
 
I

Kentfhomologically resentation

GeMAT seminar

IMAR

22 May 2026

Plane

Intro motivation

Homological representation of MCGS

Moriyama's representation

The Johnson filtration of MCGS

Ken Moriyama Johnson

sketch of proof



2
Intromotivation

Ʃ Eg

MappingLas grep

Mod E To Homeog
E

fixing a collar neighborhoodof 22

Has

Long standing opegusto

Is Mod E linear

does it embed into GL_ k for a field K
does it admit a faithful finite din

representation over a field

9 0 Mod E 1

9 1 Mod E B G22
Treduced

Buran representation

g 2 Mod 22,0 AF GL644

BigelowBudney20013

973



3

Iim Construct interesting finite dimensional

representations of Mod E

MtfQuantum representations

Reshetikhin Turner 91
Blanchet Habegger Marbaum Vogel95

Unitary representations on L X
for X cure complex on Ʃ

measuredfoliation onƩ

Homological representation

H configurations in Ʃ



Imological represented

Construction

Let Ʃ Ʃ

boundary point

Consider Fu Ʃ ordered n point configuration in E

4

5

Mod E acts on Fu Ʃ up to isotopyof homermaphisms

on HB Fn Ʃ Bond Moore

homology

This is the nth Rovigameepresentation of Mod E
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Two ternativdescriptns

H FulE E
g c suchthat b.ec

by Poincaréduality

Hu Ʃ SUB Z

Tutples my sitfat diagonal

because Ʃ compactifies Fn Ʃ with remainder SUB

Variations

H no Hu
will mention later

Fu D Cn
unorderedconfigurations

2 o non trivial local systems next talks
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TheJohnsonfiltration

Let T E b Fag

Love central series

T Not 2 AT 2 Pat 2

Pit T P it

i fold iterated commutators

Mod E acts on IT

on TAT Mnt is a characteristicsubgroup

Def J n ker Mod E ATA

This is the Johnsonfiltrations of ModE

Mod E JG 2 J 11 2 J 2 2 J s 2

Johnsonkernel
Torelli subgroup
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Anthderipton

It 2 I 2 I 2 Is 2

Tangmentation ideal

Ker It 2

Mod E acts on It

on IIIntl

Proposition Fox 53

Ker Mod E A 2Eur J In

Key propertyofJC.SI

Jan 13

Ye Jen 4 artstrivially on Vn

4 artstrivially on him T

F i
4 actstrivially on 4 1
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KleyamaJohnon_

Theorems Moriyama 2007

her Mode Affinity
Jan

representation

Corollary Mod E A Him Fn Ʃ

is faithful

Focpason

Bianchi MillerWilson 2021
ordinaryhomology

kev Mod E A Hn Fn EI 2 J n

but is strictly layer when

Bianchi Stavrov 2023
ordinaryhomology

kev Mode A HIECE J 2

unorderedconfigurations forn 2
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Shahfproof

Notte
Hn HEM Fn Ʃ nth Moriyama representation

K n ker Mod E A Hn

J n wth term of Johnson filtration

Ken Mod E 2TEur Fox

1m J n Kin

Steps Module structure of Hn

2 A filtered ring H

3 A fitted homomorphism It I

4 End of the proof
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1 ModestructuefHn

Ha HIM F E bo 2

Him C E Lbo Z SJ

Him C Milbo Z S 3

Ʃ

Foia

Adaptation of a lemmaof Bigelow 2004

Follows from the fact that

Ʃ def retractsonto M rel bo

through a family of maps Ʃ Ʃ such that

he is 1 Lipschitz forall t

y he is a topologicalself embedding except for
t 1

thisgeneralcriterion is in P Soulie2025

Moriyama's original proof of this was different

Note C Milbo C om
plenty

So z sug
ˢᵗ
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2 Alduing

H IT Hn
Equippedwith

Superpositionproduct inducedby

Cm Ʃ Cn Ʃ Gmm Ʃ Cmu E
open fitting

Miic 1 Hii c Hiic

ring

Filtration F F II Hu
Mod E action

Note Ffp Ho H Hi_ as ModE rep's

Epsita There is a SES

O Ha OH Ha Hai 0

Corollary K n kcal dedgft.at
2 mult H Hu is injecte
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3 Aedhomonaphhh
E T IT Ʃ bo

air e Hn Him Fuel

Extend linearly to group home On It Hu

Define I T n It A

Keylemma I is a ring homomorphism

Idea 8 image of Δ under

Δ 25 Ʃ SUB

concatenating 8 and 8 corresponds to breaking

Δ into net sub simplices

this decomposition gives

n 85 In4 8 0mi s

Corollary

I 8 17 8m11 0,18 Sue moduloFaza

Clearfor n 0 follows in general because I is a ringhim



In particular implies that 13

It A

Int EH

II II a

I 0 It 3H

EET
Ellingedient In is injective

Idea By a 5 lemma argument its enoughto

show that the associated graded homomorphism

IIe Hn

is injective

IIn H

81 1 ru t 8,30 ru

By gr In is the composition

III H µ
infective fromearlier
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4 Endothe proof

Recall we want to prove that
n K n

4ᵗʰterm ofJohnson filtration handofnᵗʰ
kernelof actin on EE YepleentationHu

2 4 K n

4 acts trivially on Ho H Hu
115

FE
This contains III

as a subrepresentation

In is injective

4 J n

C 4eJ n

For any 1
EK En we have

It im du Hk

t.In.tt
4 acts trivially on im d im 4



15

Emit

Module structureof Hu it is generated

by elements of theform a a ae

with age im 0k Ik n

11k In

4 act trivially on Hu

i e Q e k u


