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A more directproof of this
without factorisation homology

as a corollary of a more general result
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Sets
Work in Top IIged

sequences of basedspaces
weight grading fromlast talk

Fix M connected d manifold
interiorof a compact manifold with boundary

Definition

m Top company engage

me port compact

This is a commutative monoid object

m n m nz Cm withe

calm Calm t Ca cat
11

Cn.CM xCnzCm

a c got it 9ns

Definition

For YeTop Com Y free commutative monoid on Y

Com x n weight n component of SP Ya

sp f c.gg Zn int E

I
see Yan Enen

as aset

operation union of multisets
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Notation

based space
In Top

Xensim I

E
If y Mt K

Then Com M k3 nk pin Pn poem Mk

Com M K m if Kfm

NI In particular Com M K3 o 5

Observation

C M can be built out of Com

It is the pushort of

Com Mt 23 So O

t
lollypoint Com Mt 13

In every positive grading
thepushot has the

effectof collapsing the fat diagonal of MY
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Theorem RandalWilliams

M is also the homotopy pushout of F

I
C M B Com mitis Com mt23 5 03

two sided bar construction

B X M Y M comm monoid

X Y modules over M

Notation Ha Y I Yen Q

Fact H B X.MY To H x He Y

Mildgeneralisation t
L

TI real vector bundle

CCM L Top

n cn mil pissensel Pi 1T
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Mil is again a commutative monoid and is the

pushout of the following diagram of commentative monoids

L

LOL LoL 2 degit.PE 1

diettes

Com L
ᵗ 23 Soto

inducedby

p line Δ

are area Com Lte

I e Δ doubles each point and the new points share the twolabels

of the original point between them

Theorem RandalWilliams

M L is also the homotopy pushout of

why this recovers
Knudsen's formula and heme Q hom stab

Proof ofTheorem
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knudsensfomulachoo.se

L orientationlinebundle of M

trivial d 1 dim bundle

L is orientable and 2d dimensional

Teven

Cn M L orientable 2dm dim manifold

ating
vectorbundle hty equivalence

H Ccm Q H C mil Q

É HE C mil a

Hzan Cn Mil Q

Hnzan CCM L

Modulo regrading we just need to calculate

Hax CCM L

By the theorem

H Ccm L To H com Lts to
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Lena Com LEIS Sym CI Lt a 13

C Com L 2

Gym
L a 23

replace with by another
quasi isomorphism

Every Q chain ix is g i to its homology

Heme

H Ccm L To
3
Sgml Lt a 13 Qo3

T T
Can calculate this using the Kostal resolution of this

Finally rewrite the result in terms of M instead of L and L

using the Thom isomorphism

Lt Q Ed cut any

1mm so I

EG L Lt Q 227 Mt a Dad
mm

L a
Ʃ Mt a d even

0 d odd

Rink This is wherethe
This recovers Knudsen's formula dichotomybetween even

odd dimensionsafter re indexing I arises
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an
S Com L 1 2

Then R and Soto become S modules via

Δ S R and E S So O

pointdoubling augmentation

Recall that we have

5 s o

categorical pushout square

c mil Rg Sto

There is a natural map

homotopypushout

barconstruction categorical pushout

derivedtensorproduct tensorproduct

B R soos Call

Aim This is a weak equivalence

Keytemma R is a flat S module

ie RQ S mod R mod

preserves weak equivalences

NB sweeping under the carpettechnicalities
aboutspaces being wellbased etc
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keylemmaITheowbasiseet.E.tt

B S S STO S o

Rg

B R S Soto J
R SO C MIL

Keylemma

Def Filtration F R of R by

FpR n subspace of L of multisets

hi gl where Ip of the

E anti t enema

togetherwith the point at a

NE Elite.sn i fet
hmlicatedsae

Eg For an element lel
e e e F R 3

but e e e For 3
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Rink This can also be described as follows

Pat E t.EE iiEEitehtii
iii is EE n
i labels in p

In

E.g
E

FpR n Ip multiplicities are odd v a LE
R n

Rink When L M this is the same fitration

used by Arnold M IR and Segal

to prove homological stability of Cncm

Note that For S because being in filtration 0

means that all points come in pairs which means

that the configuration is in the image of Δ S R

note that each Δ Scn Rcn is an embedding

Claim p 0 FpR preserves weakequivalences

This will complete the proof since F R is a fruit
filtration in each weight grading FuR n Rcm
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IfofCmbyinducto

p O since FOR S

p31 Consider the following square

y
graded

wedgesum

Fp2RCDEPJ S1tffp.ir
Elicits

as belowTt the red A

configmust have 1

multiplicity Rep
Yep

s gifts apr 1
Put res

blue
cliffy's n

Pultiplicities Me formal definition

ad config of weight Itt
NI In weightgrading nxp the LHS is trivial i.e a point

Lemmas can be checkedfrom the description in green

A is a pushortsquare

Hence for any S module V so is

Fp R p Ep V Fp RQV

A IV
RCpYEP

OV FpR V




