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Into

Last week we studied Ʃ Eg

Mod E A HEM F E 2

t
ToHomer E Moriyama representation

The Moriyama 07 her J n

Johnsfiltration

J n ke Mod E A

T E Pot 2 M T 2 may J

lover centralseries

Cf Hn F El Ker J n BianchiMillerWilson21

H CE her J 2 Bianchi Staro233

Today add local coefficients
Magnus

n 1 representation

Nextweek v72 how to untwist
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TheMagnusrepresentation

Magnus39 Via Fox calculus

Xi Xzg free basis for IT E

Dj It It Eox derivative

Mod E Glag Et

f D f xD

MThis
is not a homomorphism

It is a tested representation of Mode over It

m fg m f f mlg

Suzuki 05 Topological interpretation

µ is givenby the action of Mod E on H Ʃ b 2

it
basepoint

localcoeffs

beDE
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Inmoredetal

be p b c I
P universal covering

be Ʃ Decktransformation group

f eMode 1h f G E pain 1st
f C H I p bi Zn linear

H Ʃ b 2x

of pH

H É H E p m Ho p bl Ho I H E p b 0

anguen

It

Fat Iz 2 29 because I Fag

freely gen by 1 X2 1 2g 1 C Iz
Topologically this corresponds to x ̅ 2 x ̅ C H E p b

where x ̅ unique lift of x starting at 5

ms f C 2 52 i e feeGlag2t

Suzuki uses Fox calculus to prove that after conjugate transpose

this agrees with Magnus definition D f xD i
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Definition

N 1 characteristic subgroup

J N be Mode TN

J char subgroupsof subgroups of Mod E

is a map of posets

chainofcha subgroup of filtrationof Mod E

E.g LCS of JohnsonSituation

J K J Mut

There is an untwisted genuine version of the Maging

representation defined on each term of the Johnson lattice

Mod E Ghg a

JEN
Ghg 22 3

untwisted representation i.e grouphow
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Speilcases

NI J t Mod E

ZETA Z

M Mod E Ghg 2

is the symplectic representation

N classical case studied eg by Morita 93

TT J Toelli

I 2H H H E

Mm Torelli Glag 2H

Notata Fw N Put write mn M

So Mt Mo
Ma M

Definition
Mag E Magno kenel

Ken Mi
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Tuff
any

characteristic subgroup N

Ker Mn
J N Ghg Z IN

J N

Note that N IT characteristic implies that N N N It is

also characteristic so J N is welldefined

Specialcases symplecticrepresentation

a N t ker Mo Mod z Ghg a Torelli

b N t ker mi Toelli

Jiggly
Rink a is tautological

b is the usualstatement of thetheorem Mag E J

usually attributed to by Foxcalculus

But the proof using Foxcalculus immediately generalizes to the

general case

All necessary ingredients are in Fox's 1 PIssient.at Calculus I

See the Appendix for the details
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Hence understanding the kevel of the generalised Magnus

representation understanding the Johnson lattice of Mod E

Picture

Johnson

Mode JG JÉi Jet J ist o Inman

this o J t.at o J Yat 0 Lifton

helm N J t.tt 0

helmi Lies fling
Keefe in

IEEE
Note This is onlypart oftheJohnson lattice

there are characterstic N It that are not

of the fam Tk

name

Tonelli
ppohnsonke.me

M k J Put j o J z o J s 0

mk mk s

Mg E

1 ft.TL t.mouaboutsesane me mn's
about how to generatethem
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Inhale highehmonaphisms

ClassicalJnsonhomorphisms Johnson

J K Hom H Int

f Ex fixx

ET

Leme Tv is welldefined and Ke Tv J K 1

Picture beta beta belts

JCP capstops
I d

Highness McNeill 2013 Fix N AT characteristic

Texted
let n

J RN Home Yun

same formula asabove

Lemmas Ti is welldefined and ker II 2 J in N

Pat getail beat beast

J MN CRN BN o

if if 5
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si Iasas
Md z Tolelli Johnson

kernel

Quantitative

Mod E JO is fin generated Delm1938

Toelli Jl is fin gen for g 3 Johnson 1983

NOT fin.ge for g 2 McCullough Miller1980

Johnson hand J Z

Originally conjected to be a generated

Dina Papadima2013 J 2 Q Eden 974

Euslov He 2018 J 2 is In.ge 9712

5
improvedto 974 by

Church Eushor Putman2021

For k 3 J K is fn.ge for g 24 1

Church EnshovPutman2021

Upshot K 0 JK is fin generated for gak

5
hence so is J

1k
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Qualitative

Mod E JG

To 8 mangani Likovish 1964
Mumford 1967

Belmtwist

Toelli JC

973
12 5

8 mm 8ᵗʰ s

Johnson1979818 cuts off 8D

Johnson Kennel J Z

Ty 8 sec cutting off Johnson 1985

K 3 No nice generating set of JK is known

The Church Putman 2015

function G IN IN such that

JK is generatedby elements supported on subsurfaces

of genus I GK andexactly 1 2component

independent of g

Rink By above one can take 91
Thinof Church Patman G K must be
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GeratingLMagnusfiltrations

M I M 2 M s 0

Mister

Qpe questionfrawhile Problem 6.23 in Morita's 1999

survey on MCGS

Is MC trivial

I e is µ Torelli Ghg 2H faithful

Since 2H C this would have

implied thatthe Toelli group is linear

The Suzuki 2001 MC is non trivial 932

The Church Fab 2009 rank Mi a g 2

MCI not fin generated

5
Proof uses the higherJohnson homomorphism

J Mt Home EE

m

They construct an a family of elements of MC

whose images in Homy are linearly independent

Tab group
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The McNeill 2013

K 1 rank McKean a g 3

Mman is not fin generated

5
Proof also uses the higher Johnson homomorphisms

generalising Church Fab 2009

k 1

is a games it
TE
so is J

Jk D

MkIa is not fin generated for 933 neither is Mlk

FLkfingjfft.cat unexpected

J K is defined from the LCS of it Fag

M K is defined from the LCS of to



Apped Proof of kerfun JCN 14

Application of Fox 1953 FreeDifferential Calculus I

can
is 2 Xa freebasis of it

Two operate

normalsubgroupsof 2 sided ideals of It

i N ker It I IN

s I et x I I

Directly from the
definition one can check that

Lemmy s i N N

Two key results from Fox's paper

The 45 Forany ideal I of
It contained in 1g

ᵗʰ

IIa ae Ia Dja e I fall lEiE2g

Them 4.9 For any normal subgroup
N It

s N Ia INN

Corollaryn Fa any
characteristic subgroup N It

ker Mn J INN
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Proof Let fe 51

domainofMN

Then fe ke Mn

D fix f forall lEiiE2g bytheFox
calculusdef

modulo N
ofmn

D fixi xi 0 forall lEiif2g begage

modulo i N D is 2 linear

D fixi xi N forall lei E2g

f xi Xi IN Iz for all lEiE2g by FoxTh45

fixilxi I in Ia forall leing I I II

fix e s i N Ia for all lei.kz bydef
theoperation

N NÉ Fox1hm4.9
ˢᵗ

f Xi Xi modulo N N forall I 29

f acts trivially on Ining single

fe J IN N by definition oftheJohnson
lattice JC


