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Reminder

M connected manifold without boundary

of dim M d 2

Cn M space of n point subsets of M

Theorems Arnold McDuff Segal 70 s

If M is open
ME int n 2M

then H C MI H Cue m for n 2i

stablerangewherethe
homology is independentof n

compated

This is false for closed manifolds M

E g H C s 2 2km2



What we have seen so far 2

Theory Combining Randal Williams 133

Bendersky Miller 14

Let m n zi Then

H Cmlm R H Cn m R

as long as

R is a field and either dim M is odd

or char 2 0.2

R 2 with p din m 3

and either din m is odd

2711 e 2

op 2m xcm Dp 2n Acmi

Anatoday
Jun13 Remove the p din m 3 hypothesis

obstructiontheory more geometric construction

Imf Introduce replication maps

I stability with respect to replication maps
insteadof stabilisation mapsv

Inf Replication maps puncturing trickof Randal Williams 133

replicationstability with fieldweffs

Cool Combining mint homological periodicity for H C m Fp



3Replicationmaps

Theorene Cantero P 315 or Mi closed m 0

If M admit a m naming an g p
M open

then r 2 replication map C M Cru m

inducing isomorphisms on H Epi

for all n 2

and Ptr

Def let II be a non vanishing vector field

msn.E.it L
picturefor r 4 n 5

Cantley xm 0

pe t jd
depends only on opn in therange ns 2i

Proof

If min 2 and
my pimp

with w̅ w̅ coprime to p i e op m opcal

then Calm

Culm
Game m

induce on Hi Epi



In general forany m 4

Theoreme Cantero P 15

If dim m is odd then

H Calm ZEE H Cut m ZEE
H Calm 2 H Cutzen 2

in the range v72

If dim m is even then for fired i and p assume m evenif p 2

H C m Epi
depends only on Op2n Xml in the range ns 2i

For ps dinem 3 this

was Bendersky Miller 14

Idfpro

Recall that

culm ricin ricin th Tmp

easis.gg ii.EE iiisYmaaios

nthpathcomponent
of Tmp
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Sbrewisedegree

Map Stp SI

My Tmp
end impi recimp palimpi

I
The Pold03

If re Ep is invertible

then 4 is a fibrewise selfhits equivalence

and so Go Tmp P Tmp is a self hits equivalence

Strategy

Construct sections 7ft for reap

Understand how the corresponding Go Tmp P Tmp

acts on To

Bendersky Miller 14 obstructiontheory

p des
of a

New idea geometric construction

different obstruction theory
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Def
V2 12 spaceof orthonormal 2 frames in 11241

Stiefel manifold

re 2

V2Rd Map sd s

cures id
Eggo

t

z E

restricted to S unit sphere in 11291

1ed 2

Of Neutronstar construction

v.ve v v

Invest

This works fibrewise

E

In
real innerproductbundle of rank d

iiiKCEEYEE.ua.cÉ
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Applying to E TM we get

V2 TM OR end Tm

and we can fibrewise localise to get

V2 TM R p end Tmp

V2 TM R p
Ideas A section

or

induces a section
end TMpi

troop

and hence a self map

6 00 0 p Tmp P Tmp

for every re 2 Smallprint toensuethe
target is andnotjust
wehavetoassumethat

a seebelow is compactly
supported
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Notatin By forgetting the second component of a 2 frame

V2 TMOR p V TM or p Tmp

I
Call this and assume it
is compactly supported

deg 5 Icp

Lemmas degreeformula

For any o such that is compactly supported

the self map 6 00 0 p Tmp P Tmp

sends sections of degree k

to sections of degree r K degco deg o

to orientation double corers assume M orientable

If M is non compact interpret H TMP as horizontally locally

finite homology H Tmp so that inclusions of fibres and sections

induce H 5 H Tmp and HEm H Tmp

Then Ha TMG 2 2ps

zerosection O
Em IF S

intersection form XY

TMP
m 1 degx Cms
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By construction TMP Tmp preserves to

hasfibrense degree

So Ha TMpi Hd Tmp preserves 9 M

1 deglo Acmi

multiplies F 0,1 by n

it is given by der age _exams t A

Set k degk
e deg 6 00 02

m I k ml

0,001 2cm 1

I
A In xan

f
1 ftdgax

Rearranging k degloo dega
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Summery

V2 TM e

my
V TM R p TMap

Info
age se

If we can lift of to o

then veZ we have n Tmp p Tmp

acting on pathcomponents degrees of sections by

K n r k s 8

and if re 2 p2 then is a lity equivalence

Lemmas

The complete obstruction to lifting to o is

0 if din m odd

28 m if dim m even

Eulerclassof pullback of
along m in

mp
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Upshot

dim M odd choose Se 2ps
a 2 pz

freely

dim m even must have S m

but re 2 p2 be chosen freely

A r Tmm timsies Tmm jti i

Proofoftheoembd.im

M odd p odd
choose

5
n 8 8 ntl in

p choose 1

S ntl

n 8 8 n 2 in

dim M even If 2m Acm op 2n cm

2 Eh I he keez pe

Tmp
parena

ima Tma

Are r k
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TM

Non vanishing vector field

section
V2 TM IR

on 4 9
the

Note No needfor obstruction theory
Exists before fibrewise localisation

of a section of TM

degC 0

Degree formula
induced P Tm P Tm

acts on To by
K r K degco deg o

rk

Localising if ptr we have

Culm P CTm r CTm p 1 TM

1 1
Cucus ricin

nictims reaction
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Itingtick homologicalperiodicity

TheoremC Cantero P 15

M closed even dimensional manifold

IF field of characteristic ps 0

in particular whenever2
Ppf anger n r map

Then
H Cnh F H Crncm IF

for n 2i

Note There are no direct replication maps Cncm CrmCn
unless M 0

When XCM 0 the dissonance between Them B Then C implies

CorollangI Cantero P 15 Homological periodicity

M closed even dimensional manifold with m 0

IF field of characteristic p 3

Then
H Cnh F H Cn g

m IF

for n 2i where

q path
a opACMI

Note If m 0 them up o so g a

If charF 0,23 then we alreadyknow homologdstability so g 1
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ProofofCarol

Cases op 2n x op x a

Then Dp 2 neg x

up 2 1 2

1 open x

TheoremB Hi Calm Ep E H Cng m Epi

Hi Calm IF H Cue m IF

UCT since IF is a Zp module

case up 2n x up x a

Then open op 2 1 a

0 mod p

7122 Fa 1 mod p

e 7 Ea tlp 1 modp

we may take r

faye 1 in Theorem C

H C m
ceng

m F E H Cng m IF
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ProofoftheosemC

Recall from talk 1 following RandalWilliams 133 that

for any manifold M and basepoint OEM there is a LES

HeC m Hi d n i m o Hi Cn m o He_Cn m

induced by
s x C mo c mio

At.fi1
t.se siY parameter

So if Hi H F

then dim H C Cm dim ke Si dim color Si

So it's enough to show that the maps

Si Hi_a n i m o Hi Cn mo

stabilise for n 2i

In Construct maps 5 x Cu mio C mio

Is
sd t Eun mio Crn mo
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Such that The induced vertical maps are isom s on H

Sa n 2i after passing to one summand in

the Kinneth decomposition ontheLHS

comments on H IF

Constructions

Choose a vector field on M with a unique zero at OEM

non vanishing on M O

g Sr replicationmap

f Sd xCn Mio s x Crar m o

apply to r 1 times

s Crn m o

Rate

It fit
T assiiits.fi EtIisonb
iiteI.si Epn
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IphismsH

9 5 induces on Hi for n 2i by Theorem A

f induces on Hi for v72 by Theorem A

classical hom stability
Serve spectral

sequence argument

Last step

comm vitfthedagramnIFhomel.gg

sd x Ca mo C mio

f 19
s Con Mio Crn m o

Picture

17 FiiI
7
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These are determinedby maps hi ha sd
t C Rd o

enough to check that 1h 5

hz s 1 Ha Cr Rdco F

Def Elements of Ha Cr Rd o

so Fif
t f 1

For any self map 5 1 sd t

f
f

cometorbitingthe sun

age S under

Sd C Rd o

r t

Example Tia Δ

Note 1h S Oia Do

2 s op for 4 5 sd t the restriction of
the non vanishing vector field

Poincaré Hopf deg e m
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fᵈ

ʰⁿ

YFor any 4 sd Sd 1

ogrs.tmdrt.tl construct explicit

chains 1 dimension

higher in orderto
deduce

relations between op
So and it

Heme 1h S 2 s

I_Lemma

So r 1 a so m r r i it

rearranging

order T divides v 1 Acm 1

char f p

p divides r 1 m 1


