with modulus d where Idl 929

D N

Mr g Eet's trace Frob G Hr 74 Va dimVx

g Obs This is polynomial
in g of degree rel

Define

Qr 9 TE.tn trace Frob G Hr 7L's Va
dimVx

ftp.ymain gsdegneeErren
Aim Show that Mr g Qr 9 0



Idea Low degree terms dominate so show that

terms for small K cancel

terms for large K can be asymptotically bounded

for Mulg and Qr 9 separately

Twisted homologicalstability for Hk 71 Vx
11

Hk Bage Vx

Conj BDPW

in a range K 29 1 independent of X
rovedby faith

PETEWilliams O IR IR divergent

with Ocn In c

all terms in Mulg Qu g with KK 0629 1

cancel

Asymptotic bound on terms in Mucg
with K 0629 1

Easy bycounting cells in a classifying CW complex forBzg

Asymptotic bound on terms in Queg with K 0629 1

Header Need a calculation of Hk 7C Vx

or equivalently of g the
7L S V

V H Eg Q



Stepts Reduction to a stable untwisted the calculationof a
different modulispace

7L x modulispace of hyperolliptic surfaces equipped with
a continuous map to taking 2 to

Fibrationsequence Map Eg 71 x 71

Set K Ain Eilenberg MacLane space

for A Q vectorspace

Sene spectral sequence collapses for any A

H 71 KCA.nl Q s A H min 74 s r

Ent

This iswhatwe want to

compute when g so

it suffices to compute H 71 KCA.nl Q

as an analytic functor of A



Step Do this calculation via scanning

Computation of H Mb KCA.nl Q follows from
Note

via the
groupcompletion

RB Might I
R MTSOE X theorem

l
I
msaeoon

So we need to calculate RB 71 x

at least for X KCAn

When point

theorem Segal 73 RB a 225

Proof via scanning

Theorems BDPW 23 RB 71 Klain n s vkf

Proof via scanning



I

fproofintheclassicaldgoffgal.ca
74 Confage R2

5 mar Map R2 CCD

finiteconfigurations in D
pi

iPage

points appear disappear on8D

1 i
1122

g

Iiiii i i.is
1 i
1 1R

b 71 Map R2 CCD r C D for all g

induce RB 74 r C D

c D2 s radial expansion

IntheIngofBDPW
steps a and b are exactly analogous andwork foranyspace

Step c is more involved

C D KCA.nl S KC afterlocalisingawayfrom2


