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Recallfromlasttime

M connected manifold of dim M d 2 with 2M

Cn M space of n point subsets of M

topologised as a subquotient ofmm

Theorems Arnold McDuff Segal 70 s

If M is open ME int n 2M

then Hi C MI H Cue m for n 2

with estate
Counterexample Faded van Buskirk 62

For M S H C m ka e in

unstable

closed

24gal II
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Theorem Randal Williams 13

For any M

we have H C m R H Cut m R for us 2

as long as 1 R field of cha 2

2 R field ofchar 0
s R any field and dim

M isodd

Aimfortoday

theorem Bendersky Miller 14

For any M

we have H Cmlm R H Cn m R for min 2

as long as

whendim M is odd
1 R Q

2 R 2 with p dimm 3

whendim M is even

3 and m n m if m is even

4 R Ecp with p dimm 3

and Dp 2m cm Up 2n MI

i e each subsequence C m 1 op 2n cm k

is homologically stable
I fixed
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Toolslidssproofplaoftodaystalk
1 Scanning maps will also be crucial in

talks 3 and 4
2 Localisations of spaces

3 Bundle maps

4 Obstruction theory

5 Degree formula



1 Scanningmaps 4

Ideas Segal 73

M Rd Electrostatic map

R pis pu Cu Ird

Think of this as a collection of electrically charged particles

of change 1 positrons

electric field Elf IR i p Rd

Extend to Sᵈ Rdu 03 5 Rdu o

via
Ping 1

Reflect the target sphere so that a 0

Based map s S

Element of Map sdsd rᵈsd

This is the swing my C d Is



Anotherdescriptions

gÉ1 cu s Magle itexists

EEEEE.EEii I n

R me sd se

Mag f if B n p 1
if 1 1 0

Cadre dsd
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Yetanotherdescriptions
collapsing

0

B s

fpp.name a.mn

complement a

Rink S p clearly has degree n

O e Rdu a Sd is a regular value

its pre image is p Pn

115 rᵈsᵈ spareof degree n
Notation

based maps s Sd

Rink In fact i dsd 1s 2

and so Isd utter s
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Targetofthescanningmapingeneral

M any
smooth manifold

TM tangent bundle

fibres Rd

TM fibremise 1 point compactified tangent bundle

fibres Sd

M Tm spaceof sectionsof TM M

PÉm subspaceof competly seported sections ie those that

agree with the a section outside a compactsubset

The scanning map will be Cn m Tm

pallim
sectionsofdegree n
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Degreeofasection

α β sections of TM ISM such that p β p for all pemik
where K E M is compact

1 m HimIn
Fientationlocal system

0 0 0

2 m P M Him TM 0

it
3 Apply Poincaréduality Tm is stepable

M β MI e Hd Tm 0

4 Cupproduct

ms u pens e n im 2T c S a

compactlysupported cohomology

becauseof x

5 Poincaréduality again

my u MJ e Ho Tm a Z

ms This is the relative degree rdeglx.BE

Hamm1o
TM 0 Halim o

014111T

y again a a man my mom e

12



Rank Steps 3 5 intersection product
9

counting with sign intersection

points between m and

β M after homotoping α

and β so that these are

transverse submanifolds

Rink If α β don't satisfy then we land

in H ᵈ TM 2 HF TM c 0

instead of H9 TM 2 Ho Tm 2 2

there are a many intersection points so the

intersection is not well defined

Def Let p be a compactly supported section of TM M

Set Z zero section

Then Z B satisfy and

degp valeg z B

Rink Similarly to above T.CM TMI II z

and so Tm milim
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scanninganymanifold.tl

Ideas Same picture as before

Choose Riemannian metric on M

unit disc in
tangentspaceat

Tim
I

I

callthis Mag F if itexists

IE E.Iiiii unitdiscfsphere in
eachfibre

M TM TMot'm

Mgs f
if B n p 1
if 1 1 0

Agrees with a outside Be pi compact

Intersection with 0 section is p Pn degree n

c LM A Tm



Note Rigorous definition sketch
11

Choose Riemannian metric with injectivity radius bounded

below by E O Exists by Greene 78

m configurations of pairwise distance E

Decreasing if necessary Ci M Cn m is affiance

C M T Tm defined as on the previous

page for a fixed
culm

Theorems McDuff 75 Segal 79

The scanning map C M Tm

induces isomorphisms on Hi 2 for
all n 25



2 Localisationsofspaces Sullivan 70
12

P primes

Choose T EP
reducedform

Def 2 SEQ b product of primes in PIT

EI 2 Q

Notation 2 20 Q

Icp Zip

Def An abelian group A is Tlocal if it has a structure

of a Z module

Equivalently Every aeA may be uniquely divided

by p for each pe PIT

Rink Any A has at most one 2 module structure

Def A simply connected space X is Tload if

H X 2 is T load i

Equivalently Theorem T x is T local i

Rink can be defined more generally for nilpotent spaces



Def A Tlocalisation of a simply connected space
13

is a map f X Y whee Y is T local

and Sx Hi X 2 É Hily 2 Vi

Equivalently Theorem

f H Xi Hillie

Hollie It

Sx Ti X To x
115

o to x 7

Theorem Sullivan 70

unique upto T localisation of any
simply connected space X

can generate to nilpotent spaces

Notation X i the T localisation of

In particular

T Xp rationalisation of

T p Xcp p localisation of



14Fibrewselocalisations

E
fibre bundle with fibre F

B
Et

II
fibre bundle with fibre F

In particular for p prime or p o we have

TMap
fibre bundle with fibre Stp

From now on assume that M is compact so P Tm P Tm

The Moller 87

Vue 2 1 Man Pn Tm cp t.fr ima 2ps

ns.zi H C m 2

Hi Mucin Zip McDuff Segal

Hi Mn Tmp Zip Sullivan

Hi Mn Tma Zip Moller
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Heme it will suffice to prove that

Pm TMips Pn Tmp

under the appropriate conditions

whendim M is odd

Filaments
whendim M is even

3 p 0 and mon m

4 p dimm 3 and Dp 2m cm up 2n MI

Idea construct bundle self homotopy equivalences

TMap TMap

in
such that the induced self homotopy equivalences

Tmp Imap

send degree in sections to degree n sections

under the above conditions
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3 Blemaps

Def
end TM

bundle with fibre over EM

given by self maps TMap Tmp
of degree r e Icp

tenma

bundle endomorphisms of TMap or sections of end Mcp

12st
may

end Tman
bundle with fibre over EM

given by self maps TMap Tmp
of degree r e 2ps
sending ocx to E x

Lemmy

bundle endomorphisms of TMap or sections of end TMap

such that doo I



theorem Dold 63 17

If M is a paracompact manifold

ELE

If is a bundle endomorphism

and EI El is a hty equivalence xeM

then admits a

fibrewisehomotopyinverse.co

IfreZp is invertible then

end_ TMap bundle self homotopy equivalence

to TMap Tmap

So we need to

Find sections endffman

obstructiontheory

2 Understand how the induced
Tmap Tmap

it
acts on degrees of sections degreeformula
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4 Obstructiontheory

dimen old

Claimi Assume p O a p dimm 3 Then

o e e P Tmcpi

a section of end Mcp

1
Proofofmaintheous

We need to prove that Pm TMapi 1 Tmp
forany mine 2

Choose o of degree m

e n

Claim section of
end Tman

Covo bundle self homotopy equivalence

patious Map TMap

page
such that doo I

TMcpi P TMap

restricting to m
TMcpi PnTMcpi
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ProofofClaire

Assume p 0 a p dimm 3

Obstruction theory section as long as certain obstruction

classes vanish which live in the groups

H M To fibre

of end Tman

ox

for 1 d dim m

fibre Map x TMap

195 to
based

Map Stp Stp

Map s S p r 59

path com

Hence for i 2

Ti fibre Taxi steps sufficient to prove

Taxi_ 5 op

that this vanishes

for 2Ei d
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Theorems Serve 51 If d is odd

Sd o
0 del

T 5 p
0 d l d 2p 4

Heme for 2k Ed

Ti fibre Taxi_ 5 op 0

p dts d 2p 3

d I i d 1 2p 3 d 2p 4

Nexttime

dim Meven_
obstructions It vanish

instead bundle self lity equiv of

any fibrenise degree
rezi

but we cannot force it to send

as to gin

understand how ask on degrees of sections


