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Homologicaletabilityforconfigurationspaces

onclosedmanifoldI
GeMAT seminar

IMAR
10 April 2025

M connected manifold without boundary of dim M d 2

Cn M space of n point subsets of M
topologised as a subquotient of mn

Theorems Arnold McDuff Segal 70 s

If M int m where an
Idea

then maps C M Cut M

inducing Hic Cm He CutCm for ns 2i

C CM Cna M

Push the configuration awayfrom a collar neighborhood of IT

Add a new point to the configuration in this collar
i o

I i iif
Whataboutwhen M is closed i.e compact

There are no stabilisationmops
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I Homologicalstability is false

E g I Cn S Bn 5

Fadell van Buskirk 62 presentation

H.CC_ s Zane for 32

More generally Cantero P 15

Had C a Kar for n 4d 2

depending

only on d

BT there are some more delicate stable patterns

1 Stability holds withcoeffs in 2 ML88 BCT 89 RW13

2 Stability holds withcoeffs in a C12 RW13 BM14 K17 RW24

3 Stability holds if dim M is odd EIESEffete

4 Eventual periodicity holds with coeffs inFp CP 5 N15 KM'IG

E.it ss Iieieinthe tagin tamO
C12 Church

IEI.it IiBM14

CP 5 Cantero Palmer Talk
N15 Nagpal

KM'IG Kupers Miller Talk

EE williams
Two



3Today

Theorem Randal Williams 13

M any
connected manifold

IF field

Suppose either 1 IF IF

Eins is odd

Then dim Hi Culm IF is independent of n when n 2i

Proof

If f is the mapping core of X Y then there is

a long exact sequence

H X Hey Hick Hi X Hi Y

Write Hol H F

Lemma The mapping core of Cn M point C m is

homology equivalent to Sd Cn MI point

d dim M
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Hence we have a LES

HiCn m pt HeC m Ho d Cu mapt Hi C Mpt Hi C Cm

Note These do stabilise
since Mipt is open

We can extract a SES

0 cooker 8 HiCncm her si 0

Hence dim H Culm dim ker si t
dim coker s

Now suppose that the following square commutes

Hi d Cu mapt Hi_ Cn Mpt

stabilisation stabilisation

Ha a
catmint Hon Catmapt

Then it extends to a map of exact sequences

0 her 8 Hi d Cu mapt Hi C mapt coke fi o

stabilisation stabilisation

kertsi Hi a
culmpts HonCatmpt coker si 0
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And then homological stability for C Mpt 5 lemma

stability for 4

stability for her Si for caker si

stability for dim HiCncm

Play Proof of the mapping core lemma

Calculate the obstruction to commutativity of
2 Rpd He Rpd1

if IF IF or d is odd

Modify thestrategy for IF Q

Prooffemoppingelemma

Reminder we want to prove that the mapping care of
the inclusion C Mipoint Ccm is

homology equivalent to Sd Cn M point

want D.IE Ifa
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Choose Dd M

such that 0 thepoint that we remove

Let U C Cn be

an Dd
U i a painpun e

c m on Dd has a unique closest

point to OEDd

Eg

x

Observation C Mio and U form an opencore

of C m

Excision mapping come of C Mio Ccm

He equivalent

mapping come of C Mio n U U
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Claim U Dd x Cn Mio

o 1 l
Mi Bro Mio

Moreover this homeomorphism restricts to

Un C Mio Dd o Can mo

Sd x Cu Mio

Hence

mapping come of C Mio Ccm

He equivalent excision

mapping come of C Mio n U U

He equivalent identification above

mapping come of s xCn Mio DdxCn mio

closed calibration NDR

IS



8
O

ctntommtativityfIHi.ae
Cu mapt Hi_ C Mpt

stabilisation stabilisation

Hand
Catmint Hon Catmapt

This is induced by a certain square

5 x Cnfmipt Is c mipt

idx s s

sd x Cmipt Is c Imipt

by taking Hi_ and restricting to one summand in the

Kinneth decomposition on the LHS

To describethis replace C Mpt Cn Madd

sd Sd x 0,1

Then Δ
d xto.is cu.fmDd c mind t.IEtgtlgEi

ii

O.IO iFiI



And s Cu mid C Madd

F1 1

Hence 7 of a is given by

he mess

and of a is given by

t.OI fi.io1
Their difference is HaC2mid

Consider the d dim singular chain

Éfm
pointfixedhere

onepointmoving inthis
ddimpairofpants
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Its boundary gives the relation

1

Here this
theobstructintormmutativity

of a

It is the image of the element Ha C Rd

2 ipa.ge Ha Rpa

By the previous argument
if this vanishes

then a commutes and we get homological stability

If charF 2 then 2 0 so A vanishes

If d dim m is odd then

either char F 2 by above
or char F 2

Ha Rpd
1 IF To 2 2 F

Ict

However if Q and d dim M is even

then 2 Q Hd Rpd Q

so a does not commute



StrategyforIF1 11

t

E.EE t

ant.EE Il
n sheetedcovering

ii
Lemma Dold 62

With coefficients in Q if M is an open manifold then

HicuCm a Ho cation a H calm a

is an automorphism

Corollary With Q coefficients there is homological stability with respect

to the transfer maps

Idea Run the same argument but with transfer maps instead of

stabilisation maps



It is enough toprove that with Q coess the following 12

commutes

Hi d Cnymipt Hi C Mpt

transfer transfer

Hi d Cn mipt HonCnfmipt

Proof

Stacking
thickened spheres Sd x 0,1 gives

C s 1 50,13

the structure of an H space and gluing s x 0,1 to the

boundary of M Dd gives
C M D the structure of an

H module over it On homology we therefore have

H C s 0,13 bigraded ring

Hx C m Bd bigraded module one it

The horizontal maps of are induced by this module
structure they are both multiplication by the element

s Ha C s 0,13 in bigrading d 1,1

P of 17 is givenby

α s transfer x

É s forget itpoint in α
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of 17 is givenby

α transfer s 3 α

É s forget itpoint in α

α

where is the result of forgetting the uniquepoint

of s Ha C sd 0,13

The fundamental class ofthe emptymanifold

But this means that 03 e Hai Effy
0

Thereisonlyone
emptyconfiguration

Heme 0

so α 0

commutes as claimed

Émary

Mapping core lemma

with field coeffs to prove home stab for H C_ m

it is enough to provestability for the kernel and

colonel of the map

Hi d Cu mapt Hi_ Cn Mpt
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When dim M is odd or char 2

Hi d Cu mapt Hi_ C Mpt

stabilisation stabilisation

Ha a
catmint Hon Catmapt

commute

Hence hom stab for calm
ten manifold

implies stability for her Si and coker Si

Transfermaps

Hi d Cu mapt Hi_ C Mpt

transfer transfer

Hi d Cn mipt HonCnfmipt

commutes with any
coefficients

When char 0

Dold transfer is a one sided inverse to stabilisation

Hence hom stab for Cn Mpt w.it stabilisation maps

hom stab for Cn Mpt w.it transfer maps

stability for her Si and coker Si

bycommutativityof
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METT
All of the arguments above use homological stability

for C Mpt as an input to deduce

homological stability results for C M

2 The obstruction to commentativity of a is the

element 2 IRP Ha Rpd This vanishes also

with 2 coefficients when d is odd

Hence in this
tease

the argument goes through as far as

proving that her Si and coker Si stabilise

But then we just have a short exact sequence

0 coker 8 HiCncm her si 0

of abelian groups and stability of the outer terms does

not imply stability of the middle term

Recall that we donot have maps HiCnm Hicue.cm

However it is true that C m is always homologically

stable with coefficients when n is odd this

will appear in a later talk using different methods



 

tianya.LIiE'GeMAT
seminar

28 April

Recallfromlasttime

M connected manifold of dim M d 2 with 2M

Cn M space of n point subsets of M

topologised as a subquotient ofmm

Theorems Arnold McDuff Segal 70 s

If M is open ME int n 2M

then Hi C MI H Cue m for n 2

with estate
Counterexample Faded van Buskirk 62

For M S H C m ka e in

unstable

closed

24gal II
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Theorem Randal Williams 13

For any M

we have H C m R H Cut m R for us 2

as long as 1 R field of cha 2

2 R field ofchar 0
s R any field and dim

M isodd

Aimfortoday

theorem Bendersky Miller 14

For any M

we have H Cmlm R H Cn m R for min 2

as long as

whendim M is odd
1 R Q

2 R 2 with p dimm 3

whendim M is even

3 and m n m if m is even

4 R Ecp with p dimm 3

and Dp 2m cm Up 2n MI

i e each subsequence C m 1 op 2n cm k

is homologically stable
I fixed



3

Toolslidssproofplaoftodaystalk
1 Scanning maps will also be crucial in

talks 3 and 4
2 Localisations of spaces

3 Bundle maps

4 Obstruction theory

5 Degree formula



1 Scanningmaps 4

Ideas Segal 73

M Rd Electrostatic map

R pis pu Cu Ird

Think of this as a collection of electrically charged particles

of change 1 positrons

electric field Elf IR i p Rd

Extend to Sᵈ Rdu 03 5 Rdu o

via
Ping 1

Reflect the target sphere so that a 0

Based map s S

Element of Map sdsd rᵈsd

This is the swing my C d Is



Anotherdescriptions

gÉ1 cu s Magle itexists

EEEEE.EEii I n

R me sd se

Mag f if B n p 1
if 1 1 0

Cadre dsd
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Yetanotherdescriptions
collapsing

0

B s

fpp.name a.mn

complement a

Rink S p clearly has degree n

O e Rdu a Sd is a regular value

its pre image is p Pn

115 rᵈsᵈ spareof degree n
Notation

based maps s Sd

Rink In fact i dsd 1s 2

and so Isd utter s
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Targetofthescanningmapingeneral

M any
smooth manifold

TM tangent bundle

fibres Rd

TM fibremise 1 point compactified tangent bundle

fibres Sd

M Tm spaceof sectionsof TM M

PÉm subspaceof competly seported sections ie those that

agree with the a section outside a compactsubset

The scanning map will be Cn m Tm

pallim
sectionsofdegree n
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Degreeofasection

α β sections of TM ISM such that p β p for all pemik
where K E M is compact

1 m HimIn
Fientationlocal system

0 0 0

2 m P M Him TM 0

it
3 Apply Poincaréduality Tm is stepable

M β MI e Hd Tm 0

4 Cupproduct

ms u pens e n im 2T c S a

compactlysupported cohomology

becauseof x

5 Poincaréduality again

my u MJ e Ho Tm a Z

ms This is the relative degree rdeglx.BE

Hamm1o
TM 0 Halim o

014111T

y again a a man my mom e

12



Rank Steps 3 5 intersection product
9

counting with sign intersection

points between m and

β M after homotoping α

and β so that these are

transverse submanifolds

Rink If α β don't satisfy then we land

in H ᵈ TM 2 HF TM c 0

instead of H9 TM 2 Ho Tm 2 2

there are a many intersection points so the

intersection is not well defined

Def Let p be a compactly supported section of TM M

Set Z zero section

Then Z B satisfy and

degp valeg z B

Rink Similarly to above T.CM TMI II z

and so Tm milim
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scanninganymanifold.tl

Ideas Same picture as before

Choose Riemannian metric on M

unit disc in
tangentspaceat

Tim
I

I

callthis Mag F if itexists

IE E.Iiiii unitdiscfsphere in
eachfibre

M TM TMot'm

Mgs f
if B n p 1
if 1 1 0

Agrees with a outside Be pi compact

Intersection with 0 section is p Pn degree n

c LM A Tm



Note Rigorous definition sketch
11

Choose Riemannian metric with injectivity radius bounded

below by E O Exists by Greene 78

m configurations of pairwise distance E

Decreasing if necessary Ci M Cn m is affiance

C M T Tm defined as on the previous

page for a fixed
culm

Theorems McDuff 75 Segal 79

The scanning map C M Tm

induces isomorphisms on Hi 2 for
all n 25



2 Localisationsofspaces Sullivan 70
12

P primes

Choose T EP
reducedform

Def 2 SEQ b product of primes in PIT

EI 2 Q

Notation 2 20 Q

Icp Zip

Def An abelian group A is Tlocal if it has a structure

of a Z module

Equivalently Every aeA may be uniquely divided

by p for each pe PIT

Rink Any A has at most one 2 module structure

Def A simply connected space X is Tload if

H X 2 is T load i

Equivalently Theorem T x is T local i

Rink can be defined more generally for nilpotent spaces



Def A Tlocalisation of a simply connected space
13

is a map f X Y whee Y is T local

and Sx Hi X 2 É Hily 2 Vi

Equivalently Theorem

f H Xi Hillie

Hollie It

Sx Ti X To x
115

o to x 7

Theorem Sullivan 70

unique upto T localisation of any
simply connected space X

can generate to nilpotent spaces

Notation X i the T localisation of

In particular

T Xp rationalisation of

T p Xcp p localisation of



14Fibrewselocalisations

E
fibre bundle with fibre F

B
Et

II
fibre bundle with fibre F

In particular for p prime or p o we have

TMap
fibre bundle with fibre Stp

From now on assume that M is compact so P Tm P Tm

The Moller 87

Vue 2 1 Man Pn Tm cp t.fr ima 2ps

ns.zi H C m 2

Hi Mucin Zip McDuff Segal

Hi Mn Tmp Zip Sullivan

Hi Mn Tma Zip Moller



15
Heme it will suffice to prove that

Pm TMips Pn Tmp

under the appropriate conditions

whendim M is odd

Filaments
whendim M is even

3 p 0 and mon m

4 p dimm 3 and Dp 2m cm up 2n MI

Idea construct bundle self homotopy equivalences

TMap TMap

in
such that the induced self homotopy equivalences

Tmp Imap

send degree in sections to degree n sections

under the above conditions
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3 Blemaps

Def
end TM

bundle with fibre over EM

given by self maps TMap Tmp
of degree r e Icp

tenma

bundle endomorphisms of TMap or sections of end Mcp

12st
may

end Tman
bundle with fibre over EM

given by self maps TMap Tmp
of degree r e 2ps
sending ocx to E x

Lemmy

bundle endomorphisms of TMap or sections of end TMap

such that doo I



theorem Dold 63 17

If M is a paracompact manifold

ELE

If is a bundle endomorphism

and EI El is a hty equivalence xeM

then admits a

fibrewisehomotopyinverse.co

IfreZp is invertible then

end_ TMap bundle self homotopy equivalence

to TMap Tmap

So we need to

Find sections endffman

obstructiontheory

2 Understand how the induced
Tmap Tmap

it
acts on degrees of sections degreeformula
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4 Obstructiontheory

dimen old

Claimi Assume p O a p dimm 3 Then

o e e P Tmcpi

a section of end Mcp

1
Proofofmaintheous

We need to prove that Pm TMapi 1 Tmp
forany mine 2

Choose o of degree m

e n

Claim section of
end Tman

Covo bundle self homotopy equivalence

patious Map TMap

page
such that doo I

TMcpi P TMap

restricting to m
TMcpi PnTMcpi
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ProofofClaire

Assume p 0 a p dimm 3

Obstruction theory section as long as certain obstruction

classes vanish which live in the groups

H M To fibre

of end Tman

ox

for 1 d dim m

fibre Map x TMap

195 to
based

Map Stp Stp

Map s S p r 59

path com

Hence for i 2

Ti fibre Taxi steps sufficient to prove

Taxi_ 5 op

that this vanishes

for 2Ei d
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Theorems Serve 51 If d is odd

Sd o
0 del

T 5 p
0 d l d 2p 4

Heme for 2k Ed

Ti fibre Taxi_ 5 op 0

p dts d 2p 3

d I i d 1 2p 3 d 2p 4

Nexttime

dim Meven_
obstructions It vanish

instead bundle self lity equiv of

any fibrenise degree
rezi

but we cannot force it to send

as to gin

understand how ask on degrees of sections



 
IHomologicaletabilityforconfigurationspaces

onclosedmanifolds

GeMAT seminar
IMAR

9May 2025

fÉÉÉfÉian fold of dim m d 2 with 2M

Cn M space of n point subsets of M

theorem Bendersky Miller 14

For any M as above we have

H Cmlm Q H Cn m Q for min 2

if m n m if dim m and M are even

H Cmlm 4ps H Cn m 2 for min 2

if p dimm 3

Up 2m cm Up 2n M1 if din m is even

I
i e each subsequence

en c m n m p a a coprime to p

is homologically stable with Icp coefficients



2
stepsoftheproof

1 Scanning maps
2 Localisations of spaces last week ᵈʰ
3 Bundle maps

4 Obstruction theory today
5 Degree formula
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1 Scamingmaps

unit disc in

YÑp
ugt spareat

qty Tim

M

callthis Mag f if itexists

E.IE EEEiEii unitdistantsphere
in eachfibre

t
p M TM TMot'm

Mag f if B n p 1
if 1 1 0

Agrees with a outside Be pi compact

Intersection with 0 section is p Pn degree n

calm titty
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Reminders Degree

TM

p Tm spaceof capacty
supported sections of th

equal to a section
outside opt subset

zerosection

ECM

degree alg intersection of s M and
OÉM

Theorems McDuff 75 Segal 79

Themap C M ME TM induces isomorphisms

on H i 2 for us 2

and hencewith coefficients in

anyabeliangroup

Can study H A Tm insteadof H C Cm

From now on assume that M is compact so P Tm P Tm
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2 Localisations

xiply.net
z Q

P prime or 0

p32 Zp
EQ b coprime to p

IV
p localisation of

FX simply connected

integral homology is a Zip module

IETIE
p 0 element is uniquely gdivisible primes q
paz element is uniquely gdivisible primes q p

Can also be done fibrewise

TM Mip

fibres Sd fibres S p

Revere Moller 87
Rant

Pathcomponentsof
p TMapi are

Vue 2 1 Tma Pn Tm cp indexedby no Zaps

Corollary

uszi Hi C_ m 2 Hi Mu Tma Zip



63 Bundlemas

Lemmy

Bundleselfmaps
end McpMap TMap sections

t.int M

such that doo E

Def 5h

end TMap bundle whose fibre over EM
is the spaceof self maps TMapil mp

of degree r e 2ps
sending ocx to E x

Theorems Dold63

If restricts to a lity equivalence on each fibre

then is a fsie hty equivalence

induces a htsequivalence P TMcp P TMcp
o doo

Upshot

end Tma

If Its p Tmp r Tman

M

re 2,5 I maisanen



4 Obstructitheory 7

In thetalk lastweek we proved

Édim m d is odd and p o or p 1 3

end Tman
then Vo ee TCTMaps section

Idfprof Obstructiontheory

then
111111 11111

a g a

Corollary

Under theseconditions on d and p

all path components of TMcp are homotopy equivalent

Hence if

dim M d is odd

p 0 or p d 3

we have for all m n 2

came.si E ii
iEitieIHi

cacm zm H the mis e

completes theproof when d dim m is odd
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Whend disever

The vanishing results of sene for d p do not

hold for even d

can't prove that
end ima

If for every o re TCTMaps

Instead

Proposition

If dim M d is even and p 0 or p 1 3

end_ Tapi
then V re 2ps section

When p o it is mique up to homotopy

unbasedmappingspace

the gibeof
end_ men

is
maptcstp.SI

1 compgerightmap

Map S p 5

Obstructions to existence of a section lie in

H M To_ Map s 5



gBut Sene 51 some calculations imply that

Map 5 5 is d 1 connected

Heme vanishes for all i so section

Obstructions to uniqueness upto of a section lie in

H M T Map s 5

But Moller Ranssen 85 piÉ ii
mm

Map s 5 51
so in the case p o Map 5 1 5 is d connected

because 2d 2 d

Heme vanishes for all i so the section is unique upto

Upshot

In the even dimensional case if p 0 or p 1 3

invertible re 2ps

bundle self lity equivalence TMip I TMp

offibenisedegee.ve

Unique when p o



105 Degreformal

Any bundle selflityequivalence
M
of fibrevise degree reef

It

induces a selflityequivalence P TMip TMM

Its effect on degrees of sections is

I MCTMD to MCTM i

deg

I 2m

Propositions degreeformula

If dim M d is even and p 0 or p 1 3

and Tmp TMap has fibrewise degree re 2,5

then
k rk i r m

This is false for dim m d odd

In that case we can find of fibrevise degree

such that k l for any two specified K le Icp
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Howhisfnishestheproof

Assuming that dim m d is even and p 0 or p 1 3

obstruction theory

degreefam ff.tnIgrucqmppgpgpyi
Now let mine 2 min Zi

and assume that Dp 2m cm up 2n MI

when p o this is interpreted a

2m m 0 2n m

Then r 2294 eat

and rm 1 v XCM i m

IE n

Hence

c IE Eti

HicmCms zm
FETMm

2

H calm em H the'Éms e
with

I
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aÉffÉÉÉÉfipfiÉÉÉÉÉnÉÉneÉg

then

steps

1 M orientable re If If of fibrewisedegree v satisfying

2 M orientable depends only on the fibrewisedegree of

degreeformula when M orientable

3 Degree formulawhen M non orientable

YI is easy just pass to orientation double covers

If we just care about orientable manifolds 1 is sufficient

If we care about nonorientable manifolds we need 2 to deduce 3

2 is obvious when p 0 because in that case is determined

up to by its fibrewise degree uniqueness

Plan forthe remainder of the talk
Proof of 1
Proof of 2

For the remainder of the talk we assume that M is orientable
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Steph

tim
TM

is classified by a map M BSO d

I
II is classified by a map M BSO d BMap sdsd

is

classtified

by a map M Éod BMap s s

Recall fromearlier that Map s 5 is d 1 connected

hence BMap 5 5 is d connected

I is millhomotopic

Tmp M s

Given re Ipt let

4 o id fr 04

where fr Stp 5 is the unique upto map of degree r



IL
Composition with 4 induces

Tmp I M s Map M s

nn iia.I
E d.fr

jemapn
zxcm m.s

LeIm
sc mapy xapm.sin

Te r k Excmi Excm
rk i r xcm

proofofft.fi
mesh

41 Ha Tmp Ha mx s 2 2ps
generated

mmE L
intersectionnumber 7 HaTmp HaTmp Ep

Tmp
0 4 0 M M K F for some ke 2ps

m 0 M 0 Tm3

4 M K F 4 M K F

2k
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o 4 o m M l F for some le 2ps
M

deg 400 l

deg o TO m o Tm3

4 M 12 F 4 M ex F

71 e

Hence deg 400 deg o m

IF
tnytwobn elf hbeguvalences.mg jiI
of thesame fibrewise degree re2ps

aygpqagagyygggg.I

Proof

Let denote a fibrewise hty inverseof

Enough to show that

f
o preserves degrees of sections

O fibrewise degree 1
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Degree of a section is calculated in Hd Tmp

Enough to show that O Hd Tmp He Tmp

is the identity

Use a trivialisation Tmp M x sp to write

Hd Tmp Ha M x s 2 Zp

83

Hd Tmp Ha M x s 2 Ip

Now 0 is a bundle map

Also S fibrewise degree of 0

Hence O 9 for some 8 2ps

Lemme Iid

i co

n's

a id
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Proofoftemmas a bit more technical

O e spaceof bundlemaps of degree 1

end Tmp

topological monoid

O To M end Tmp monoid

Aim O has finite order

Actually we'll prove that the whole monoid is a tensiongroup

For short write P end Tmp so our aim is

to show that the monoid to PCP is a tasion group

Choose a CW structure on M with a single d cell

Md 1 d 1 skeleton of this CW structure

Denote the restriction of
Pg

to Md by Pd1

that

Obstructions to vanishing of to TCP lie in

H Md Map Stp Stp

Since Map S p Stp is d 1 connected

Md1 is d 1 dimensional

these vanish and hence To P Pd1
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M M is a cofibration

restriction P P P P is a fibration

Fibre extensions of a section pal
to
In

in

RᵈMap Stp Stp

erknnfs IIID
extensionof s to

t E

extension of s sd F

to D F

basedmaps
Dgf

F

Hence we have a fibre sequence

RdMap S p 5 P P p pdt

This induces an exact sequence of monoids

To Imap S p 5 to P to p pdt

This has two monoid structures
composition of maps

this onemakes intuminant

concatenation of d fold loops
hi one allowstheidentification

with TaMap 5 1 5

By the Eckmann Hiltonargument they
agree and here we have
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TaMap
5 1 5 to P to p pdt

exact sequence of monoids

By above P Pd1

so to MCP quotient of TqMap
S p Stp

in particular it is a gp

so it is enough to show that TaMap
5 1,5 1 is a tag p

Recall from earlier that

Map 5 5901 5 Mother Ranssen 85

so it is d connected since 2d 23 d

so 0 Ta Map 5 0 5901

Ta Map 59 5

Ta Map 59 5

E Ta Map 5 5 Q

E Ta Map 5 5 Q

and hence Ta Map 5 5 is a tasiongroup
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Reminder

M connected manifold without boundary

of dim M d 2

Cn M space of n point subsets of M

Theorems Arnold McDuff Segal 70 s

If M is open
ME int n 2M

then H C MI H Cue m for n 2i

stablerangewherethe
homology is independentof n

compated

This is false for closed manifolds M

E g H C s 2 2km2



What we have seen so far 2

Theory Combining Randal Williams 133

Bendersky Miller 14

Let m n zi Then

H Cmlm R H Cn m R

as long as

R is a field and either dim M is odd

or char 2 0.2

R 2 with p din m 3

and either din m is odd

2711 e 2

op 2m xcm Dp 2n Acmi

Anatoday
Jun13 Remove the p din m 3 hypothesis

obstructiontheory more geometric construction

Imf Introduce replication maps

I stability with respect to replication maps
insteadof stabilisation mapsv

Inf Replication maps puncturing trickof Randal Williams 133

replicationstability with fieldweffs

Cool Combining mint homological periodicity for H C m Fp



3Replicationmaps

Theorene Cantero P 315 or Mi closed m 0

If M admit a m naming an g p
M open

then r 2 replication map C M Cru m

inducing isomorphisms on H Epi

for all n 2

and Ptr

Def let II be a non vanishing vector field

msn.E.it L
picturefor r 4 n 5

Cantley xm 0

pe t jd
depends only on opn in therange ns 2i

Proof

If min 2 and
my pimp

with w̅ w̅ coprime to p i e op m opcal

then Calm

Culm
Game m

induce on Hi Epi



In general forany m 4

Theoreme Cantero P 15

If dim m is odd then

H Calm ZEE H Cut m ZEE
H Calm 2 H Cutzen 2

in the range v72

If dim m is even then for fired i and p assume m evenif p 2

H C m Epi
depends only on Op2n Xml in the range ns 2i

For ps dinem 3 this

was Bendersky Miller 14

Idfpro

Recall that

culm ricin ricin th Tmp

easis.gg ii.EE iiisYmaaios

nthpathcomponent
of Tmp
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Sbrewisedegree

Map Stp SI

My Tmp
end impi recimp palimpi

I
The Pold03

If re Ep is invertible

then 4 is a fibrewise selfhits equivalence

and so Go Tmp P Tmp is a self hits equivalence

Strategy

Construct sections 7ft for reap

Understand how the corresponding Go Tmp P Tmp

acts on To

Bendersky Miller 14 obstructiontheory

p des
of a

New idea geometric construction

different obstruction theory
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Def
V2 12 spaceof orthonormal 2 frames in 11241

Stiefel manifold

re 2

V2Rd Map sd s

cures id
Eggo

t

z E

restricted to S unit sphere in 11291

1ed 2

Of Neutronstar construction

v.ve v v

Invest

This works fibrewise

E

In
real innerproductbundle of rank d

iiiKCEEYEE.ua.cÉ
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Applying to E TM we get

V2 TM OR end Tm

and we can fibrewise localise to get

V2 TM R p end Tmp

V2 TM R p
Ideas A section

or

induces a section
end TMpi

troop

and hence a self map

6 00 0 p Tmp P Tmp

for every re 2 Smallprint toensuethe
target is andnotjust
wehavetoassumethat

a seebelow is compactly
supported
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Notatin By forgetting the second component of a 2 frame

V2 TMOR p V TM or p Tmp

I
Call this and assume it
is compactly supported

deg 5 Icp

Lemmas degreeformula

For any o such that is compactly supported

the self map 6 00 0 p Tmp P Tmp

sends sections of degree k

to sections of degree r K degco deg o

to orientation double corers assume M orientable

If M is non compact interpret H TMP as horizontally locally

finite homology H Tmp so that inclusions of fibres and sections

induce H 5 H Tmp and HEm H Tmp

Then Ha TMG 2 2ps

zerosection O
Em IF S

intersection form XY

TMP
m 1 degx Cms
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By construction TMP Tmp preserves to

hasfibrense degree

So Ha TMpi Hd Tmp preserves 9 M

1 deglo Acmi

multiplies F 0,1 by n

it is given by der age _exams t A

Set k degk
e deg 6 00 02

m I k ml

0,001 2cm 1

I
A In xan

f
1 ftdgax

Rearranging k degloo dega
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Summery

V2 TM e

my
V TM R p TMap

Info
age se

If we can lift of to o

then veZ we have n Tmp p Tmp

acting on pathcomponents degrees of sections by

K n r k s 8

and if re 2 p2 then is a lity equivalence

Lemmas

The complete obstruction to lifting to o is

0 if din m odd

28 m if dim m even

Eulerclassof pullback of
along m in

mp
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Upshot

dim M odd choose Se 2ps
a 2 pz

freely

dim m even must have S m

but re 2 p2 be chosen freely

A r Tmm timsies Tmm jti i

Proofoftheoembd.im

M odd p odd
choose

5
n 8 8 ntl in

p choose 1

S ntl

n 8 8 n 2 in

dim M even If 2m Acm op 2n cm

2 Eh I he keez pe

Tmp
parena

ima Tma

Are r k



PresleonmA
12

TM

Non vanishing vector field

section
V2 TM IR

on 4 9
the

Note No needfor obstruction theory
Exists before fibrewise localisation

of a section of TM

degC 0

Degree formula
induced P Tm P Tm

acts on To by
K r K degco deg o

rk

Localising if ptr we have

Culm P CTm r CTm p 1 TM

1 1
Cucus ricin

nictims reaction
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Itingtick homologicalperiodicity

TheoremC Cantero P 15

M closed even dimensional manifold

IF field of characteristic ps 0

in particular whenever2
Ppf anger n r map

Then
H Cnh F H Crncm IF

for n 2i

Note There are no direct replication maps Cncm CrmCn
unless M 0

When XCM 0 the dissonance between Them B Then C implies

CorollangI Cantero P 15 Homological periodicity

M closed even dimensional manifold with m 0

IF field of characteristic p 3

Then
H Cnh F H Cn g

m IF

for n 2i where

q path
a opACMI

Note If m 0 them up o so g a

If charF 0,23 then we alreadyknow homologdstability so g 1
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ProofofCarol

Cases op 2n x op x a

Then Dp 2 neg x

up 2 1 2

1 open x

TheoremB Hi Calm Ep E H Cng m Epi

Hi Calm IF H Cue m IF

UCT since IF is a Zp module

case up 2n x up x a

Then open op 2 1 a

0 mod p

7122 Fa 1 mod p

e 7 Ea tlp 1 modp

we may take r

faye 1 in Theorem C

H C m
ceng

m F E H Cng m IF
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ProofoftheosemC

Recall from talk 1 following RandalWilliams 133 that

for any manifold M and basepoint OEM there is a LES

HeC m Hi d n i m o Hi Cn m o He_Cn m

induced by
s x C mo c mio

At.fi1
t.se siY parameter

So if Hi H F

then dim H C Cm dim ke Si dim color Si

So it's enough to show that the maps

Si Hi_a n i m o Hi Cn mo

stabilise for n 2i

In Construct maps 5 x Cu mio C mio

Is
sd t Eun mio Crn mo
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Such that The induced vertical maps are isom s on H

Sa n 2i after passing to one summand in

the Kinneth decomposition ontheLHS

comments on H IF

Constructions

Choose a vector field on M with a unique zero at OEM

non vanishing on M O

g Sr replicationmap

f Sd xCn Mio s x Crar m o

apply to r 1 times

s Crn m o

Rate

It fit
T assiiits.fi EtIisonb
iiteI.si Epn
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IphismsH

9 5 induces on Hi for n 2i by Theorem A

f induces on Hi for v72 by Theorem A

classical hom stability
Serve spectral

sequence argument

Last step

comm vitfthedagramnIFhomel.gg

sd x Ca mo C mio

f 19
s Con Mio Crn m o

Picture

17 FiiI
7
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These are determinedby maps hi ha sd
t C Rd o

enough to check that 1h 5

hz s 1 Ha Cr Rdco F

Def Elements of Ha Cr Rd o

so Fif
t f 1

For any self map 5 1 sd t

f
f

cometorbitingthe sun

age S under

Sd C Rd o

r t

Example Tia Δ

Note 1h S Oia Do

2 s op for 4 5 sd t the restriction of
the non vanishing vector field

Poincaré Hopf deg e m
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fᵈ

ʰⁿ

YFor any 4 sd Sd 1

ogrs.tmdrt.tl construct explicit

chains 1 dimension

higher in orderto
deduce

relations between op
So and it

Heme 1h S 2 s

I_Lemma

So r 1 a so m r r i it

rearranging

order T divides v 1 Acm 1

char f p

p divides r 1 m 1



 
I
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Recap

M connected manifold without boundary

of dim M d 2

Cn M space of n point subsets of M

whenmisofen
eme.int a 2m

C M is homologically stable with 2 coefficients

and heme with any coeffs

Hc Calm 2 H Cue m 2 when ns2 McDuffSegal 70s

whenmisclosed
compact.am

So far we haveseen

Hi C m IF Hi Cue m then i RandalWilliam 13

EE i I ii.tan onznt yEatt me
lookat thisnexttime



When dim m is odd for v72 2

Hi Culm 2 H Cutz m 2

H Calm Z Hi Cnt m Z 3 Cantero P 15

When dim m is even for 47,2

H C m 2 depends only on op 2n cm

H Calm Fp H Concm Fp
forany

modp

H Calm Fp H Cag m Fp
as long as 75

where g p
Acmi

Aimfatoday

Theory Kopers Miller 16

If dim m isodd then for v32

H Calm 2 H Cut m 2

If dim m is even then for 47,2in

HiCu m H cnn.cm 2k for k 3 odd

HiCu m H Cut m 2k for k 2 even

In particular this improves p periodicity of H C m Fp canter P 15

to pperiodicity of H C m Fp in the stablerange us2

Rink Nagpal 15 proved that H Ccm Fp is p periodic inggalyggf.ee
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Corollary

If dim m is even then for fixed i 1 p33

for m n 2i

H Cm m Fp Hi Ccm Fp

if either 2m m 2n modp
or 2m m 2n modp

i e Hi Cn M Fp depends only on whether 2n Cm or not

In particular H Cn m Fp takes on 2 different values in

the stablerange

n22i.PT
If 2m Cm 2n modp

then op 2m XCMI 0 op 2n m

result follows from Cantero P 315

universal coefficient theorem to
pass from Icp costs to IFp coeffs

If 2m m 2n modp

since p 3 so 2 is invertible modp

m n Godp

result follows from Kupers Miller 16 p periodicity
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Etkst

Recollection of the P ngtick used by Randal Williams

in the care of coeth in 2

Some homology operations on Ed algebras

Chain complex lemma

Proof of the theorem
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Etungtick
From talk I we recall that for any manifold M

with basepoint OEM there is an exact sequence

HeC m Hi_a n i m o Hi Cn m o He_Cn m

induced by
s xCn m o C mio

Ht Fifi
Indradiallyawayfrom 0 EM

add a point specifiedbythe S parameter

Obs I If the ringof coefficients is a field we have

dim H C Cm dim ke Si dim color s

and M isoffinitetype eg closed

Obs12 If the ringof coefficients is we have

1H C Cm ke si color si

Argument of Randal William 13

s xCn m o C mio

sit.mn cntii
mate



6On H this acts by

adding
1

near the puncture

1 adding near the puncture

The difference is homologous to the operatinthatadds

This is the image of Ha C Rd

2 generator Ha Rpd
1

with IF2 coefficients it's zero

commutative square on Hx 2 Hx

Hi_a n i m o Hi Cn m o

Kp tp

Hua cncmo sHik mI in stable
range

dim ker si dim ke Si
dim coke SE dim coke Sii

in thestable range

by Obs I
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Homologyaperations

C Rd 1 C Rd

Hx C Rd has two key operations

Patan.IE cna g care HasCanced filtha
111

BrowdeI.tl nay om care HostatCmen d

Lemmas For e H Cm Rd the difference betweenthe two

ways around the square

Hi_a n mio HisCut m o

if t.EEeieHia j
CnimCm o Hi its u i m m o

is equal to x
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Proof

2 11

I i n

121

andn I

5

th

TFn a odd c 0 with 2 coefficients

b For d even is divisible by 2k

Proof

a 2 generator Ha RIP 2
2

Fact is symmetric

me 1T



g
Fact is a derivation ie

2 Bo B0 2,8 α B 8

189

poetry

Iterating Fact 2 Fact1 we get

ie
it a

k

i divisible by 2 divisible by 2k



I

Corollary The square

Hi d Cn m o Hi_Cnt m o

451 ftp.tiitEmrHid Cnemm o 5 Hi CI m m o

commutes if we take coeffs in a ving R char R divides 2m

or we take coeffs in anyving and dim m is old

no condition
on me

in the second
case

Coolland

under these conditions

ker si ker Sim
cohen Si coke Sim

in thestable range

c
If R 2k

then H C Cm ke si color si

H Cnmcm ke Siem color Siim

so

f 1 dim m odd

Upshot H Cn m 2k is m periodic in the stable range

forfixed i k
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Chaincomplexlemman

C chain complex one 2

bounded above and below

finitely generated free in each degree

E.g cellular chain complex of a
finite CW complex

Lemmas

finiteset
abeliangroup

Hj C 4ps
Hi C Wpr

so a Iser

Hj C 4ps
5 Hi Cx

safin

In particular if X is a finite CW complex

He X 2 is determined by Hx X 4ps p s



12

Idproof

Epr I
finite of copiesof 0 Hpv 0

quasiisomorphic and 0 Ip Up 0

for IES Er 1

enough to determinethe multiplicities of these pieces

Write down a formula for Hj C 0 4ps in terms of

these multiplicities

multiplicities sh 1H C 04ps er

Matrix is invertible hence

Actually to determine multiplicities of the pieces shifted

by i need to know multiplicities of the pieces

shifted by i 1

Do this rearusively

Base case Zee since bounded below
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A more careful version of the argument in implies that

1H C o HilC
for all i and r for all i and r

and the projections

Hi C

H C 4ps for ser

This determines

H C Zp lie H Yr
5
padegers

Ip is tarian free flat 2 module

H C Zp H x 2

Each Hi C is fin generated so it is determined by

knowing Hi C Ip for all primes p
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Finishingtheproofofthetherems

We already know that in the stable range v32

H calm H Cutrem

and H Cn m 2k H Cutz m 2k if k is even

and H Cn m 2k H Cut m 2k if dim m is odd

dim meven_

holds in particular forany k p

chain complex lemma

5 Hi Culm Wpr H Cap m Wpr p33

1gEffinite H Ccm 2
2 Ho Catania 2

2

periodicity with general coeffs

by decomposing 4k I of Epr

dim Mod
holds in particular forany k p

chain complex lemma

Hi Calm 2 H Cut m Z
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Reminder

M connected manifold without boundary

of dim M d 2

Cn M space of n point subsets of M

Theorems Arnold McDuff Segal 70 s

If M is open
ME int n 2M

then H C MI H Cue m for n 2i

stablerangewherethe
homology is independentof n

compated

This is false for closed manifolds M

E g H C s 2 2km2



theorem Church 12
2

If M is connected

finite type

ma is suite am
if

orientable

then Hi C Cm Q Hi Calm Q for ubiel

67 sea

stablerangefor 2 welts
whenM isopen

This is a corollaryof

theorems Church 12

Under these conditions foreach fired is 0

the sequence of En representations H FuIMYTwddspa1sbwat.is
sgfmnsm so it can impeto uz

if dim m 33

Firsttask define what this means



repkhe 1si I can

V irreducible reps of In

pan sn x cnn.in I

Eg n trivial repv on Q

n 1,1 standard up on QQ

n3,111,1 m Q Q

Def A partitionof k
densifingn K x

a n Ven

For a E representation W C W multiplicity of van in W



L

Representationstability Church Farb 10

v Ive vk.ua attities
É E In It

compatible actions

Def
This is unfambpresentatinstable SIN if

n N 1 is injective

2 the Q Ent span of Vn is Vue

3 x c Vn c Vna

Rink If
py

Vn then 3 does It imply that n w values

or even that w contains d n

I cnet.ae iiEne spa

Def Church 12

Vn dm is monotone fante if

n N 4 if W EVn

Eno
then the Q Ent span of w contains an

isomorphic copy of V Due



tngReom2 5

Theory Church 12

If M is connected then foreach fired i 0

orientable

finite type

the sequence H FCM Q H Fuel m Q

Tinduced
by Fu m

ᵗ
Fue m

satisfies i 4 above for n 4i

Rink Suppose that d is a partitionof n

and n di da 134

Thm2 mult of V in H F Cm Q

malt of Venateis in Fn can in i Q

0

i MᵈI can be improved to
the rage stated

That by more
careful analysis

dim H Cncm Q

dim H Cncm Q

dim H Fn m Q

c H Fcm Q for d n III

independentof n by The 2



affproofofreovern2 6

Levayspectualsequences Cf Dimca Sheaves intopology

Isy no f Sh X Sh Y

F m U F f o

derived functors R f SL X Sh Y

presheaf U H f u F

Rif F sheaffification ofthis

F sheaf on X

1tY
RfH

Totaro 96 Explicit description of
EPI of for

Fu m M and F

which converges to H Fn m Q

Ideas Prove uniform repr stab monotonicity for EPI n

Deduce the same for EPI n and heme EG n

Deduce the same for the limit ie H F Cm Q
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Inks Steps and are relatively straightforward

However they only work for the combined property of

uniform repr stab monotonicity

Uniform repn stab by itself does not propagate

through a spectral sequence

Eg
Subconfigurationspaces 1 11,2313,53 43

111 3

A partitionof 1s on I 2,2 1

Notation A of blocks ofthe partition

I the induced partition of n

A subconfigurationspace

Def ECM pianspus e m fearp lip
thesameblockof A

1 diagonal

Mt pinspuse m jfniip.ly
in thesameblockof A

Eg A trivial partition ECM Fu m

Mt diagonal copyof M

A discretepartition Fa M M Mt
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Them Aunol'd 69 Brieskorn 73

H F Rd Q H
111
faced a

isomof Q In modules

The Totaro 96 isomsof Q En modules

EI n e 11
Face a H meta

Obs

H faced a H mt

preserved by En action

decompose H MA a in a En invariant

way via the Kinneth formula

I summands each of which is isomorphic

ep.FI to IndE.eu W Q

for some Ek representation W

In fixed bidegree pig we have

k g length x max i 1 dosz



g
Them Church 12

For any fixed Ex representation W the sequence

Indefeau W Q

is uniformly representation stable for n72k
monotone for n K

Rink This is pure representation theory

Church gives an elementary but intricate proof using the

brading the for IndEen.r.LV Q

Sam Weyman give an alternative proof using
Schon Weyl

duality to work instead with GL_ Q representations

Finishingtheproofcncattheaem.AM
fact that K is fixed

URS M for EPI n

pro
URS M for H F m Q

stability for H Cucm Q
p
FI

Ryk Can prove that stability is inducedby cue.cm Ccm
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Context

If M is a connected open manifold then

H CCm Hi Ca Cms for us 2i

McDuff Segal

When M is closed this is generally false but

The If M is a connected manifold then

H C Cm Q H Cua m Q for ns.itl

So far we have seen proofs by
Church talk I via representation stability

RandalWilliams talk I via transfermaps

Bendersky Miller talks II III via scanning maps obstructiontheory

Today it will be a corollary of

The Knudsen 17 For any d manifold d 2

H Ccm a H 9m as biguaded Q vspaces

Lie algebrahomology



2
where gm is the following bigraded Lie algebra

degree

gu HIM
aight a

Q orientation local system on M

Q d i consider it to be concentrated in degree d 1

free graded Lie algebra

Rink This can be simplified at the cost of splitting into

two cases

dodd Qld 13 Eight
with trivial bracket

9m H M Q 13 with trivial bracket

deven Qed 1 Quid 1 2d 2

XX

weight 1 weight 2

9m H M Q 13 H M Qw d 2

as a bigraded vectorspace the Lie

bracket turns out to be determinedbythe

copproduct
structure on M

IIa graded Q uspace H Ccm Q depends only on d and

thegraded Q uspace H M D plus the cupproduct structure if d is even

Bodigheime CohenTaylor89 FélixThomas 00
d odd I even
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Liealgebrahomology

g Lie algebra over Q

Def H g To Q Q V9

The Chevalley Eilenberg

H g H Ag
differential inducedby
E Ag g

Can use this to generalise to graded Lie algebras

Def g graded Lie algebra
CÉ 9

9 H syneg

chews Eilenberg complex

differential inducedby 1

Not g ungraded concentrated in degree zero

g I is concentrated in degree 1

Sym gas Ag

Pʰ
Some ideas of the proof
How to deduce stability

Example calculations



L
I

ffactoisationhom.by

Def Diska
manifolds differ to 112

smooth embeddings

n disk algebra A symmetric monoidal functor

Diska Cha 0

A Mflda Cha 0

is the unique symmetic monoidal functor sit

Let A

if

ppgyq.am7 and uniqueness

In AyalaFrancis 5
then A A A

P
it
has a ringstructureand
A is a moduleone it

via applying A totheinclusion

thhhthhlm 1111111111 c Moir Mohr Mo R

Ghassamirthday gestaltism
Mor no me

SA factorisation homologyof M with coefficients in A
M



5F diskalgebrastoliealgebras

Part of the structure of a d disk algebra is

Emb Rd Rd AOA A

by abuse of
notation

Note that H Emb Rd Rd
A denotes A Rd

H F ird a

H s 0

QEd 13

Restricting to a cycle representing a generator of QEd 1 we get

A d 13 A A

Ma A d 1 Atd 1 Atd 1

This is a Lie bracket on A d 13

Jacobi identity YangBaxterrelation in H F ird

F d diskalgebras LÉ gebuas

left adjoint

d enveloping algebra
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Mainstepsftheproof

deight fragent

biguaded

I
fuels C E

biguaded chain ex

M

weight 1

Calculate this in two different ways

Ccm a

CÉ H M Qed 13

Thentake homology



7Deducingstability M connected

By the main theorem

H cm a H CÉ 9m

CÉ 9m Sym 9m 13

Sym HT M Q d 1 Q 2d2 13

Light weight

H M Q

The degree 0 summand is one dimensional

weight 1
bihomogeneous

Choose a generator p and extend it to arbasis B of gut

KPEF.tt c ign if weightes 1 1

wwhʰ ʰ

then is divisible by p

Algebraic incarnationof him stab
with a bit of work implies how stab on LHS of
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Pref Assume d 3 d 2 is slightly more complicated

Write X X X EB

weight X 1 1 1 for some j

Since 9m I weight x 1 or 2

Suppose weight x 2

d 1 IX 2d 1

contradiction to 2 1
and d 3

Hence weight 1

Of Xiled
hence I 1 0

x Xp I

Ek Proof just uses the formalstructure of the

biguading of 9m I

H acm a
HasgÉÉiI

Reminder

9m51 HIM a H M Q a 1

Éʰ

wt 1 wt 2
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Examples

MARI

doddnoqet
edim.CI

9m QEX WE

H CÉ 9m

H Cuard Q weight n part of QEX

Q 0

deven

H CÉ 9m É 9m QE 3OA I

Ei
e

d I x ̅ x ̅ x x ̅
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M RpoI

dodd
v x 1 way

H CÉ 9m Q TX
Fiat

Hx Cn 1291point Q weight n piece of this

3 X x y xyᵈ yd
2d2 degrees 0 d 1 2d 2 __ nd n

d i y xy xyt.EE a a is oeen

O o w

LCÉ 9m CE gm Q X Y A x ̅ Y

IEEE IEEE

iii
H Cn Rdpoint a

3d3

a2d2 x ̅ y

É

DrummondCole Knudsen use this Liealgebramodel to calculate explicitly

drugHi CnCE Q for all Ignite typesurface
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ʰÉÉÉ 0
É
9
É big
Ñ

isdegree

where
gu HIM EEI.at

d 1 orientation local system on M in degree d 1
t.IE

Afatoday
RandalWilliams 23

A more directproof of this
without factorisation homology

as a corollary of a more general result
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Sets
Work in Top IIged

sequences of basedspaces
weight grading fromlast talk

Fix M connected d manifold
interiorof a compact manifold with boundary

Definition

m Top company engage

me port compact

This is a commutative monoid object

m n m nz Cm withe

calm Calm t Ca cat
11

Cn.CM xCnzCm

a c got it 9ns

Definition

For YeTop Com Y free commutative monoid on Y

Com x n weight n component of SP Ya

sp f c.gg Zn int E

I
see Yan Enen

as aset

operation union of multisets
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Notation

based space
In Top

Xensim I

E
If y Mt K

Then Com M k3 nk pin Pn poem Mk

Com M K m if Kfm

NI In particular Com M K3 o 5

Observation

C M can be built out of Com

It is the pushort of

Com Mt 23 So O

t
lollypoint Com Mt 13

In every positive grading
thepushot has the

effectof collapsing the fat diagonal of MY
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Theorem RandalWilliams

M is also the homotopy pushout of F

I
C M B Com mitis Com mt23 5 03

two sided bar construction

B X M Y M comm monoid

X Y modules over M

Notation Ha Y I Yen Q

Fact H B X.MY To H x He Y

Mildgeneralisation t
L

TI real vector bundle

CCM L Top

n cn mil pissensel Pi 1T
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Mil is again a commutative monoid and is the

pushout of the following diagram of commentative monoids

L

LOL LoL 2 degit.PE 1

diettes

Com L
ᵗ 23 Soto

inducedby

p line Δ

are area Com Lte

I e Δ doubles each point and the new points share the twolabels

of the original point between them

Theorem RandalWilliams

M L is also the homotopy pushout of

why this recovers
Knudsen's formula and heme Q hom stab

Proof ofTheorem



6

knudsensfomulachoo.se

L orientationlinebundle of M

trivial d 1 dim bundle

L is orientable and 2d dimensional

Teven

Cn M L orientable 2dm dim manifold

ating
vectorbundle hty equivalence

H Ccm Q H C mil Q

É HE C mil a

Hzan Cn Mil Q

Hnzan CCM L

Modulo regrading we just need to calculate

Hax CCM L

By the theorem

H Ccm L To H com Lts to
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Lena Com LEIS Sym CI Lt a 13

C Com L 2

Gym
L a 23

replace with by another
quasi isomorphism

Every Q chain ix is g i to its homology

Heme

H Ccm L To
3
Sgml Lt a 13 Qo3

T T
Can calculate this using the Kostal resolution of this

Finally rewrite the result in terms of M instead of L and L

using the Thom isomorphism

Lt Q Ed cut any

1mm so I

EG L Lt Q 227 Mt a Dad
mm

L a
Ʃ Mt a d even

0 d odd

Rink This is wherethe
This recovers Knudsen's formula dichotomybetween even

odd dimensionsafter re indexing I arises
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an
S Com L 1 2

Then R and Soto become S modules via

Δ S R and E S So O

pointdoubling augmentation

Recall that we have

5 s o

categorical pushout square

c mil Rg Sto

There is a natural map

homotopypushout

barconstruction categorical pushout

derivedtensorproduct tensorproduct

B R soos Call

Aim This is a weak equivalence

Keytemma R is a flat S module

ie RQ S mod R mod

preserves weak equivalences

NB sweeping under the carpettechnicalities
aboutspaces being wellbased etc
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keylemmaITheowbasiseet.E.tt

B S S STO S o

Rg

B R S Soto J
R SO C MIL

Keylemma

Def Filtration F R of R by

FpR n subspace of L of multisets

hi gl where Ip of the

E anti t enema

togetherwith the point at a

NE Elite.sn i fet
hmlicatedsae

Eg For an element lel
e e e F R 3

but e e e For 3
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Rink This can also be described as follows

Pat E t.EE iiEEitehtii
iii is EE n
i labels in p

In

E.g
E

FpR n Ip multiplicities are odd v a LE
R n

Rink When L M this is the same fitration

used by Arnold M IR and Segal

to prove homological stability of Cncm

Note that For S because being in filtration 0

means that all points come in pairs which means

that the configuration is in the image of Δ S R

note that each Δ Scn Rcn is an embedding

Claim p 0 FpR preserves weakequivalences

This will complete the proof since F R is a fruit
filtration in each weight grading FuR n Rcm
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IfofCmbyinducto

p O since FOR S

p31 Consider the following square

y
graded

wedgesum

Fp2RCDEPJ S1tffp.ir
Elicits

as belowTt the red A

configmust have 1

multiplicity Rep
Yep

s gifts apr 1
Put res

blue
cliffy's n

Pultiplicities Me formal definition

ad config of weight Itt
NI In weightgrading nxp the LHS is trivial i.e a point

Lemmas can be checkedfrom the description in green

A is a pushortsquare

Hence for any S module V so is

Fp R p Ep V Fp RQV

A IV
RCpYEP

OV FpR V




