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fÉÉÉfÉian fold of dim m d 2 with 2M

Cn M space of n point subsets of M

theorem Bendersky Miller 14

For any M as above we have

H Cmlm Q H Cn m Q for min 2

if m n m if dim m and M are even

H Cmlm 4ps H Cn m 2 for min 2

if p dimm 3

Up 2m cm Up 2n M1 if din m is even

I
i e each subsequence

en c m n m p a a coprime to p

is homologically stable with Icp coefficients
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stepsoftheproof

1 Scanning maps
2 Localisations of spaces last week ᵈʰ
3 Bundle maps

4 Obstruction theory today
5 Degree formula
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1 Scamingmaps

unit disc in

YÑp
ugt spareat

qty Tim

M

callthis Mag f if itexists

E.IE EEEiEii unitdistantsphere
in eachfibre

t
p M TM TMot'm

Mag f if B n p 1
if 1 1 0

Agrees with a outside Be pi compact

Intersection with 0 section is p Pn degree n

calm titty
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Reminders Degree

TM

p Tm spaceof capacty
supported sections of th

equal to a section
outside opt subset

zerosection

ECM

degree alg intersection of s M and
OÉM

Theorems McDuff 75 Segal 79

Themap C M ME TM induces isomorphisms

on H i 2 for us 2

and hencewith coefficients in

anyabeliangroup

Can study H A Tm insteadof H C Cm

From now on assume that M is compact so P Tm P Tm
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2 Localisations

xiply.net
z Q

P prime or 0

p32 Zp
EQ b coprime to p

IV
p localisation of

FX simply connected

integral homology is a Zip module

IETIE
p 0 element is uniquely gdivisible primes q
paz element is uniquely gdivisible primes q p

Can also be done fibrewise

TM Mip

fibres Sd fibres S p

Revere Moller 87
Rant

Pathcomponentsof
p TMapi are

Vue 2 1 Tma Pn Tm cp indexedby no Zaps

Corollary

uszi Hi C_ m 2 Hi Mu Tma Zip



63 Bundlemas

Lemmy

Bundleselfmaps
end McpMap TMap sections

t.int M

such that doo E

Def 5h

end TMap bundle whose fibre over EM
is the spaceof self maps TMapil mp

of degree r e 2ps
sending ocx to E x

Theorems Dold63

If restricts to a lity equivalence on each fibre

then is a fsie hty equivalence

induces a htsequivalence P TMcp P TMcp
o doo

Upshot

end Tma

If Its p Tmp r Tman

M

re 2,5 I maisanen



4 Obstructitheory 7

In thetalk lastweek we proved

Édim m d is odd and p o or p 1 3

end Tman
then Vo ee TCTMaps section

Idfprof Obstructiontheory

then
111111 11111

a g a

Corollary

Under theseconditions on d and p

all path components of TMcp are homotopy equivalent

Hence if

dim M d is odd

p 0 or p d 3

we have for all m n 2

came.si E ii
iEitieIHi

cacm zm H the mis e

completes theproof when d dim m is odd
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Whend disever

The vanishing results of sene for d p do not

hold for even d

can't prove that
end ima

If for every o re TCTMaps

Instead

Proposition

If dim M d is even and p 0 or p 1 3

end_ Tapi
then V re 2ps section

When p o it is mique up to homotopy

unbasedmappingspace

the gibeof
end_ men

is
maptcstp.SI

1 compgerightmap

Map S p 5

Obstructions to existence of a section lie in

H M To_ Map s 5



gBut Sene 51 some calculations imply that

Map 5 5 is d 1 connected

Heme vanishes for all i so section

Obstructions to uniqueness upto of a section lie in

H M T Map s 5

But Moller Ranssen 85 piÉ ii
mm

Map s 5 51
so in the case p o Map 5 1 5 is d connected

because 2d 2 d

Heme vanishes for all i so the section is unique upto

Upshot

In the even dimensional case if p 0 or p 1 3

invertible re 2ps

bundle self lity equivalence TMip I TMp

offibenisedegee.ve

Unique when p o



105 Degreformal

Any bundle selflityequivalence
M
of fibrevise degree reef

It

induces a selflityequivalence P TMip TMM

Its effect on degrees of sections is

I MCTMD to MCTM i

deg

I 2m

Propositions degreeformula

If dim M d is even and p 0 or p 1 3

and Tmp TMap has fibrewise degree re 2,5

then
k rk i r m

This is false for dim m d odd

In that case we can find of fibrevise degree

such that k l for any two specified K le Icp
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Howhisfnishestheproof

Assuming that dim m d is even and p 0 or p 1 3

obstruction theory

degreefam ff.tnIgrucqmppgpgpyi
Now let mine 2 min Zi

and assume that Dp 2m cm up 2n MI

when p o this is interpreted a

2m m 0 2n m

Then r 2294 eat

and rm 1 v XCM i m

IE n

Hence

c IE Eti

HicmCms zm
FETMm

2

H calm em H the'Éms e
with

I
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aÉffÉÉÉÉfipfiÉÉÉÉÉnÉÉneÉg

then

steps

1 M orientable re If If of fibrewisedegree v satisfying

2 M orientable depends only on the fibrewisedegree of

degreeformula when M orientable

3 Degree formulawhen M non orientable

YI is easy just pass to orientation double covers

If we just care about orientable manifolds 1 is sufficient

If we care about nonorientable manifolds we need 2 to deduce 3

2 is obvious when p 0 because in that case is determined

up to by its fibrewise degree uniqueness

Plan forthe remainder of the talk
Proof of 1
Proof of 2

For the remainder of the talk we assume that M is orientable
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Steph

tim
TM

is classified by a map M BSO d

I
II is classified by a map M BSO d BMap sdsd

is

classtified

by a map M Éod BMap s s

Recall fromearlier that Map s 5 is d 1 connected

hence BMap 5 5 is d connected

I is millhomotopic

Tmp M s

Given re Ipt let

4 o id fr 04

where fr Stp 5 is the unique upto map of degree r



IL
Composition with 4 induces

Tmp I M s Map M s

nn iia.I
E d.fr

jemapn
zxcm m.s

LeIm
sc mapy xapm.sin

Te r k Excmi Excm
rk i r xcm

proofofft.fi
mesh

41 Ha Tmp Ha mx s 2 2ps
generated

mmE L
intersectionnumber 7 HaTmp HaTmp Ep

Tmp
0 4 0 M M K F for some ke 2ps

m 0 M 0 Tm3

4 M K F 4 M K F

2k
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o 4 o m M l F for some le 2ps
M

deg 400 l

deg o TO m o Tm3

4 M 12 F 4 M ex F

71 e

Hence deg 400 deg o m

IF
tnytwobn elf hbeguvalences.mg jiI
of thesame fibrewise degree re2ps

aygpqagagyygggg.I

Proof

Let denote a fibrewise hty inverseof

Enough to show that

f
o preserves degrees of sections

O fibrewise degree 1
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Degree of a section is calculated in Hd Tmp

Enough to show that O Hd Tmp He Tmp

is the identity

Use a trivialisation Tmp M x sp to write

Hd Tmp Ha M x s 2 Zp

83

Hd Tmp Ha M x s 2 Ip

Now 0 is a bundle map

Also S fibrewise degree of 0

Hence O 9 for some 8 2ps

Lemme Iid

i co

n's

a id
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Proofoftemmas a bit more technical

O e spaceof bundlemaps of degree 1

end Tmp

topological monoid

O To M end Tmp monoid

Aim O has finite order

Actually we'll prove that the whole monoid is a tensiongroup

For short write P end Tmp so our aim is

to show that the monoid to PCP is a tasion group

Choose a CW structure on M with a single d cell

Md 1 d 1 skeleton of this CW structure

Denote the restriction of
Pg

to Md by Pd1

that

Obstructions to vanishing of to TCP lie in

H Md Map Stp Stp

Since Map S p Stp is d 1 connected

Md1 is d 1 dimensional

these vanish and hence To P Pd1
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M M is a cofibration

restriction P P P P is a fibration

Fibre extensions of a section pal
to
In

in

RᵈMap Stp Stp

erknnfs IIID
extensionof s to

t E

extension of s sd F

to D F

basedmaps
Dgf

F

Hence we have a fibre sequence

RdMap S p 5 P P p pdt

This induces an exact sequence of monoids

To Imap S p 5 to P to p pdt

This has two monoid structures
composition of maps

this onemakes intuminant

concatenation of d fold loops
hi one allowstheidentification

with TaMap 5 1 5

By the Eckmann Hiltonargument they
agree and here we have
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TaMap
5 1 5 to P to p pdt

exact sequence of monoids

By above P Pd1

so to MCP quotient of TqMap
S p Stp

in particular it is a gp

so it is enough to show that TaMap
5 1,5 1 is a tag p

Recall from earlier that

Map 5 5901 5 Mother Ranssen 85

so it is d connected since 2d 23 d

so 0 Ta Map 5 0 5901

Ta Map 59 5

Ta Map 59 5

E Ta Map 5 5 Q

E Ta Map 5 5 Q

and hence Ta Map 5 5 is a tasiongroup


