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Abstract.

There are several di↵erent strategies for constructing interesting representations of mapping

class groups of surfaces. The most topological strategy is to study their action on the homology

of configuration spaces on the underlying surface. This produces a wide variety of representations,

depending on the number of configuration points, whether they are ordered or unordered, the

flavour of homology one considers (ordinary, Borel–Moore, etc.) and especially the choice of local

system in the coe�cients of homology.

This will be a short series of expository talks discussing these homological mapping class group

representations. Motivated by the long-standing open question of whether mapping class groups

are linear (admit faithful finite-dimensional representations over a field), I will focus on what is

known about their kernels.

Talks.

1. Friday 22 May — Introduction/motivation and a sketch of Moriyama’s 2007 proof that the

kernels of the family of Moriyama representations coincide with the Johnson filtration of the

mapping class group.

2. Friday 29 May—A discussion of theMagnus representation, which can be defined either using

Fox calculus or in terms of twisted Borel–Moore homology of the surface minus a boundary

point. For each characteristic subgroupN of ⇡ = ⇡1(⌃), there is a Magnus representation over

the ground ring Z[⇡/N ] defined on the Johnson subgroup J(N). It follow from Fox calculus

that its kernel is the smaller Johnson subgroup J([N,N ]). A survey of what is known about

generating sets for di↵erent Johnson subgroups, focusing on the Johnson filtration of the

Torelli group and the Magnus filtration of the Magnus kernel.

3. Friday 5 June — The construction of Heisenberg homology representations, which simultane-

ously extend the Moriyama representations and the Magnus representations, based on joint

work with C. Blanchet and A. Shaukat. A priori these are twisted representations on the full

mapping class group, but they may be untwisted in various di↵erent ways:

(a) The subgroup on which they are untwisted (without further modification) may be identi-

fied with the Chillingworth subgroup, by showing that the Chillingworth homomorphism,

defined in terms of winding numbers, agrees on the Torelli group with Morita’s crossed

homomorphism.

(b) They may also be untwisted on the (larger) Torelli group via a certain untwisting factor.

This may be constructed using the fact that the natural action of the Torelli group on

the Heisenberg group is by inner automorphisms. A priori this requires us to pass to a

central extension of the Torelli group, but this central extension turns out to be trivial,

so we may untwist the Heisenberg homology representations on the Torelli group itself.

(c) Replacing the Heisenberg group ring ZHg with the Schrödinger representation, which

is a unitary module over ZHg, the corresponding Heisenberg homology representations

may be untwisted on (a central extension of) the full mapping class group via a certain

untwisting factor, which is constructed using the Stone-von Neumann theorem.

Finally, we obtain an upper bound on the kernels of the Heisenberg homology representations

by comparing them to the Moriyama and Magnus representations. Explicit calculations lead

us to expect that the kernels are however much smaller than this upper bound.
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Intromotivation

Ʃ Eg

MappingLas grep

Mod E To Homeog
E

fixing a collar neighborhoodof 22

Has

Long standing opegusto

Is Mod E linear

does it embed into GL_ k for a field K
does it admit a faithful finite din

representation over a field

9 0 Mod E 1

9 1 Mod E B G22
Treduced

Buran representation

g 2 Mod 22,0 AF GL644

BigelowBudney20013

973
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Iim Construct interesting finite dimensional

representations of Mod E

MtfQuantum representations

Reshetikhin Turner 91
Blanchet Habegger Marbaum Vogel95

Unitary representations on L X
for X cure complex on Ʃ

measuredfoliation onƩ

Homological representation

H configurations in Ʃ



Imological represented

Construction

Let Ʃ Ʃ

boundary point

Consider Fu Ʃ ordered n point configuration in E

4

5

Mod E acts on Fu Ʃ up to isotopyof homermaphisms

on HB Fn Ʃ Bond Moore

homology

This is the nth Rovigameepresentation of Mod E
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Two ternativdescriptns

H FulE E
g c suchthat b.ec

by Poincaréduality

Hu Ʃ SUB Z

Tutples my sitfat diagonal

because Ʃ compactifies Fn Ʃ with remainder SUB

Variations

H no Hu
will mention later

Fu D Cn
unorderedconfigurations

2 o non trivial local systems next talks
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TheJohnsonfiltration

Let T E b Fag

Love central series

T Not 2 AT 2 Pat 2

Pit T P it

i fold iterated commutators

Mod E acts on IT

on TAT Mnt is a characteristicsubgroup

Def J n ker Mod E ATA

This is the Johnsonfiltrations of ModE

Mod E JG 2 J 11 2 J 2 2 J s 2

Johnsonkernel
Torelli subgroup
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Anthderipton

It 2 I 2 I 2 Is 2

Tangmentation ideal

Ker It 2

Mod E acts on It

on IIIntl

Proposition Fox 53

Ker Mod E A 2Eur J In

Key propertyofJC.SI

Jan 13

Ye Jen 4 artstrivially on Vn

4 artstrivially on him T

F i
4 actstrivially on 4 1
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KleyamaJohnon_

Theorems Moriyama 2007

her Mode Affinity
Jan

representation

Corollary Mod E A Him Fn Ʃ

is faithful

Focpason

Bianchi MillerWilson 2021
ordinaryhomology

kev Mod E A Hn Fn EI 2 J n

but is strictly layer when

Bianchi Stavrov 2023
ordinaryhomology

kev Mode A HIECE J 2

unorderedconfigurations forn 2
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Shahfproof

Notte
Hn HEM Fn Ʃ nth Moriyama representation

K n ker Mod E A Hn

J n wth term of Johnson filtration

Ken Mod E 2TEur Fox

1m J n Kin

Steps Module structure of Hn

2 A filtered ring H

3 A fitted homomorphism It I

4 End of the proof
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1 ModestructuefHn

Ha HIM F E bo 2

Him C E Lbo Z SJ

Him C Milbo Z S 3

Ʃ

Foia

Adaptation of a lemmaof Bigelow 2004

Follows from the fact that

Ʃ def retractsonto M rel bo

through a family of maps Ʃ Ʃ such that

he is 1 Lipschitz forall t

y he is a topologicalself embedding except for
t 1

thisgeneralcriterion is in P Soulie2025

Moriyama's original proof of this was different

Note C Milbo C om
plenty

So z sug
ˢᵗ
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2 Alduing

H IT Hn
Equippedwith

Superpositionproduct inducedby

Cm Ʃ Cn Ʃ Gmm Ʃ Cmu E
open fitting

Miic 1 Hii c Hiic

ring

Filtration F F II Hu
Mod E action

Note Ffp Ho H Hi_ as ModE rep's

Epsita There is a SES

O Ha OH Ha Hai 0

Corollary K n kcal dedgft.at
2 mult H Hu is injecte
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3 Aedhomonaphhh
E T IT Ʃ bo

air e Hn Him Fuel

Extend linearly to group home On It Hu

Define I T n It A

Keylemma I is a ring homomorphism

Idea 8 image of Δ under

Δ 25 Ʃ SUB

concatenating 8 and 8 corresponds to breaking

Δ into net sub simplices

this decomposition gives

n 85 In4 8 0mi s

Corollary

I 8 17 8m11 0,18 Sue moduloFaza

Clearfor n 0 follows in general because I is a ringhim



In particular implies that 13

It A

Int EH

II II a

I 0 It 3H

EET
Ellingedient In is injective

Idea By a 5 lemma argument its enoughto

show that the associated graded homomorphism

IIe Hn

is injective

IIn H

81 1 ru t 8,30 ru

By gr In is the composition

III H µ
infective fromearlier
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4 Endothe proof

Recall we want to prove that
n K n

4ᵗʰterm ofJohnson filtration handofnᵗʰ
kernelof actin on EE YepleentationHu

2 4 K n

4 acts trivially on Ho H Hu
115

FE
This contains III

as a subrepresentation

In is injective

4 J n

C 4eJ n

For any 1
EK En we have

It im du Hk

t.In.tt
4 acts trivially on im d im 4
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Emit

Module structureof Hu it is generated

by elements of theform a a ae

with age im 0k Ik n

11k In

4 act trivially on Hu

i e Q e k u
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Into

Last week we studied Ʃ Eg

Mod E A HEM F E 2

t
ToHomer E Moriyama representation

The Moriyama 07 her J n

Johnsfiltration

J n ke Mod E A

T E Pot 2 M T 2 may J

lover centralseries

Cf Hn F El Ker J n BianchiMillerWilson21

H CE her J 2 Bianchi Staro233

Today add local coefficients
Magnus

n 1 representation

Nextweek v72 how to untwist
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TheMagnusrepresentation

Magnus39 Via Fox calculus

Xi Xzg free basis for IT E

Dj It It Eox derivative

Mod E Glag Et

f D f xD

MThis
is not a homomorphism

It is a tested representation of Mode over It

m fg m f f mlg

Suzuki 05 Topological interpretation

µ is givenby the action of Mod E on H Ʃ b 2

it
basepoint

localcoeffs

beDE
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Inmoredetal

be p b c I
P universal covering

be Ʃ Decktransformation group

f eMode 1h f G E pain 1st
f C H I p bi Zn linear

H Ʃ b 2x

of pH

H É H E p m Ho p bl Ho I H E p b 0

anguen

It

Fat Iz 2 29 because I Fag

freely gen by 1 X2 1 2g 1 C Iz
Topologically this corresponds to x ̅ 2 x ̅ C H E p b

where x ̅ unique lift of x starting at 5

ms f C 2 52 i e feeGlag2t

Suzuki uses Fox calculus to prove that after conjugate transpose

this agrees with Magnus definition D f xD i
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Definition

N 1 characteristic subgroup

J N be Mode TN

J char subgroupsof subgroups of Mod E

is a map of posets

chainofcha subgroup of filtrationof Mod E

E.g LCS of JohnsonSituation

J K J Mut

There is an untwisted genuine version of the Maging

representation defined on each term of the Johnson lattice

Mod E Ghg a

JEN
Ghg 22 3

untwisted representation i.e grouphow
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Speilcases

NI J t Mod E

ZETA Z

M Mod E Ghg 2

is the symplectic representation

N classical case studied eg by Morita 93

TT J Toelli

I 2H H H E

Mm Torelli Glag 2H

Notata Fw N Put write mn M

So Mt Mo
Ma M

Definition
Mag E Magno kenel

Ken Mi



helmagnust 7

Tuff
any

characteristic subgroup N

Ker Mn
J N Ghg Z IN

J N

Note that N IT characteristic implies that N N N It is

also characteristic so J N is welldefined

Specialcases symplecticrepresentation

a N t ker Mo Mod z Ghg a Torelli

b N t ker mi Toelli

Jiggly
Rink a is tautological

b is the usualstatement of thetheorem Mag E J

usually attributed to by Foxcalculus

But the proof using Foxcalculus immediately generalizes to the

general case

All necessary ingredients are in Fox's 1 PIssient.at Calculus I

See the Appendix for the details
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Hence understanding the kevel of the generalised Magnus

representation understanding the Johnson lattice of Mod E

Picture

Johnson

Mode JG JÉi Jet J ist o Inman

this o J t.at o J Yat 0 Lifton

helm N J t.tt 0

helmi Lies fling
Keefe in

IEEE
Note This is onlypart oftheJohnson lattice

there are characterstic N It that are not

of the fam Tk

name

Tonelli
ppohnsonke.me

M k J Put j o J z o J s 0

mk mk s

Mg E

1 ft.TL t.mouaboutsesane me mn's
about how to generatethem
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Inhale highehmonaphisms

ClassicalJnsonhomorphisms Johnson

J K Hom H Int

f Ex fixx

ET

Leme Tv is welldefined and Ke Tv J K 1

Picture beta beta belts

JCP capstops
I d

Highness McNeill 2013 Fix N AT characteristic

Texted
let n

J RN Home Yun

same formula asabove

Lemmas Ti is welldefined and ker II 2 J in N

Pat getail beat beast

J MN CRN BN o

if if 5
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si Iasas
Md z Tolelli Johnson

kernel

Quantitative

Mod E JO is fin generated Delm1938

Toelli Jl is fin gen for g 3 Johnson 1983

NOT fin.ge for g 2 McCullough Miller1980

Johnson hand J Z

Originally conjected to be a generated

Dina Papadima2013 J 2 Q Eden 974

Euslov He 2018 J 2 is In.ge 9712

5
improvedto 974 by

Church Eushor Putman2021

For k 3 J K is fn.ge for g 24 1

Church EnshovPutman2021

Upshot K 0 JK is fin generated for gak

5
hence so is J

1k
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Qualitative

Mod E JG

To 8 mangani Likovish 1964
Mumford 1967

Belmtwist

Toelli JC

973
12 5

8 mm 8ᵗʰ s

Johnson1979818 cuts off 8D

Johnson Kennel J Z

Ty 8 sec cutting off Johnson 1985

K 3 No nice generating set of JK is known

The Church Putman 2015

function G IN IN such that

JK is generatedby elements supported on subsurfaces

of genus I GK andexactly 1 2component

independent of g

Rink By above one can take 91
Thinof Church Patman G K must be
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GeratingLMagnusfiltrations

M I M 2 M s 0

Mister

Qpe questionfrawhile Problem 6.23 in Morita's 1999

survey on MCGS

Is MC trivial

I e is µ Torelli Ghg 2H faithful

Since 2H C this would have

implied thatthe Toelli group is linear

The Suzuki 2001 MC is non trivial 932

The Church Fab 2009 rank Mi a g 2

MCI not fin generated

5
Proof uses the higherJohnson homomorphism

J Mt Home EE

m

They construct an a family of elements of MC

whose images in Homy are linearly independent

Tab group
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The McNeill 2013

K 1 rank McKean a g 3

Mman is not fin generated

5
Proof also uses the higher Johnson homomorphisms

generalising Church Fab 2009

k 1

is a games it
TE
so is J

Jk D

MkIa is not fin generated for 933 neither is Mlk

FLkfingjfft.cat unexpected

J K is defined from the LCS of it Fag

M K is defined from the LCS of to



Apped Proof of kerfun JCN 14

Application of Fox 1953 FreeDifferential Calculus I

can
is 2 Xa freebasis of it

Two operate

normalsubgroupsof 2 sided ideals of It

i N ker It I IN

s I et x I I

Directly from the
definition one can check that

Lemmy s i N N

Two key results from Fox's paper

The 45 Forany ideal I of
It contained in 1g

ᵗʰ

IIa ae Ia Dja e I fall lEiE2g

Them 4.9 For any normal subgroup
N It

s N Ia INN

Corollaryn Fa any
characteristic subgroup N It

ker Mn J INN
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Proof Let fe 51

domainofMN

Then fe ke Mn

D fix f forall lEiiE2g bytheFox
calculusdef

modulo N
ofmn

D fixi xi 0 forall lEiif2g begage

modulo i N D is 2 linear

D fixi xi N forall lei E2g

f xi Xi IN Iz for all lEiE2g by FoxTh45

fixilxi I in Ia forall leing I I II

fix e s i N Ia for all lei.kz bydef
theoperation

N NÉ Fox1hm4.9
ˢᵗ

f Xi Xi modulo N N forall I 29

f acts trivially on Ining single

fe J IN N by definition oftheJohnson
lattice JC
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Reap Inte

In the last two talks we saw

Moviyamarepresentation Mod
E A H Fn Ʃ 2

Moriyama 07 kernel I't

Magnus twisted representation Mod E H 2x

H Ʃ b 2n

for eachcharacteristic subgroup
N IT

untwisted

mn J N A HP Ʃ ZEN representation

M
ModE

Fox53 herun
J INNJ

Untwisting via specialising coeffs It ZEN

restricting to a subgroup so thattheaction onTN istrivial

Today n 2

other methods of untwisting

upper bounds on
kernels
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Thelenberggroups

For the Magnus repr we took meth in IT IT E

LEN NAT
cha subgrup

Eg if N IT this is 2H for H H E

Replace Ʃ with CE for v22

needto choose a quotient of T Cn E

Definition

Let 7cg HX 2 with x m yin xty men xy
5
III ET

genusg Heiberggrouf central ext of H

Proposition Blanchet P Shankat 25 Belligeri Gervais Graschi 08

a 21g T.GE I is central

b If n 3 then 71g Ian T T CLE

Proof via presentationof IT C E from Bellinger Godelle 07
























































































































4
Core The action Mod E IT descends along

the quotient it 7g

For v33 follows from b since IT I is characteristic

For v32 follows from a since the element E is

fixed by the Mod E action since it may

be supported in a collar of JƩ

Cory Well defined twisted representation

HM Cu Ʃ 27g

This is twisted via the action on the groundving 221g

so it is untwisted on the subgroup

Ker Mod E 77g Mode

Whatitsubgrep
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Thefillingerubgroup

First reformulate the question

The centre of 7g Hx 2 is 03 2

Aut 21g automorphisms sending 0,1 0,1 index 2

The action of Mod E
on 71g fixes 0,1 bigftp.pg.ge

Mod E Act Hg

Lemmas BPS

Mode
syntptcrossed

s t
I H EF Acting

spent

crossedhome

Here S Morita's crossed homomorphism
combinatorialdef

Crossed home means that S fg S f f Sig

Note Restricted to Torelli S is a homomorphism

8 Torelli H E

Ker x Torelli he g
I'swattletosubgenopfy
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Delft
a non naming rata field a Ʃ

Let J be a smooth oriented curve
that is transverse

to X except at a finite set P 8 of points

Let
signp I

W 8

p p
signp

fff signcp 1

winding no of 8 w.it

signp 0 if 8p isoppositetoX

The Chillingwath homomorphism e Torelli
Hogg

is definedby e f 83 wx for wx 8

Proposition Chillingworth 72 This is a well defined homomorphism

Definition Chill E ken e Chillingworthebgroup

RelationtoJohnsonfiltration Torelli Chill E J 2

I Johnson 80

properinclusionsforg 3
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EERY constantvector fieldpointing upwards

Wx a 1

wx bi I

f To Ts sends a to foa

Wy foa 2 1 1

Heme e f H 2 e f 0

a 2
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Propositions BPS S e Torelli H E

Proof Torelli is generatedby genus 1 bounding

pairmaps Johnson 79

Mod E acts transitively on this gen set

Tots normally generates Torelli in Mode

singlefixed boundingpairmap

S and e both extend to crossed home s

Mod E H E Morita89 for8
Trapp 92 for e

enough to check that 8 Tots e Tots

We calculate that they are both equal to

H 2

EE
see above for part of the

calculation

Corollary

Ker Mode Hg Torellin ke s

Torellin her e Chill E
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VP

traded
to Chill E Mod E we have an

untested representation on Him Cn E 271g

Collay2

α Mod E Att Hg

Inn Hg Torelli

Proof E because scente H

2 fe Torelli S f is a multipleof 2

say S f
2x

XEN

f yin f y n s f s

y u 2x.y

x 0 y n x05

Corollary 2 will allow us to untwist on Torelli E not just
on Chill E
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Untwisting li

Tudrepresentation

I Mod E Autz H c E 221g

f xx I f x f d deg

twisted linearity famila

By Clay 2

I ZH Z

I
Torelli E Hg central extension

Torelli E Inn Ag

Untistedrepretatin

I Torelli E Artzy H cute 221g

f I f x ̅ f
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check

f x x I f xd Iff def

A x t d Iff twistedlin
ofx ̅

A x c x ̅ t d Iff pullbacksquare

A x If d x ̅ f x ̅ f writongation

A x If x cancellation

I f x X def

Prof BPS
Totelli E

T.kz
is a trivial extension

Fᵈ mÉ
g 3 can deduce for g 2 by pullback

Then Mod E SpH induces on H 12

Torelli E Mod E induces 0 on H 12

Heme every 2 central ext of ModE is trivial on Torelli E

The 2 cocycle classifying it extends to a 2 cocycle on

Mod E defined by Morita 89

extends to a 2 central ext on Mod E

it must be trivial on Torelli E I
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It
We have an untwisted representation of Torelli E

on H C CE 27g

Modulestructure

H cute 27g is a finite rack free 271g module

See the first talk the lemma works forany

local coefficients

But it has oak as a Z module

BecauseHg is an infinite group

So before untwisting we had Mod E GL 2

after untusting we have Torelli E GLN 271g

site
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Untwistingviachridge

For any 27g
module we have a twisted representation

Mod E H cute v

It can be untwisted on Torelli E C Mod E for

any
choice of V By above and

v

It can be untwisted on all of Mod E for

some choices of V

Theorems BPS a centralext of

can be untwisted oneMod E for V Schrodinger

or fin dim analogue of Schrodinger dim unitary

Proofifin.name
to untwisting on Torelli

The analogue of the calculation α Im Hg Torelli

is provided bythe Stone von
Neumann theorem

to obtain Niels USch

Modte
Autting

PUY
sch

SegalShaleWeil repr
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Upperboundsonkenels

To study kennels pass from Cu Ʃ to F Ʃ

Untwisting results for Fu follow from those for Cn

I e Mod E Him Fu E 2H Heism

Come Movigana

221g 2 induces a surjection

H F E 2H Him Face 2

Movigama hand J n

Hence ker Heism J n

Comammagnes

22g 2H induces a surjection

H FCE 2H Him Fu E ZH

f offshore

HPM Ʃ 2H

Maggiec
Hence her Heism ker me

smallextraargument

Ker Heis ke mens Mag E J
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Here we have

Proposition BPS Ker Heism Mag E n J n

We expect the kernel to be much smaller

5ᵗᵈ n

Hers HE Cale 224

has vank 3 over 2H Z b'Yab urba

To acts by the following element of GL
271

Setting a b u 1 we get HÉ Care Z 223

H F Ʃ 2 Moviyama

Exercise the matrix above reducesto the identity in this specialisation

it has to since Ty J 2 ken Moviyamaz


