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Kernels of homological mapping class group representations

Martin Palmer-Anghel / GeMAT seminar, IMAR / May—June 2026

Abstract.

There are several different strategies for constructing interesting representations of mapping
class groups of surfaces. The most topological strategy is to study their action on the homology
of configuration spaces on the underlying surface. This produces a wide variety of representations,
depending on the number of configuration points, whether they are ordered or unordered, the
flavour of homology one considers (ordinary, Borel-Moore, etc.) and especially the choice of local
system in the coefficients of homology.

This will be a short series of expository talks discussing these homological mapping class group
representations. Motivated by the long-standing open question of whether mapping class groups
are linear (admit faithful finite-dimensional representations over a field), I will focus on what is
known about their kernels.

Talks.

1. Friday 22 May — Introduction/motivation and a sketch of Moriyama’s 2007 proof that the
kernels of the family of Moriyama representations coincide with the Johnson filtration of the
mapping class group.

2. Friday 29 May — A discussion of the Magnus representation, which can be defined either using
Fox calculus or in terms of twisted Borel-Moore homology of the surface minus a boundary
point. For each characteristic subgroup N of m = m1(X), there is a Magnus representation over
the ground ring Z[r/N] defined on the Johnson subgroup J(N). It follow from Fox calculus
that its kernel is the smaller Johnson subgroup J([N, N]). A survey of what is known about
generating sets for different Johnson subgroups, focusing on the Johnson filtration of the
Torelli group and the Magnus filtration of the Magnus kernel.

3. Friday 5 June — The construction of Heisenberg homology representations, which simultane-
ously extend the Moriyama representations and the Magnus representations, based on joint
work with C. Blanchet and A. Shaukat. A priori these are twisted representations on the full
mapping class group, but they may be untwisted in various different ways:

(a) The subgroup on which they are untwisted (without further modification) may be identi-
fied with the Chillingworth subgroup, by showing that the Chillingworth homomorphism,
defined in terms of winding numbers, agrees on the Torelli group with Morita’s crossed
homomorphism.

(b) They may also be untwisted on the (larger) Torelli group via a certain untwisting factor.
This may be constructed using the fact that the natural action of the Torelli group on
the Heisenberg group is by inner automorphisms. A priori this requires us to pass to a
central extension of the Torelli group, but this central extension turns out to be trivial,
so we may untwist the Heisenberg homology representations on the Torelli group itself.

(c) Replacing the Heisenberg group ring ZH, with the Schrédinger representation, which
is a unitary module over ZH,, the corresponding Heisenberg homology representations
may be untwisted on (a central extension of) the full mapping class group via a certain
untwisting factor, which is constructed using the Stone-von Neumann theorem.

Finally, we obtain an upper bound on the kernels of the Heisenberg homology representations
by comparing them to the Moriyama and Magnus representations. Explicit calculations lead
us to expect that the kernels are however much smaller than this upper bound.
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