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Recap

M connected manifold without boundary

of dim M d 2

Cn M space of n point subsets of M

whenmisofen
eme.int a 2m

C M is homologically stable with 2 coefficients

and heme with any coeffs

Hc Calm 2 H Cue m 2 when ns2 McDuffSegal 70s

whenmisclosed
compact.am

So far we haveseen

Hi C m IF Hi Cue m then i RandalWilliam 13

EE i I ii.tan onznt yEatt me
lookat thisnexttime



When dim m is odd for v72 2

Hi Culm 2 H Cutz m 2

H Calm Z Hi Cnt m Z 3 Cantero P 15

When dim m is even for 47,2

H C m 2 depends only on op 2n cm

H Calm Fp H Concm Fp
forany

modp

H Calm Fp H Cag m Fp
as long as 75

where g p
Acmi

Aimfatoday

Theory Kopers Miller 16

If dim m isodd then for v32

H Calm 2 H Cut m 2

If dim m is even then for 47,2in

HiCu m H cnn.cm 2k for k 3 odd

HiCu m H Cut m 2k for k 2 even

In particular this improves p periodicity of H C m Fp canter P 15

to pperiodicity of H C m Fp in the stablerange us2

Rink Nagpal 15 proved that H Ccm Fp is p periodic inggalyggf.ee
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Corollary

If dim m is even then for fixed i 1 p33

for m n 2i

H Cm m Fp Hi Ccm Fp

if either 2m m 2n modp
or 2m m 2n modp

i e Hi Cn M Fp depends only on whether 2n Cm or not

In particular H Cn m Fp takes on 2 different values in

the stablerange

n22i.PT
If 2m Cm 2n modp

then op 2m XCMI 0 op 2n m

result follows from Cantero P 315

universal coefficient theorem to
pass from Icp costs to IFp coeffs

If 2m m 2n modp

since p 3 so 2 is invertible modp

m n Godp

result follows from Kupers Miller 16 p periodicity
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Etkst

Recollection of the P ngtick used by Randal Williams

in the care of coeth in 2

Some homology operations on Ed algebras

Chain complex lemma

Proof of the theorem
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Etungtick
From talk I we recall that for any manifold M

with basepoint OEM there is an exact sequence

HeC m Hi_a n i m o Hi Cn m o He_Cn m

induced by
s xCn m o C mio

Ht Fifi
Indradiallyawayfrom 0 EM

add a point specifiedbythe S parameter

Obs I If the ringof coefficients is a field we have

dim H C Cm dim ke Si dim color s

and M isoffinitetype eg closed

Obs12 If the ringof coefficients is we have

1H C Cm ke si color si

Argument of Randal William 13

s xCn m o C mio

sit.mn cntii
mate



6On H this acts by

adding
1

near the puncture

1 adding near the puncture

The difference is homologous to the operatinthatadds

This is the image of Ha C Rd

2 generator Ha Rpd
1

with IF2 coefficients it's zero

commutative square on Hx 2 Hx

Hi_a n i m o Hi Cn m o

Kp tp

Hua cncmo sHik mI in stable
range

dim ker si dim ke Si
dim coke SE dim coke Sii

in thestable range

by Obs I
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Homologyaperations

C Rd 1 C Rd

Hx C Rd has two key operations

Patan.IE cna g care HasCanced filtha
111

BrowdeI.tl nay om care HostatCmen d

Lemmas For e H Cm Rd the difference betweenthe two

ways around the square

Hi_a n mio HisCut m o

if t.EEeieHia j
CnimCm o Hi its u i m m o

is equal to x
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Proof

2 11

I i n

121

andn I

5

th

TFn a odd c 0 with 2 coefficients

b For d even is divisible by 2k

Proof

a 2 generator Ha RIP 2
2

Fact is symmetric

me 1T
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Fact is a derivation ie

2 Bo B0 2,8 α B 8

189

poetry

Iterating Fact 2 Fact1 we get

ie
it a

k

i divisible by 2 divisible by 2k
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Corollary The square

Hi d Cn m o Hi_Cnt m o

451 ftp.tiitEmrHid Cnemm o 5 Hi CI m m o

commutes if we take coeffs in a ving R char R divides 2m

or we take coeffs in anyving and dim m is old

no condition
on me

in the second
case

Coolland

under these conditions

ker si ker Sim
cohen Si coke Sim

in thestable range

c
If R 2k

then H C Cm ke si color si

H Cnmcm ke Siem color Siim

so

f 1 dim m odd

Upshot H Cn m 2k is m periodic in the stable range

forfixed i k
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Chaincomplexlemman

C chain complex one 2

bounded above and below

finitely generated free in each degree

E.g cellular chain complex of a
finite CW complex

Lemmas

finiteset
abeliangroup

Hj C 4ps
Hi C Wpr

so a Iser

Hj C 4ps
5 Hi Cx

safin

In particular if X is a finite CW complex

He X 2 is determined by Hx X 4ps p s
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Idproof

Epr I
finite of copiesof 0 Hpv 0

quasiisomorphic and 0 Ip Up 0

for IES Er 1

enough to determinethe multiplicities of these pieces

Write down a formula for Hj C 0 4ps in terms of

these multiplicities

multiplicities sh 1H C 04ps er

Matrix is invertible hence

Actually to determine multiplicities of the pieces shifted

by i need to know multiplicities of the pieces

shifted by i 1

Do this rearusively

Base case Zee since bounded below
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A more careful version of the argument in implies that

1H C o HilC
for all i and r for all i and r

and the projections

Hi C

H C 4ps for ser

This determines

H C Zp lie H Yr
5
padegers

Ip is tarian free flat 2 module

H C Zp H x 2

Each Hi C is fin generated so it is determined by

knowing Hi C Ip for all primes p
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Finishingtheproofofthetherems

We already know that in the stable range v32

H calm H Cutrem

and H Cn m 2k H Cutz m 2k if k is even

and H Cn m 2k H Cut m 2k if dim m is odd

dim meven_

holds in particular forany k p

chain complex lemma

5 Hi Culm Wpr H Cap m Wpr p33

1gEffinite H Ccm 2
2 Ho Catania 2

2

periodicity with general coeffs

by decomposing 4k I of Epr

dim Mod
holds in particular forany k p

chain complex lemma

Hi Calm 2 H Cut m Z


