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Abstract

The overarching goal of my research so far has been to understand the topology of moduli spaces
through algebraic invariants, primarily homology and fundamental groups. This thesis presents six
different results, three concerned with the homology of moduli spaces and three concerned with
studying the fundamental groups of moduli spaces (motion groups and mapping class groups) via
their representations and their lower central series.

In the preliminary Chapter O, I first give a brief overview of my main research results since
my PhD thesis. Chapters 1-6 then form the core of the thesis and develop six of these results in
full detail.

Chapter 1 proves homological stability for two different flavours of asymptotic monopole mod-
uli spaces, namely moduli spaces of framed Dirac monopoles and moduli spaces of ideal monopoles.
The former are Gibbons-Manton torus bundles over configuration spaces whereas the latter are
obtained from them by replacing each circle factor of the fibre with a monopole moduli space by
the Borel construction. They form boundary hypersurfaces in a partial compactification of the
classical monopole moduli spaces. These results follow from a general homological stability result
for configuration spaces equipped with non-local data (non-local configuration spaces). This chap-
ter corresponds to a joint paper with U. Tillmann [PT23] published in the Proceedings of the Royal
Society A.

Moduli spaces of manifolds with marked points were proven in [Till16] to be homologically
stable as the number of marked points goes to infinity. Chapter 2 generalises this result to moduli
spaces of manifolds with conical singularities. (Marked points may be thought of as inessential
conical singularities, since a disc neighbourhood of a marked point is the cone on its boundary
sphere.) This is deduced as a special case of a more general homological stability result for classify-
ing spaces of symmetric diffeomorphism groups of manifolds, with respect to parametric connected
sum, an operation generalising ordinary connected sum and surgery (including Dehn surgery).

The key input for the proof of this result is homological stability for moduli spaces of subman-
ifolds as the number of components of the submanifold goes to infinity, which was proven in my
PhD thesis and published in [Pal21]. The relation to conical singularities is given by collapsing
tubular neighbourhoods of submanifolds to isolated points. The results of Chapter 2 correspond
to the preprint [Pall8a], which is submitted for publication.

Chapter 3 is concerned with “big mapping class groups”, i.e. mapping class groups of infinite-
type surfaces, and corresponds to a joint paper with X. Wu [PW22a] accepted for publication in
Documenta Mathematica. In this chapter we prove that, for any infinite-type surface S, the integral
homology of the closure of the compactly-supported mapping class group PMap,(S) and of the
Torelli group 7(S) is uncountable in every positive degree. By our earlier results in [PW22b],
and other known computations, such a statement cannot be true for the full mapping class group
Map(S) for all infinite-type surfaces S. However, we are still able to prove that the integral
homology of Map(S) is uncountable in all positive degrees for a large class of infinite-type surfaces
S. The key property of this class of surfaces is, roughly, that the space of ends of the surface S
contains a limit point of topologically distinguished points. This result includes in particular all
finite-genus surfaces having countable end spaces with a unique point of maximal Cantor-Bendixson
rank o, where « is a successor ordinal.
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Understanding the lower central series of a group is, in general, a difficult task. However,
successfully computing the lower central series and the associated Lie algebras of a group or of
some of its subgroups can lead to a deep understanding of the underlying structure of that group.
The goal of Chapter 4 is to showcase several techniques aimed at carrying out part of this task. In
particular, we seek to answer the following question: when does the lower central series stop? We
introduce a number of tools to answer this question that we then apply to partitioned surface braid
groups on any surface and with respect to any partition. The path from our general techniques to
their application is far from straightforward, and a certain amount of tenacity is required to deal
with all of the cases encountered along the way. We finally arrive at an answer to our question
for every one of these groups, with the sole exception of one family of partitioned braid groups on
the projective plane. In a number of cases, we even compute completely the lower central series.
This chapter corresponds to a part of the monograph [DPS22b], joint with J. Darné and A. Soulié,
which is accepted for publication in the Memoirs of the American Mathematical Society.

Next, turning from lower central series to representations of motion groups, in Chapter 5 we
give a simple topological construction of the Burau representations of the loop braid groups. There
are four versions: defined either on the non-extended or extended loop braid groups, and in each
case there is an unreduced and a reduced version. Three are not surprising, and one could easily
guess the correct matrices to assign to generators. The fourth is more subtle, and does not seem
combinatorially obvious, although it is topologically very natural. This chapter corresponds to a
joint paper with A. Soulié [PS22a] published in the Comptes Rendus Mathématique.

Chapter 6 is concerned with constructing homological representations of mapping class groups
of surfaces, and corresponds to a joint paper with C. Blanchet and A. Shaukat [BPS23] accepted for
publication in Contemporary Mathematics. In previous work with the same co-authors [BPS21], we
constructed twisted representations of mapping class groups of surfaces, depending on a choice of
representation V' of the Heisenberg group H. For certain V we were able to untwist these mapping
class group representations. In this chapter, we study the restrictions of our twisted representations
to different subgroups of the mapping class group. Notably, we prove that these representations
may be untwisted on the Torelli group for any given representation V of H. In the case when V is
the Schrodinger representation, we also construct untwisted representations of subgroups defined
as kernels of crossed homomorphisms studied by Earle and Morita.

In the final Chapter F, I describe various open problems and questions related to the topics
of the thesis, some of which are immediately approachable and others of which are very difficult.



Rezumat

Scopul global al cercetarii mele de pana acum a fost de a Intelege topologia spatiilor de moduli
prin invarianti algebrici, in primul rdnd omologie si grupuri fundamentale. Aceasta teza prezinta
sase rezultate diferite, trei se refera la omologia spatiilor de moduli si trei se refera la studierea
grupurilor fundamentale ale spatiilor de moduli (grupuri de deplasdri si grupuri mapping class)
prin reprezentarile lor si seriile lor centrale descendente.

In capitolul preliminar O, ofer mai intai o scurtd prezentare generald a principalelor mele
rezultate de cercetare de dupa teza mea de doctorat. Capitolele 1-6 formeaza apoi partea principala
a tezei si dezvolta sase dintre aceste rezultate in detaliu.

Capitolul 1 demonstreaza stabilitatea omologica pentru doua variante diferite de spatii de mod-
uli ale monopolurilor asimptotice, si anume spatiile de moduli ale monopolurilor Dirac cu framing
si spatiile de moduli ale monopolurilor ideale. Primele sunt fibrati in toruri Gibbons-Manton peste
spatii de configuratii, iar cele din urma sunt obtinute din ele prin inlocuirea fiecarui factor circular al
fibrei cu un spatiu de moduli ale monopolurilor prin constructia Borel. Ele sunt hipersuprafete lim-
ita Intr-o compactificare partiald a spatiilor clasice de moduli ale monopolurilor. Aceste rezultate
rezulta dintr-un rezultat general de stabilitate omologica pentru spatiile de configuratii echipate
cu date non-locale (spatii de configuratii non-locale). Acest capitol corespunde unei lucrari comune
cu U. Tillmann [PT23] publicatd in Proceedings of the Royal Society A.

S-a demonstrat in [Til16] c4 spatiile de moduli ale varietétilor cu puncte marcate sunt omologic
stabile cdnd numarul de puncte marcate tinde la infinit. Capitolul 2 generalizeaza acest rezultat
la spatii de moduli ale varietatilor cu singularitdti conice. (Punctele marcate pot fi considerate a fi
singularitati conice neesentiale, deoarece o vecinatate de disc a unui punct marcat este conul sferei
sale de limita.) Acest lucru este dedus ca un caz special al unui rezultat de stabilitate omologica
mai general pentru spatiile de clasificare ale grupurilor de difeomorfisme simetrice de varietati,
in raport cu suma conexd parametricd, o operatie care generalizeazia suma conexa obisnuita si
chirurgia (inclusiv chirurgia Dehn).

Cheia pentru demonstrarea acestui rezultat este stabilitatea omologica pentru spatii de moduli
ale subvarietdatilor, cand numarul de componente conexe ale subvarietatilor tinde la infinit, ceea ce
a fost demonstrat in teza mea de doctorat si publicat in [Pal21]. Relatia cu singularititile conice
este data de colapsarea vecinatatilor tubulare ale subvarietatilor la puncte izolate. Rezultatele
capitolului 2 corespund preprintului [Pall8al, care este trimis spre publicare.

Capitolul 3 se refera la “big mapping class groups”, adica grupuri mapping class de suprafete
de tip infinit si corespunde unei lucriri comune cu X. Wu [PW22a] acceptat pentru publicare in
Documenta Mathematica. In acest capitol demonstram ci, pentru orice suprafati de tip infinit S,
omologia integrald a inchiderii grupului mapping class cu suport compact PMap,(S) si a grupului
Torelli 7(S) este nenumarabild in fiecare grad pozitiv. Dupa rezultatele noastre anterioare in
[PW22b] si alte calcule cunoscute, o astfel de afirmatie nu poate fi adevirata pentru #ntregul grup
mapping class Map(S) pentru toate suprafete S de tip infinite. Cu toate acestea, demonstram ca
omologia integrald a lui Map(S) este nenumarabild in toate gradele pozitive pentru o clasi mare
de suprafete de tip infinit S. Proprietatea cheie a acestei clase de suprafete este, aproximativ, ca
spatiul capetelor suprafetei S contine un punct limita de puncte distinse topologic. Acest rezultat
include in special fiecare suprafata de gen finit al carei spatiu de capete este numarabil si are un
punct unic de rang Cantor-Bendixson maxim «, unde « este un ordinal succesor.



Intelegerea seriei centrale descendente a unui grup este, in general, o problema dificils. Pe
de alta parte, calcularea seriei centrale descendente si a algebrelor Lie asociate ale unui grup sau
ale unora dintre subgrupurile sale poate duce la o intelegere profunda a structurii de baza a acelui
grup. Scopul capitolului 4 este de a prezenta mai multe tehnici care vizeaza realizarea unei parti
a acestei probleme. In special, ciutdm si rdspundem la urmé#toarea intrebare: cind se opreste
seria centrald descendentd? Introducem mai multe tehnici pentru a raspunde la aceastd intrebare,
pe care apoi le aplicam grupurilor braid partitionate pe suprafete pentru orice suprafata si pentru
orice partitie. Calea de la tehnicile noastre generale pana la aplicarea lor este departe de a fi
simpla si este necesara o anumita tenacitate pentru a rezolva toate cazurile intalnite pe parcurs.
In cele din urms ajungem la un rispuns la intrebarea noastra pentru fiecare dintre aceste grupuri,
cu singura exceptie a unei familii de grupuri braid partitionate pe planul proiectiv. Intr-un numéar
de cazuri, chiar calculam complet seria centrald descendenta. Acest capitol corespunde unei parti
a monografiei [DPS22b], impreund cu J. Darné si A. Soulié, care este acceptatd pentru publicare
in Memoirs of the American Mathematical Society.

In continuare, trecand de la seria centrali descendent la reprezentdri grupurilor de deplasari,
in capitolul 5 oferim o constructie topologica simpla a reprezentarilor Burau ale grupurilor loop-
braid. Exista patru versiuni: definite fie pe grupurile loop-braid neextinse, fie pe grupurile loop-
braid extinse, iar in fiecare caz exista o versiune neredusa si una redusa. Trei nu sunt surprinzatoare
si s-ar putea ghici cu usurinta matricele corecte de atribuit generatoarelor. Al patrulea este mai
subtil si nu pare evident din punct de vedere combinatoriu, desi este foarte natural din punct de
vedere topologic. Acest capitol corespunde unei lucrari comune cu A. Soulié [PS22a] publicatd in
Comptes Rendus Mathématique.

Capitolul 6 se ocupa de construirea reprezentarilor omologice ale grupurilor mapping class de
suprafete si corespunde unei lucrdri comune cu C. Blanchet si A. Shaukat [BPS23] acceptate pentru
publicare in Contemporary Mathematics. In lucririle anterioare cu aceiasi coautori [BPS21], am
construit reprezentari twistate ale grupurilor mapping class de suprafete, in functie de alegerea unei
reprezentari V' a grupului Heisenberg 7. Pentru anumite V' am ardtat cum aceste reprezentari ale
grupurilor mapping class pot fi de-twistate. In acest capitol, studiem restrictiile reprezentirilor
noastre twistate la diferite subgrupuri ale grupului mapping class. Demonstram in special ca
aceste reprezentiri pot fi de-twistate pe grupul Torelli pentru orice reprezentare V a lui H. In
cazul 1n care V este reprezentarea Schrodinger, construim de asemenea reprezentari ne-twistate
ale subgrupurilor definite ca nuclee de homomorfisme incrucisate studiate de Earle si Morita.

In capitolul final F, descriu diverse probleme si intrebari deschise legate de subiectele tezei,
dintre care unele sunt imediat abordabile, iar altele sunt foarte dificile.



Contents

Abstract
Rezumat

O Overview
0.1 Homology of moduli spaces . . . . . . .. . ..
0.2 Fundamental groups of moduli spaces . . . . .. .. .. ... ... ...

I Homology of moduli spaces

1 Homology stability for asymptotic monopole moduli spaces
1.1 Monopole moduli space and boundary hypersurfaces . . . . ... ... ... ....
1.2 Homology stability for configurations with non-local data . . . . . ... ... ...
1.3 Homology stability for asymptotic monopole moduli spaces . . . .. ... .. ...

2 Stability for moduli spaces of manifolds with conical singularities
2.1 Tterated parametric connected sum . . . . . . ...
2.2 Symmetric diffeomorphism groups . . . . .. ..o oo
2.3 Stabilisation maps . . . . ... Lo
2.4 Homological stability for symmetric diffeomorphism groups . . . . . ... ... ..
2.5 Moduli spaces of labelled disconnected submanifolds . . . . .. .. ... ... ...
2.6 Proof of stability for symmetric diffeomorphism groups . . . . . . ... .. ... ..
2.7 Diffeomorphism groups of manifolds with conical singularities . . . . . . ... ...
2.8 Twisted homological stability . . . . . . .. ... ... .00 L.
2.9 Stability for moduli spaces of labelled disconnected submanifolds . . . . . ... ..

3 Big mapping class groups with uncountable integral homology

3.1 Surfaces, ends and mapping class groups . . . . . . . .. ...
3.2 Topologically distinguished points . . . . . . . .. ... . oL
3.3 Tools for proving uncountability . . . . ... ... ..o o 0oL
3.4 Proof of Theorem 3.A . . . . . . . . L
3.5 Descending along double branched covers . . . .. ... .. ... ... .. .. ...
3.6 Torsion elements . . . . . . . .. e e e e
3.7 Some open problems . . . . . ...
3.8 Appendix A: Abelian groups . . . . . ...
3.9 Appendix B: Extending homeomorphisms to Freudenthal compactifications

I Motion groups and MCGs: representations and LCS

4 Lower central series of partitioned surface braid groups
4.1 General recollections . . . . . . . . ..
4.2  Strategy and first examples . . . . .. ..o
4.3 Partitioned classical braids . . . . . . . ... oL
4.4 Braids on surfaces . . . . . . . ..

vii

iii

[\)

15

17
18
22
25

31
37
38
40
40
41
43
51
53
56

59
62
63
65
68
71
(0]
76
78
79



4.5 Appendix: Some calculations of lower central series . . . . . .. .. ... ... ...
4.6 Appendix: Presentation of an extension . . . . . . ... ... Lo L.

5 The Burau representations of loop braid groups
5.1 Action on the homology of covering spaces . . . . . . . . .. .. ... ... .....
5.2 Matrices for non-extended loop braid groups. . . . . . . ...
5.3 Matrices for extended loop braid groups . . . . . .. ... L oL oL
5.4 Properties . . . . . . L

6 Actions of subgroups of MCGs on Heisenberg homology
6.1 Twisted representations of the mapping class group . . . . . . . . ... ... ....
6.2 Action on the Heisenberg group . . . . . . . . . .. ...
6.3 Representations of the Torelli group . . . . . . .. ... .. ... ... ... ...
6.4 Representations of Earle-Morita subgroups. . . . . ... .. .. ... ... .. ..

IIT Future directions
F.1 Stable homology of moduli spaces . . . . . . . . . .. ... ... ... ... ...
F.2 Big mapping class groups . . . . . . . . . .o e e e e e
F.3 Homological representations . . . . . . . . . . .. L Lo

Bibliography

147
151
154
156
159

161
162
164
171
173

179
181
181
182

185



Chapter O

Overview

My research interests lie primarily within Algebraic Topology and Geometric Topology. One
fundamental goal in the intersection of these subjects is to understand the topology of moduli
spaces of geometric objects through algebraic invariants. The concept of a moduli space is of
central importance in mathematics, parametrising collections of all objects of a given kind, such as
manifolds with certain properties or configurations of points, submanifolds or fields in an ambient
space.

My research so far divides broadly into two themes, concerned with understanding the topology
of moduli spaces through their homology and their fundamental groups. The kinds of moduli spaces
that I have studied include:

e Configuration spaces of points in manifolds. In particular, non-local configuration spaces, in
which configurations are equipped with some additional “non-local” structure, such as:
e an ordering modulo even permutations,
e a “field” defined on the complement of the configuration,
e non-local data encoding the interactions of asymptotic magnetic monopoles.
e Moduli spaces of higher-dimensional disconnected submanifolds. These are related to moduli
spaces of manifolds with Baas-Sullivan singularities.
e Mapping class groups of surfaces, including surfaces of infinite type.

In this preliminary chapter, I give a brief overview of these results: §0.1 on the homology and
§0.2 on the fundamental groups of moduli spaces. Three results of §0.1 are developed in detail in
the chapters of Part I and three results of §0.2 are developed in detail in the chapters of Part II.

Overview

0.1 Homology of moduli spaces . . . . . . . . . . . . .. 2
0.1.1 Configuration Spaces . . . . . . . . . . o i 2
0.1.1.1 Non-locality: oriented configurations . . . . . ... ... ... ... 2

0.1.1.2 Non-locality: configuration-section spaces . . . . . .. .. ... .. 3

0.1.1.3 Non-locality: asymptotic magnetic monopoles . . . . .. ... .. 4

0.1.1.4 Configurations on closed manifolds . . . . . . ... ... ... ... 5

0.1.1.5  Motivic cohomology . . . . . . . ... ... L 6

0.1.2 Higher-dimensional submanifolds and conical singularities . . . . . . .. .. 6
0.1.3 Big mapping class groups . . . . . . . ... e 7
0.1.3.1 Homological stability and acyclicity . . . ... ... ... ..... 7

0.1.3.2 Uncountability . . . . . . . .. .. ... ... 8

0.2 Fundamental groups of moduli spaces . . . . . .. ... ... ... ... ..., 9
0.2.1 Lower central series . . . . . . . . . ... 9
0.2.2 Representations of motion groups and mapping class groups . . . . . . . . . 10
0.2.2.1 Lawrence-Bigelow representations . . . . ... .. ... ... ... 10

0.2.2.2 Unified topological construction . . . . ... ... .. ... .... 11

0.2.2.3 Heisenberg homology and representations of mapping class groups 12



2 Chapter O. Overview

O.1 Homology of moduli spaces

0.1.1 Configuration spaces

For a space M, the nth ordered configuration space C~'n(M ) is the subspace of M™ consisting of all
n-tuples of pairwise distinct points in M. The symmetric group &,, acts on this space, and

is the nth unordered configuration space on M.

An important phenomenon that frequently occurs in the homology of moduli spaces is homo-
logical stability. For a family of moduli spaces indexed by a parameter n, this is the phenomenon
where their homology is independent of n in higher and higher degrees as n — co. One key example
of this is for the mapping class groups of orientable surfaces: in this setting, homological stability
with respect to genus was proven by Harer [Har85] and the limiting homology was computed by
Madsen and Weiss [MWO07], together proving the Mumford conjecture [Mum83].

In the setting of configuration spaces, it is a classical result, going back to McDuff [McD75]
and Segal [Seg73; Seg79], that the sequence C,, (M) of configuration spaces is homologically stable
with respect to the number of points n, whenever M is a connected, open manifold.

A relatively straightforward generalisation of this result is homological stability for labelled
configuration spaces Cy, (M, X) for a path-connected space X: a point in this space consists of an
unordered configuration in M together with an element of X attached to each configuration point.
(This is proven in [Ranl3], for example.) The additional data associated to a configuration in this
setting is local in the sense that it is simply a product of several pieces of data, each associated to
a single point in the configuration.

However, one may also consider moduli spaces of configurations equipped with non-local data
of different kinds. I have worked on three examples of this: §0.1.1.1-§0.1.1.3.

0O.1.1.1 Non-locality: oriented configurations

An example of configuration spaces equipped with non-local data is the sequence of oriented con-
figuration spaces

CHM) = Cn(M)/A, (0.1)

given by quotienting by the action of the alternating group instead of the symmetric group. These
are double coverings of the unordered configuration spaces; the additional (binary) piece of data
given by an ordering modulo even permutations is not associated to any single point of the config-
uration. Homological stability for the sequence (O.1) was proven in my PhD thesis and published
in [Pall3]. This result led to the question of whether one can identify the stable homology of the
sequence (0O.1), in other words the colimit

limy, 0 H, (CH(M)), (0.2)

in terms of other well-understood spaces. In joint work with Jeremy Miller, we answered this
question positively by lifting the classical scanning map [Seg73; McD75] to a homology equivalence
between appropriate covering spaces.

Theorem A ([MP15b]). Writing TM — M for the fibrewise one-point compactified tangent bundle
of M and denoting its space of degree-0 compactly-supported sections by T'.(TM — M),, we have:

limy, oo H, (CH(M)) = H (T (TM — M),), (0.3)
where f‘:(TM — M), is the connected covering of T'e = To(TM — M), corresponding to

m1(Te) —» Hy(To) = Hy(Co(M)) —» Hy(Co(R®)) = Z/2,
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where the isomorphism Hy(T';) = Hy(C2(M)) arises from homological stability and the identifica-
tion of the stable homology for unordered configuration spaces and the projection Hq(Co(M)) —
Hy(C2(R)) is induced by any embedding M — R,

In the course of proving Theorem A, we generalised the McDuff-Segal group-completion theo-
rem [MS76] as well as McDuff’s homology fibration criterion [McD75, §5] to the setting of homology
with twisted coefficients; see [MP15a).

0.1.1.2 Non-locality: configuration-section spaces

Configuration-section spaces on a manifold M equipped with a bundle ¥ — M are “non-local”

configuration spaces whose elements consist of a finite configuration in M together with a section of
E — M defined on the complement of the configuration. Such spaces may be thought of physically
as spaces of “fields” with point-particle singularities.

One often considers subspaces where the behaviour of the field (i.e. section) is constrained in
a neighbourhood of the singularities (particles) — this may be thought of as restricting the allowed
“charges” of the particles. More precisely, if the bundle E — M is trivial with fibre X, we fix a
set ¢ C [S91, X] of homotopy classes of maps S9! — X, where d is the dimension of M. The
sections are then required to restrict to an element of ¢, up to homotopy, in a neighbourhood of
each particle (they are undefined at the particles themselves). For non-trivial bundles £ — M,
the definition is similar but a little more delicate.

Homological stability. When M = R? and the fibre X of the bundle is BG for a discrete
group G, these are the Hurwitz spaces, classifying branched coverings of the 2-disc with deck
transformation group G (and prescribed monodromy, if we impose a condition ¢ C [S*, BG] =
Conj(@)). These spaces have important connections with number theory through recent work of
Ellenberg, Venkatesh and Westerland [EVW16], who proved an asymptotic version of the Cohen-
Lenstra conjecture for function fields via a certain rational homological stability result for Hurwitz
spaces.

In joint work with Ulrike Tillmann, we have proven another homological stability result for
configuration-section spaces [PT21], which is in a sense both more and less general than that of
Ellenberg, Venkatesh and Westerland. It is more general in the sense that it holds for any bundle
over any connected, open manifold M, but it is also less general in the sense that we assume a
stronger condition on the allowed “charges” of the particles.

Theorem B ([PT21]). Let M be a connected manifold of dimension d > 2 with basepoint x € M
and let £: E — M be a fibre bundle whose fibre over x we denote by X. Assume that

the preimage of ¢ under [SY™!, X] «— my_1(X) is a single element, (0.4)

so ¢ corresponds to a fized point of the w1 (X)-action on mq_1(X). Then the stabilisation maps of

configuration-section spaces
CLy" (M; &) — CTy (M€) (0.5)

induce isomorphisms on H;(—;Z) in the range k > 2i + 4 and surjections in the range k > 2i + 2.
With field coefficients, these ranges improve to k > 2i + 2 and k > 2i respectively.

Point-pushing actions. Let us now assume that the bundle £ — M is trivial with fibre X;
in this case we write CMapz’*(M ; X) and call these configuration-mapping spaces. They fit into a
natural fibre sequence

Map®* (M ~ k points, X) — CMap(™(M; X ) —s Cr(M), (0.6)
which is obtained functorially from the universal fibre sequence

M ~ k points — Uy (M) — Cy,(M). (0.7)
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In [PT22], we obtain explicit formulas, when the dimension of M is at least 3, for the monodromy
action w1 (Cr(M)) — mo(hAut(M \ k points)) of the universal fibre sequence (0.7), from which
we also deduce explicit formulas for the monodromy action of the fibre sequence (O.6). A special
case of this is as follows:

Theorem C ([PT22]). Ifd = dim(M) > 3 and M satisfies at least one of the following conditions:

e M is simply-connected, or
e the handle-dimension of M is at most d — 2;

then the “point-pushing” action of v = (au, ..., ax;0) € T (Cr(M)) = 711 (M)* %Xy, on the mapping
space Map®* (M ~ k points, X) ~ Map, (M, X) x (Q4=1X)¥ is given as follows:

(ala"'aak;a)'(fmglw-wgk) = (faglv"'vgk)v (08)

where §; = fi(i).go(i)-5g0(;), and
o for an element o € m (M) we write sgn(a) = +1 if « lifts to a loop in the orientation double
cover of M and sgn(a) = —1 otherwise,
o 71 (X) acts up to homotopy on Q=1 X in the natural way,
o {£1} acts on Q71X through the involution given by precomposition with a reflection of S~!
in a hyperplane containing the basepoint.

As a corollary, we obtain a precise description of the set of path-components o (CMapy ™ (M, X))
of the configuration-mapping space, under the above conditions. In addition, we investigate the
question of injectivity of the point-pushing maps

pr: ™1 (Crp(M)) — mo(Cat(M, 2))
pr.o: T (Cr(M)) — mo(Caty(M, 2)),

where Cat € {hAut, Homeo, Diff}, z denotes the basepoint configuration in Cy(M) and where g
means that the boundary of M is fixed, and prove:

Theorem D ([PT22, §8]). When the dimension of M is at least 3, we have

ker(pi) = A(ker(p1)),

i.e. the kernel of py is equal to the diagonal of ker(py)¥ C mi(M)* C 71 (Cr(M)), where we identify
71 (Cp(M)) with w1 (M)* x Y. If OM # @, then py.p is injective.

0.1.1.3 Non-locality: asymptotic magnetic monopoles

In the special case where M = R3, there is another kind of non-local data, encoding the pairwise
interactions of the particles and modelling “asymptotic” magnetic monopoles.

The topology of the moduli spaces of magnetic monopoles M, has been the subject of intensive
study for many decades. By a theorem of Donaldson [Don84], they have a model as spaces of
rational functions on CP!. Via this model, their homotopy and homology groups are known to
stabilise as k — oo by a theorem of Segal [Seg79] and their homology (both stable and unstable)
was completely computed by [Coh™91] in terms of the homology of the braid groups, which is
completely known by [CLMT76].

The moduli spaces My, are non-compact manifolds. Recently, a partial compactification of
M, has been constructed by Kottke and Singer [KS22] by adding to M, certain codimension-1
boundary hypersurfaces 7, indexed by partitions A = (k1,..., k) of k. Points in these boundary
hypersurfaces are thought of as “ideal” or “asymptotic” monopoles of total charge k, with r “clus-
ters” centred at different points in R3, with charges ki, ..., k,, which are “widely separated” but
interact with each other. The space Z) has the structure of a fibre bundle

I, — CA(R?) (0.9)
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over the partitioned configuration space C(R?) (the covering space of the unordered configuration
space of ki1 + --- + k, points where configurations are equipped with a partition of type A) with
fibre My, x --- x My, . The non-locality of the non-local configuration spaces 7y comes from the
non-triviality of the bundle (O.9).

In joint work with Ulrike Tillmann, we have proven a homological stability result for these
asymptotic monopole moduli spaces as the number of clusters of a fixed charge ¢ > 1 goes to
infinity. Fix a positive integer ¢ and a tuple A = (ki,...,k,) of positive integers k; # c. Write
Anle = (k1,...,kr,c,...,c), where ¢ appears n times.

Theorem E ([PT23]; Chapter 1). There are natural stabilisation maps
Irin)e — Iajn+). (0.10)

that induce isomorphisms on homology in all degrees < n/2—1 with Z coefficients and in all degrees
< n/2 with field coefficients.

0.1.1.4 Configurations on closed manifolds

Let us return now to ordinary configuration spaces C,, (M) on a connected manifold M (without
boundary). The classical results of McDuff and Segal prove homological stability for these config-
uration spaces if M is open, i.e. non-compact. On the other hand, the situation when M is closed
is much more subtle.

Indeed, when M is closed, homological stability for the configuration spaces C,, (M) is not
true in general — for example, one may calculate that H;(C,(S?);Z) = Z/(2n — 2), which does
not stabilise as n — co. Moreover, the classical stabilisation maps used by McDuff and Segal do
not exist, since these depend on adding a new configuration point in M “near infinity”. In joint
work with Federico Cantero, we have proven three main results demonstrating that the homology
of configuration spaces on closed manifolds exhibits some more subtle kinds of stability.

(1) When the Euler characteristic of M is zero, we construct replication maps C,, (M) — Cx, (M)
for any integer A > 2, and prove that they induce homological stability after inverting A:

Theorem F ([CP15]). These maps induce isomorphisms on H;(—,Z[%]) in the range 2i < X.

(2) When the manifold M is odd-dimensional, the configuration spaces Cy, (M) do in fact satisfy
homological stability after inverting 2 in the coefficients (strengthening a result of [BM14]):

Theorem G ([CP15]). When dim(M) is odd, there are isomorphisms
Hy(Col M) ZI3]) = Hi(Coyn (MU ZIY])  and  Hy(Cu(M);Z) = Hi(Cosa(M);Z)
in the range 2i < n, induced by a zigzag of maps.

(3) When the manifold M is even-dimensional, and F is a field of characteristic 0 or 2, it is known by
the work of many authors [BCT89; ML88; Chul2; Ran13; BM14; Knul7] that homological stability
holds for C,, (M) with coefficients in I, even when M is closed. When F has odd characteristic p,
however, this is false, as one can see from the example of M = S? mentioned above. In fact:

F pln-1

mic,sm={g 1T

} for n > 2.

From this example we see that the first homology of C,,(5?) is not stable, but it is p-periodic and
takes on only 2 different values. Our third result is that this phenomenon holds in general, when
the Euler characteristic x of M is non-zero. Write a = v, () for the p-adic valuation of x, in other
words x = p®b with b coprime to p.

Theorem H ([CP15)). Suppose that dim(M) is even. For each fized i, the sequence
H;(Ch(M);F)  forn > 2i (0.11)

is p®*tl-periodic and takes on at most a + 2 values. Moreover, if x = 1 mod p then the above
sequence is 1-periodic, i.e. homological stability holds with coefficients in F.
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The p®*tl-periodicity result is similar to a theorem of [Nagl5], although his estimate of the
period is different, namely a power of p depending on ¢ rather than on y. The periodicity part
of Theorem H was later improved to p-periodicity in [KM16] (independent of i or ). Combining
this with (a slightly more precise statement of) our result, a corollary is that the sequence (O.11)
above takes on only two different values.

0.1.1.5 Motivic cohomology

In the case when M = X(C) is the manifold of complex points of a smooth scheme X over a
number field K, one may ask whether stability for the singular (co)homology of C,, (M) may be
lifted to stability for the motivic or étale motivic cohomology of the sequence of configuration
schemes C,,(X). In joint work with Geoffroy Horel, we have answered this question as follows.

Theorem I ([HP23]). Suppose that X may be written as Y — D, where Y is a smooth scheme over
K and D CY is a smooth, closed subscheme that has a K-point. Assume that the étale motive
of X is mized Tate and that Y is geometrically connected. Then there are maps of étale motivic
cohomology groups

HEH(Cnpa (X); A) — HEH(Cn(X); A) (0.12)

that are isomorphisms for p < n/2 and under mild conditions on the coefficient ring A. In the case
when X = A% is affine space, there are analogous maps of motivic cohomology groups

HP9(Cry1 (AY); A) — HP9(C(A%); A) (0.13)
that are isomorphisms for p < n/2 — 1 and any coefficient ring A.

A key input for part (0.13) of Theorem I is a stability result for the homology of the symmetric
groups &,, with certain (polynomial) twisted coefficients, which was proven in my PhD thesis and
published as [Pall8b].

0O.1.2 Higher-dimensional submanifolds and conical singularities

Instead of configurations of points (closed 0-dimensional submanifolds) in M, one may consider
configurations of higher-dimensional closed submanifolds of M that are isotopic to the disjoint
union of finitely many copies of a fixed (“model”) manifold L.

It was proven in my PhD thesis (and published as [Pal21]) that homological stability generalises
to this setting, as long as the dimension of L is at most % (dim(M) — 3). In later work [Pall8a], I
used this to prove homological stability for:

e Symmetric diffeomorphism groups, with respect to parametric connected sum. (Given embed-
dings L — M and L — @ with isomorphic normal bundles, their parametric connected sum
M41,Q is the result of cutting out a tubular neighbourhood of each embedding and gluing the
resulting boundaries. If L is a point this is the ordinary connected sum. Other examples of
this operation are surgery and Dehn surgery of 3-manifolds.) This generalises [Til16], which
corresponds to the case L = point, i.e., the usual connected sum operation.

o Diffeomorphism groups of manifolds with conical singularities, with respect to the number of
singularities.

Let us consider the second point in more detail. Fix an (m —1)-dimensional manifold 7" and let
cone(T') = (T x [0,00))/(T x {0}) be the open cone on T. An m-dimensional manifold with conical
T-singularities is a space M that is locally homeomorphic to cone(T"), together with a smooth atlas
on the subset Mp,;g C M of locally Euclidean points of M. (This is a special case of a manifold
with Baas-Sullivan singularities.) A diffeomorphism of M is a homeomorphism M — M that
restricts to a diffeomorphism M,,;q — M,,sq and is of the form cone(y) for some diffeomorphism
¢: T — T near each point of the discrete subset M ~ M;,;¢ € M. These form a subgroup

Diff’ (M) < Homeo(M).
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For example, we may construct a manifold with conical singularities by collapsing a tubular
neighbourhood 7 (L) of any closed submanifold L C M. The quotient My = M /T (L) is a manifold
with a single conical 9T (L)-singularity. Iterating this by collapsing tubular neighbourhoods of n
pairwise disjoint, isotopic copies of L in M, we obtain a manifold with n conical 7 (L)-singularities,
which we denote by M,,.r.

Theorem J ([Pall8a); Chapter 2). If M is connected, OM # @ and dim(L) < & (dim(M) — 3),
then the sequence of classifying spaces BDiﬁaT(L)(Mn.L) is homologically stable as n — oco.

0O.1.3 Big mapping class groups

Connected, compact, orientable surfaces are classified by their genus and number of boundary
components; in particular there are countably many such surfaces. If we remove the assumption
of compactness (but still assume second countability and require the boundary to be compact),
surfaces are classified by:

e their genus (which may be a non-negative integer or oo);

e their number of boundary components (a non-negative integer);

e their space of ends E (a space that is homeomorphic to a closed subset of the Cantor set C);
e their space of non-planar ends E,,;, (a closed subset of E).

The classification [Ker23; Ric63] says that homeomorphism classes of surfaces are in one-to-one
correspondence with choices of the above list of data, with the single restriction that E,, = @& if
and only if the genus is finite. In particular, there are uncountably many such surfaces.

A surface has finite type if its fundamental group is finitely generated (this occurs if and only
if both its genus and its space of ends are finite); otherwise it has infinite type. Examples of infinite
type surfaces (without boundary) include:

e the sphere minus a Cantor set (genus zero; E = C; E,,, = @);
e the colimit of the compact surfaces X, 1 as g — oo (infinite genus; E = E,,, = {*});
o the “flute surface” C \ Z (genus zero; E = [0,w], E,p, = 9).

The space of ends in the last example is the closed ordinal space [0, w], in other words the ordinal
w + 1 in the order topology, which is homeomorphic to the subspace {1/n | n € N} U {0} C C.

The mapping class group Map(.S) of a surface S is countable if and only if S has finite type.
Mapping class groups of infinite type surfaces (which are always uncountable discrete groups) are
often called big mapping class groups; a recent survey is [AV20].

0.1.3.1 Homological stability and acyclicity

The degree-one homology (i.e. abelianisation) of big mapping class groups is known in some cases.
For example, if ¥ is a finite type surface and C C ¥ is a subspace homeomorphic to the Cantor
set, the natural map

Map(X \ C) — Map(X)

(given by extending homeomorphisms of ¥ \ C uniquely to ¥) induces an isomorphism on H;(—)
[CC22]. In the special case of the 2-sphere, it is also known that Ho(Map(S? \ C)) = Z/2 [CC21].

In joint work with Xiaolei Wu, we gave the first complete calculation in all degrees of the
homology of certain big mapping class groups. To describe this, we first need to introduce some
constructions.

Definition. Let ¥ be any surface with empty boundary. For n > 1 write (™) for the surface
obtained by removing the interiors of n pairwise disjoint discs from Y. Then:

e B(X) is the result of gluing together infinitely many copies of £(®) in a binary tree pattern;
e £(X) is the result of gluing together infinitely many copies of £() in a linear pattern.

Note that both B(X) and £(X) have one boundary component. Write B(X) and £(3) respectively
to denote the result of filling the boundary component with a disc.
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Examples. Some key examples are:

£(5%) = D? {0}
B(S?) = D>\ C;

£(C) = C\Z (the flute surface);
£(T?) is the colimit of the compact surfaces X, 1 as g — oo (the Loch Ness monster surface).

Theorem K ([PW22b]). For any surface X, the mapping class group Map(B(X)) is acyclic, i.e.

H.(Map(B(%))) = 0.

As a consequence, we also have

H;(Map(B(2) ~ {+})) = § | if i is odd.

— {Z if 1 is even,
In particular, when ¥ = S? the second part of this theorem gives a complete calculation of
the homology of the mapping class group of the plane minus a Cantor set C ~\ C.

A key ingredient in the proof is a homological stability result for big mapping class groups:

Theorem L ([PW22b]). Let A be a connected surface with one boundary component and let ¥ be
a connected surface with empty boundary. Then the sequence of big mapping class groups

Map(AgB(2)")

is homologically stable as n — oo, where § denotes boundary connected sum. The same statement
1s true for the sequence
Map(A5L()™)

under a mild condition on the end space E of X.

The condition on the end space F of ¥ in the above theorem is the following. First notice
that the end space of £(2) is (Fw)™, where Ew denotes the disjoint union of countably infinitely
many copies of £ and (—)T denotes one-point compactification. The condition is that the point at
infinity of (Fw)™ must be topologically distinguished, i.e. not locally homeomorphic to any other
point of (Fw)™. Although this is a mild condition, it is not vacuous: for example, in the case when
E is the Cantor set C, the space (Cw)™ = C is homogeneous, so in particular the point at infinity
is not topologically distinguished.

0.1.3.2 Uncountability

In a contrasting direction, in further joint work with Xiaolei Wu, we have proven that other families
of big mapping class groups have uncountable homology in all positive degrees.

Theorem M ([PW22a]; Chapter 3). Let ¥ be a connected surface with empty boundary. Assume
that 3 has genus zero and that its space of ends has a topologically distinguished point. Then there
is an embedding of graded abelian groups

A (@2) — H.(Map(E(2))),

where ¢ denotes the cardinality of the continuum and A*(—) denotes the exterior algebra over Z on
an abelian group. In particular, the homology of the mapping class group of £(X) is uncountable
in each degree > 1.

In the special case when ¥ = C this theorem proves uncountability in all positive degrees of
the homology of the mapping class group of the flute surface C \ Z.
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Remark. The assumption in Theorem M that the space of ends of 3 has a topologically distin-
guished point is essential. Without this assumption we could set ¥ = S% \. C, in which case

£(s?\0)=S* ¢,

but it is known by [CC21; CC22] that the homology of Map(S? \ C) is not uncountable in degrees
1 and 2 (it is isomorphic to 0 and Z/2 respectively).

We also prove similar uncountability results for certain subgroups of big mapping class groups.
Specifically, for any infinite-type surface S, we prove uncountability in all positive degrees of the
homology of the subgroups 7(S) C PMap,.(S) C Map(S), the Torelli group and the closure of the
compactly-supported mapping class group. See Chapter 3 for more details.

0.2 Fundamental groups of moduli spaces

Fundamental groups of moduli spaces include the classical braid groups B,, = 71 (C,,(R?)) and their
relatives (loop/welded braid groups wB,, = C,,s1(R3?), surface braid groups B, (S) = m1(C,(9)),
etc.) as well as mapping class groups Map(M) = mo(Homeo(M)) = w1 (BHomeo(M)). These
groups are interesting objects in their own right, as well as having connections to knot theory and
to physics via topological quantum field theories.

Understanding the lower central series of a group (and its associated Lie algebra) is typi-
cally a difficult task, but it can lead to a deep understanding of the underlying structure of the
group. Another powerful method of understanding a group is to understand its representations.
In particular, a key question for any group is to know whether it has a faithful representation on a
finite-dimensional vector space — in other words, whether it is linear. This is known to be true for
the classical braid groups [Big01; Kra02] but it is wide open for almost all other braid-like groups
and mapping class groups. In the context of representations of mapping class groups, another
important question is whether they may be extended to define a topological quantum field theory
(TQFT) — in other words, whether they may be defined not just on automorphisms of manifolds
but on a whole cobordism category of manifolds.

I have worked on understanding the lower central series of many different braid-like groups
(including surface braid groups, loop braid groups and generalisations), especially the question of
when the lower central series stops; see §0.2.1. Motivated by the open question of linearity and by
the goal of constructing TQFTs, I have worked on new topological constructions of representations
of (surface) braid groups, loop braid groups and mapping class groups; see §0.2.2.

0.2.1 Lower central series

One of the most basic objects one needs to understand when studying the structure of a group G
is its lower central series G = I'1(G) 2 I3(G) D - - -, defined recursively by

Ii11(G) = [1(G), G = {ghg *h™" | g € [3(G), h € G}.

If G is perfect, its lower central series is completely trivial. On the other hand, if it is
nilpotent or residually nilpotent, the filtration I.(G) and its associated graded Lie ring £, (G) =
P, Ii(G) /I 4+1(G) contain deep information about the structure of G. The lower central series is
also deeply connected to the structure of the group ring of G.

The amount of information one can hope to extract from the study of a lower central series
depends in the first place on whether or not it stops, meaning that there exists an integer ¢ > 1
such that I;(G) = I;41(G). If there is such an integer, then the smallest such integer is the length
of the lower central series of G.

In joint work with Jacques Darné and Arthur Soulié, we give a complete answer to the question
of the length (finite or infinite) of the lower central series of surface braid groups, virtual braid
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groups and loop/welded braid groups, as well as partitioned versions of all of these groups. The
answer depends subtly on the number of strands, how they are partitioned and the topology of the
underlying surface. For example:

Theorem N ([DPS22b]; Chapter 4). Forn > 3, the lower central series of:

B,(S) has length 2 if S C S? or S is non-orientable;

B, (S) has length 3 if S € S* and S is orientable;

B(a.n) (R?) has length co;

B(2,1)(S?) has length vy(n) 4+ 2 + €, where vo(n) is the 2-adic valuation of n and e € {0, +1}.

For a complete answer, see Tables 4.1-4.3 in Chapter 4.

0.2.2 Representations of motion groups and mapping class groups

I have several strands of research concerning (homological) representations of motion groups and
mapping class groups.

The Lawrence-Bigelow representations are an important family of representations of the braid
groups, which were used in the proof [Big01; Kra02] that the braid groups are linear. They come in
many different flavours, and in joint work with Cristina Anghel (§0.2.2.1) we have studied the pre-
cise relationships between these different flavours, for a general class of homological representations
of mapping class groups including the Lawrence-Bigelow representations.

In a sequence of joint work with Arthur Soulié (§0.2.2.2), we have given a unified foundation
for the construction of homological representations of motion groups and mapping class groups,
using a functorial approach. This has yielded new constructions, such as a pro-nilpotent extension
of the Lawrence-Krammer-Bigelow representation and extensions of the Burau representations to
(extended) loop braid groups, as well as polynomiality properties for families of representations.

In joint work with Christian Blanchet and Awais Shaukat (§0.2.2.3), we have constructed non-
commutative analogues of the Lawrence-Bigelow representations for higher-genus mapping class
groups using the representation theory of the Heisenberg group.

0.2.2.1 Lawrence-Bigelow representations

In joint work with Cristina Anghel, we have investigated the fundamental relationships between the
many different flavours of homological representations of mapping class groups — with the Lawrence-
Bigelow representations of the braid groups being our motivating example. Understanding the
relationships between these representations is important for applications in quantum topology (see
for example [Ang20]).

Consider a surface ¥ equipped with a decomposition of its boundary into a “fixed” part and
a “free” part (this specifies which part of its boundary must be fixed by diffeomorphisms). Choose
a local system £ on the configuration space Cx(X) that is preserved by the action of Map(X). For
each k& we then obtain various different homological representations of the mapping class group
Map(X), depending on:

e whether we require configurations to be disjoint from the fized or free part of the boundary;
e the homology theory that we apply: ordinary homology, Borel-Moore homology, homology
relative to the boundary of the configuration space, etc.

For example, if ¥ = ¥ ,,4+1 with n of its boundary-components considered as free and one consid-
ered as fized, we obtain (for an appropriate £) the various different flavours of the Lawrence-Bigelow
representations.

In [AP20], we have established general relationships between these different flavours of homo-
logical representations, expressed in terms of non-degenerate pairings, embeddings and completions.
More concretely, we have also defined free generating sets for each of the representations under
consideration, and described the corresponding matrices of these pairings and embeddings.
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0.2.2.2 Unified topological construction

In joint work with Arthur Soulié, we have given a unified foundation for the construction of homo-
logical representations of motion groups and mapping class groups. Namely, we define homological
representation functors encoding a large class of homological representations, defined on categories
containing all motion groups and mapping class groups in a fixed dimension d. These source cat-
egories are defined using a topological enrichment of the Quillen bracket construction applied to
categories of decorated manifolds. This unifies many previously-known constructions, including
those of Lawrence-Bigelow, and yields many new representations. The construction depends on
four parameters:

e a closed submanifold Z C R? and open subgroup G < Diff(2);
e a functorial quotient of groups Q;
e an integer ¢ > 0.

For example, the family of Lawrence-Bigelow representations depends on an integer k > 1;
our construction (for d = 2) recovers this in the case when:

e 7 is the 0-dimensional manifold {1,...,k} and G = &y;
e () is the abelianisation functor;
o =k

In higher dimensions d > 3, it is especially interesting to consider higher-dimensional submanifolds
Z C R4, for example in the case of the loop braid groups.

An important choice of functorial quotient of groups is @@ = Iy for an integer £ > 2: this is
the universal (£ — 1)-nilpotent quotient, generalising the abelianisation functor.

Theorem O ([PS19]). For a set of parameters {Z,G,Q,i} as above, the action of motion groups
and mapping class groups on the twisted homology of certain embedding spaces determines functors

Li(F(2,6,Q): (Go, Mo) — Modyjg), (0.14)

where Q denotes a group built out of the deck transformation groups of the regular covering spaces
corresponding to the coefficients in the twisted homology. There is also a universal quotient QU
of the group Q, together with functors:

LZ(./—'.(uélfGVQ)) <QO,MO> — MOdz[Qunt]. (015)

The domain (G, M,) is a Quillen bracket category of decorated d-manifolds. The superscript
™ in (0.14) denotes an enlargement of the module category to a category of twisted modules. The
functor (0.14) therefore restricts to twisted representations of motion groups and mapping class
groups, whereas the functor (0.15) restricts to untwisted representations.

Pro-nilpotent Lawrence-Krammer-Bigelow representation. By fixing the three parame-
ters {Z, G, i} and considering Q = Iy for all £ > 2 simultaneously, we construct pro-nilpotent towers
of representations of classical braid groups, surface braid groups and (extended and non-extended)
loop braid groups. (Some of the non-stopping results for lower central series from §0.2.1 are crucial
for this construction.) In particular, we prove:

Theorem P ([PS22b]). There is a pro-nilpotent tower of representations of the classical braid
groups B, whose £ = 2 layer is the Lawrence-Krammer-Bigelow representation.

The limit as [ — oo of this tower of representations is a representation of B,, defined over the
integral group ring Z[RB5], where RB3 is the two-strand ribbon braid group. Since RBy = Z? % Z,
this gives a non-commutative 3-variable enrichment of the classical Lawrence-Krammer-Bigelow
representation. Moreover, in [PS22b], we also compute explicit matrices over Z[RBs] describing
the actions of the standard generators o; of B,, for this 3-variable representation.
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Burau representations of loop braid groups. As a special case of Theorem O, we obtain a
topological construction of Burau representations of the loop braid groups wB,, and the extended
loop braid groups wB,,. These each come in an unreduced version and a reduced version. In
Chapter 5 we give an explicit, more concrete construction of each of these representations, describe
free generating sets for their underlying modules and compute the corresponding matrices of the
representations. Three of these four representations are not surprising, and one could easily guess
the correct matrices to assign to generators. However, the fourth is more subtle, and does not
seem combinatorially obvious, although its topological construction is very natural:

Theorem Q ([PS22a]; Chapter 5). The reduced Burau representation of the extended loop braid
group WB,,, defined over the ring S = Z[Z/2] = Z[t*']/(t> — 1), acts on generators as described in
Table 5.1 on page 158.

Polynomiality. The structure of the domain category (G, M,) of the homological representa-
tions functors of Theorem O means that there is a notion of polynomiality for functors of this form.
For a wide range of homological representation functors produced by Theorem O — including those
encoding the Lawrence-Bigelow representations of the braid groups — we prove in [PS23] that they
are polynomial. This has applications to twisted homological stability as well as to understanding
the structure of the representation theory of these families of groups.

0.2.2.3 Heisenberg homology and representations of mapping class groups

In joint work with Christian Blanchet and Awais Shaukat, we have constructed analogues of the
Lawrence-Bigelow representations (of the braid groups) for the mapping class groups Map(X4 1)
for ¢ > 1. To do this, we first show that for each n > 2 there is a natural quotient

¢: Bu(Zg1) —» H(Xg1), (0.16)

where the Heisenberg group H(X41) is the central extension of H;(X, ) classified by the inter-
section form. This determines a local system L, defined over the group ring Z[H(X, )], on the
configuration space Cy,(X4,1). We also show that the kernel of (O.16) is preserved by the action
of Map(X, 1), which implies that there is a well-defined action ®: Map(X, 1) — Aut(H(X,,1)).

Notation. For any representation p: H(X4,1) = Autr(V) and automorphism 7 € Aut(H(3,,1))
we denote by ,V the T-twisted representation p o 7. Write E;’l for the non-compact surface given
by removing one point (equivalently, a closed interval) from the boundary of ¥ ;.

Theorem R ([BPS21]). For any n > 2 and representation V of H(X,,1) over R, there is a twisted
representation of Map(Xg41) on the collection of Borel-Moore homology R-modules

Va(oV) = (Va(V) = HPM(Cu(S),,); L@ V) for 7€ Aut(H(Zg1))} (0.17)

where each f € Map(¥y,1) acts by Vo (ron(p)V) = Val(-V).

This is a twisted representation since it involves a collection (O.17) of R-modules, rather than

a single R-module. Although the modules in this collection are all mutually isomorphic, they are

not canonically isomorphic. Upgrading (O.17) to an untwisted (genuine) representation requires a
consistent choice of identifications

roa(f)V = .V (0.18)

of coefficients for all f and 7. For certain choices of V' this is possible:

Theorem S ([BPS21]). In the special case when V is the Schrodinger representation Vgen, if we
pass to the stably universal central extension of Map(X, 1), then there are consistent identifications
(O.18) and hence, for each n > 2, an untwisted unitary representation

Map(E,1) — U(Vn(Vaen))-
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When V is the regular representation Z[#H (X, 1)] we prove an upper bound on the kernels of
the twisted representations (O.17) of Theorem R.

Theorem T ([BPS21]). The kernel of the twisted representation V,, (e Z[H(X4,1)]) of Map(Xg.1) is
contained in the intersection of the Magnus kernel and the nth term of the Johnson filtration.

In the special case when g = 1 and n = 2, we also compute explicit matrices for the action of
the twisted representation Vo (oZ[H(21,1)]) of Map(X;,1) = B3 over the non-commutative ground
ring Z[H(31 1)] & Z[uF{a*t, b%) /(ab = u?ba).

Untwisting on the Torelli group. In more recent work, we have proven a general untwisting
result for the twisted representations (O.17) of Theorem R after restricting to the Torelli group:

Theorem U ([BPS23]; Chapter 6). For any representation V of the Heisenberg group H(X,.1),
if we restrict to the Torelli group T(X4,1) € Map(34,1), the twisted representation (O.17) may be
untwisted to obtain, for each n > 2, a genuine, untwisted representation

T(Eg,1) — Autgr(Vn(V)).
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Chapter 1

Homology stability for asymptotic
monopole moduli spaces

The results of this chapter have been published as [PT23] in joint work with Ulrike Tillmann.

Introduction

The topology of the moduli spaces of magnetic monopoles My, has been the subject of intensive
study for many decades. By a theorem of Donaldson [Don84], they have a model as spaces of
rational functions on CP'. Via this model, their homotopy and homology groups are known to
stabilise as k — oo by a theorem of Segal [Seg79] and their homology (both stable and unstable)
was completely computed by [Coh™91] in terms of the homology of the braid groups, which is
completely known [CLMT76].

The moduli spaces M}, are non-compact manifolds. Recently, a partial compactification of
M, has been constructed by Kottke and Singer [KS22] by adding certain boundary hypersurfaces
Ty to My, indexed by partitions A = (k1,..., k) of k.

Points in these boundary hypersurfaces are thought of as “ideal” monopoles of total charge
k, with r “clusters” centred at different points in R®, with charges ki, ..., k,, which are “widely
separated” but nevertheless interact.

Our main theorem proves a homology stability result for these ideal monopole moduli spaces
as the number of clusters of a fixed charge ¢ > 1 goes to infinity:

Theorem 1.A. Fix a positive integer ¢ and a tuple A = (ki,...,k.), of fized length r, of positive
integers k; # c. Write \[nl. = (k1,...,kr,c,...,¢), where ¢ appears n times. There are natural
stabilisation maps

). — Iant1]. (1.1)

that induce isomorphisms on homology in all degrees < n/2—1 with Z coefficients and in all degrees
< n/2 with field coefficients.

We also prove an analogous result for moduli spaces of framed Dirac monopoles (in other words
Gibbons-Manton torus bundles; see §1.1.2 for the definitions) and, more generally, Gibbons-Manton
Z-bundles for any sequence Z of path-connected S'-spaces; see Theorems 1.3.1 and 1.3.9.

These results follow from a general homology stability result (Proposition 1.2.3) for unordered
configuration spaces with non-local parameters. Homology stability for configuration spaces whose
points are labelled by elements of a fixed space X is well-known; these are configuration spaces with
local parameters. However, the ideal monopole moduli spaces Zy are non-local. The key observation
in §1.2 is that homology stability only requires the parameters associated to a configuration to

17
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satisfy much weaker properties, which allows us to consider interesting non-local parameters. In
[PT21], we recently proved a different homology stability result for non-local configuration spaces,
namely for configuration-section spaces; this encouraged us to try to prove homology stability also
in the context of ideal monopole moduli spaces. Proposition 1.2.3 is the abstract general result
that applies in our situation in the present chapter. Though similar in nature, it neither is implied
by nor implies the homology stability result in [PT21].

Outline. We first recall some background on moduli spaces of magnetic monopoles in §1.1: first
on the moduli spaces themselves in §1.1.1 and then on their partial compactifications introduced
by [KS22] in §1.1.2, whose boundary hypersurfaces are the ideal monopole moduli spaces. In
§1.2 we then prove a general homology stability result for configuration spaces equipped with
“non-local” data, deducing it from twisted homological stability for configuration spaces [Pall8b]
(see also [Kral9]). In §1.3 we apply it to prove our main theorem, homology stability for ideal
monopole moduli spaces, as well as an extension (Theorem 1.3.9) to Gibbons-Manton Z-bundles
more generally.

1.1 Monopole moduli space and boundary hypersurfaces

1.1.1 Monopole moduli space

We briefly recall from [AHS88| some different monopole moduli spaces and the relations between
them.

A magnetic monopole on R3 is a pair consisting of a connection A on the trivial principal
SU(2)-bundle on R? together with a field ¢ taking values in the associated Lie algebra su(2).
Fixing a framing, these may be viewed, respectively, as a smooth 1-form and a smooth function on
R3 taking values in su(2), which we may identify topologically as su(2) = R3. These data A and ¢
must satisfy the Bogomolny equations and a certain finiteness condition; see [AH88, pp. 14-15] for
details. This finiteness condition implies that ¢(x) # 0 for |z| sufficiently large, so the restriction
of ¢ to R3 \ Br(0) takes values in su(2) \ {0} for R > 0. The degree of this map is the charge
of the monopole, and is always positive. The set of all magnetic monopoles of charge k > 1, up to
gauge equivalence (automorphisms of the trivial bundle R? x su(2) — R3), suitably topologised,
is the monopole moduli space Ny,. A slight variation of the construction, quotienting by a smaller
gauge group, yields a different space My, related to A} by a principal S*-bundle

My, —>Nk-=./\/ik/51. (1.2)
Translation of solutions to the Bogomolny equations in R? also defines a principal R3-bundle

Nk —)M%ZNk/R?’. (1.3)

The spaces My, and MY admit the structure of hyperKéhler manifolds of dimensions 4k and
4k — 4 respectively. For charge k = 1 we have M{ = pt (and M; = S x R?) and for k = 2, the
4-manifold M9 is known as the Atiyah-Hitchin manifold and has been studied in detail in [AHSS].

By [Don84], My, is homeomorphic to the space Ry, of degree-k rational self-maps of CP! that
send oo to 0. Thus, it is also homeomorphic to the space R}, of degree-k rational self-maps of CP!
that send co to 1. The points of the space Rj may conveniently be described as pairs (p,q) of
coprime monic polynomials with coefficients in C, both of degree k. Identifying these polynomials
with their sets of roots, we obtain a natural embedding

R, — SP*(C) x SP*(C)

whose image consists of all pairs (A4, B) of multi-subsets of C that are disjoint. On the other hand,
the space Ry, is convenient in that the circle action is easy to see: under the isomorphism M = Ry,
the circle action is given simply by multiplying rational self-maps of CP* by .
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The fundamental group of My, is Z, by [Seg79, Proposition 6.4]. Also, by [AH88, chapter 2],
the fundamental group of Ny is Z/k and the projection map (1.2) induces the reduction-mod-k
map Z — Z/k. Tt follows from the long exact sequence that (1.2) induces isomorphisms on 7; for
all i > 2, so My, and N} have the same universal cover, up to homotopy equivalence, which is
denoted by A.

There are stabilisation maps My — Mj,1, which may be defined under the isomorphism
My =2 Ry by adding to a given rational self-map a new zero and a new pole “far away” from the
origin. (This is not invariant under the circle action, so it does not descend to a stabilisation map
on the moduli spaces NVj.) The stabilisation maps My, — My induce isomorphisms on homotopy
groups (and hence also homology groups) in a stable range, by [Seg79]. Lifting to universal covers,
it follows that there are also stabilisation maps Xy — Xj1 that induce isomorphisms on homotopy
(and homology) groups in a stable range.

By the main theorem of [Seg79], the homotopy colimit of the stabilisation maps M; —
M1 — -+ is weakly equivalent to Q352 Thus the stable homology of My is the homology of
0252 and the stable homology of X} is the homology of the universal cover of Q3S2. Moreover,
the unstable homology of My, (i.e. its homology outside of the stable range) is also known: by the
main result of [Coh™91; Coh™93], the homology of Mj, is isomorphic to the group homology of
the braid group Bsaj, which is completely computed [CLM76]. The rational unstable homology
of X}, has also been computed by [SS96], and is significantly more complicated than the rational
unstable homology of My: the rational homology H,(My;Q) is the same as that of the circle,
so it has total dimension 2, whereas [SS96] shows that the rational homology H.,(X); Q) has total
dimension k, concentrated in degrees of the form 2(k — d) where d is a divisor of k.

Notation 1.1.1. The principal bundles (1.2) and (1.3) arise from a principal (in particular free)
action of the product S* x R? on on M. If we first quotient by R? (Euclidean translations) we
obtain a principal R3-bundle

My — M§ = My /R3. (1.4)
In particular, we have a homotopy equivalence M, ~ M;,. (The superscript ¢ stands for centred
monopoles.) The quotient M¢, is a (4k—3)-dimensional manifold and there is a principal S Lbundle

MG — MY = MG/St = Ny /R, (1.5)

1.1.2 Boundary hypersurfaces

Kottke and Singer [KS22] have constructed a partial compactification of M§, ~ M, of the form
M, =| |5 (1.6)
A

with strata indexed by sequences A = (k1, ..., k) of positive integers that sum to k. The stratum

—C —C
ZI{y) is the interior M of M, and the union of all strata Z§ for A # (k) is the boundary of M.
Points in Z§ are called centred ideal monopoles associated to the partition A.

We will not recall here the construction of Z§ in [KS22]; instead we will take an alternative
characterisation of Z§ to be its definition (see Definitions 1.1.6 and 1.1.12 and Remark 1.1.13). To
begin with, we recall the definitions of ordered and unordered configuration spaces.

Definition 1.1.2. For any space M, let us write F.(M) = {(v1,...,v,) € M" | v; # v; for i # j}
for the ordered configuration space of r points in M, topologised as a subspace of the product M".
We also write C.(M) = F.(M)/%, for the unordered configuration space of r points in M.

Recall (see for example [FHO1, Theorem V.1.1]) that the degree-(d — 1) cohomology of F.(R)
is given by:

H" Y F.RY;2) = Z{a;; | 1<i<j<r}, (1.7)
where «;; is the pullback of a generator of H4~1(S971;Z) along the map ¢;;: F.(R%) — S~ given
by the formula
Ty — Xy

X (‘Tlv 7xr) |$z — le
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Since principal S'-bundles over a space X are classified by H?(X;Z), this means that principal
S'-bundles over F,(R3) are classified by integer linear combinations of the a;;. (One dimension
lower, the same data classifies principal Z-bundles over F;.(R?), in other words regular coverings
of F,.(R?) with infinite cyclic deck transformation group.)

Definition 1.1.3 ([KS22, Definition 4.6 and the paragraph preceding it]). For a sequence of

integers A = (ki,...,k,), the corresponding Gibbons-Manton circle factors are the principal S!-
bundles

Sy; — Fo(R%),
for j € {1,...,r}, corresponding to the element Zie{lﬁ___ﬂ,}y#j k;.ci;;, where we define a;; = —aj;
if i > j. The Gibbons-Manton torus bundle weighted by A is the principal T"-bundle

T
T =P S — F(R?). (1.8)
j=1

A point in Sy ; may be thought of as an ordered configuration together with a non-local circle
parameter encoding the interaction of the jth particle with all other particles, weighted by A.
A point in 7, may similarly be thought of as an ordered configuration together with r non-local
circle parameters, each encoding the interaction of one of the particles with all of the others (again,
weighted by A).

Definition 1.1.4. The symmetric group ¥, acts on F,.(R®) by permuting the particles. Let
Y) < X, be the stabiliser of A = (k1,...,k,) € Z" under the obvious permutation action of ¥, on
Z". Then the action of ¥\ on F,.(R3) lifts to a well-defined action on 75. The Gibbons-Manton

configuration space is the quotient space Ty = 7~'>\ /. Note that there is a principal T"-bundle
T — F(RY)/5,. (1.9)

In particular, when k1 = ko = --- = k., we have ¥, = X, and 7, is a principal T"-bundle over the
unordered configuration space C,.(R3).

Remark 1.1.5. One may make analogous definitions for Euclidean spaces R? in general, replacing
S = K(Z,1) with K(Z,d — 2), so that T, is a principal K(Z,d — 2)"-bundle over F,(R?). For
example, when d = 2, it is a regular covering space with deck transformation group isomorphic to
Z". In particular, for d =2 and A = (1,1,...,1), it is the regular covering space corresponding to
the homomorphism

or: m(F.(R?)) = PB, — Z"

that records, for each 1 < i < r, the total winding number of the ith strand of a given pure
braid around the other » — 1 strands. This is a disconnected covering with components indexed
by coker(¢p,); each connected component is a classifying space for the subgroup ker(yp,) < PB,
consisting of those pure braids b where each strand of b has zero total winding number around the
other r — 1 strands:
| | Blker(e,)) — F.(R?).
coker(py)

Definition 1.1.6. The moduli space of ideal monopoles of weight A is defined as follows. Recall
that the monopole moduli space My, is equipped with a circle action. The product My, x---x M,
is therefore equipped with an action of the torus T". We define 7, to be the total space of the
fibre bundle associated to the principal T"-bundle 7, by changing the fibre to My, x --- x My, .
In other words, it is the Borel construction

f)\ = 7:)\ X (Mkl X X ./\/lkr) — FT(RJ)

We then define 7, = f,\ /3, where X acts diagonally on 7~j\ (see Definition 1.1.4) and on the
product My, x -+ x My . The moduli space of ideal monopoles of weight A is this space Zy. It is

the total space of a fibre bundle
m: Iy — F.(R%)/%) (1.10)

with fibre Mg, x -+ x My, .



1.1. Monopole moduli space and boundary hypersurfaces 21

Remark 1.1.7. This is not yet the boundary stratum Z§ constructed by [KS22] in their partial
compactification of M$, since it has the wrong dimension. Recall that the dimension of M§ is
4k — 3, so its boundary strata must have dimension 4k — 4, whereas the dimension of Z is 4k + 3r.
The definition of Z§ is similar to that of Z, (and these two spaces are homotopy equivalent; see
Remark 1.1.10), using the centred moduli spaces My, instead of My, and using a centred version
of the configuration space, which we define next.

Definition 1.1.8. The ordered centred configuration space F¢(R?) C F,.(R?) is defined to be the
space of all ordered configurations (x1,...,z,) in F,.(R?®) such that

Zx =0 and im\z =1 (1.11)
=1 =1

and has dimension 37 — 4. The unordered version C¢(R?) C C,.(R3) is defined similarly and we
have C¢(R3) = F¢(R3)/%,.

Definition 1.1.9. The moduli space of centred ideal monopoles of weight A is defined as follows.
Analogously to Definition 1.1.6, consider the Borel construction

5 = T xr (M5, x - x M5, ) — FE(RY),

where T¢ is the restriction of T — F,.(R3) to FS(R3) C F,.(R?). We then define T§ = /%,
which is the total space of a fibre bundle

7 IS — FS(R3) /T, (1.12)
with fibre Mg x - x Mj .

Remark 1.1.10. Since the inclusion F¢(R3) C F,.(R3) and the projection (1.4) are homotopy
equivalences, we also have

)C\ ~ I,\.
They are therefore interchangeable when studying their homotopical properties individually. How-
ever, they are not homeomorphic, and Z§ (rather than 7) is the boundary stratum corresponding

to A in the partial compactification of [KS22]. Note that the space Z§ has the correct dimension,
namely (3r —4) + >0, (4k; —3) =3r — 4+ 4k — 3r = 4k — 4.

However, since we focus in this chapter on the homological properties of Zy, the difference
between 7, and Z§ will not be relevant to us.

Terminology 1.1.11. When A = (1,1,...,1), the moduli space Z, is called the moduli space of
widely separated magnetic monopoles. This terminology follows the intuition that points z € I
should be thought of as monopoles of total charge k, with r different “clusters” centred at the points
m(x), with charges k;, which are “widely separated” but nevertheless interact: these interactions
are encoded in the structure group 77 of the bundle (1.10).

Definition 1.1.12. The moduli space of framed Dirac monopoles of weight X\ is the Gibbons-
Manton configuration space T of Definition 1.1.4, which has the total space of the Gibbons-Manton
torus bundle (1.8) as a finite covering.

Remark 1.1.13 (On definitions.). Definitions 1.1.6 and 1.1.12 are not precisely the definitions
given in [KS22]. By [KS22, Theorem 4.9], the moduli space of ideal monopoles of weight A —
according to their definition — is equivalent to the space denoted by fA in Definition 1.1.6. However,
as pointed out in [KS22] (see the Remark on page 53), this is not the correct space to form
the boundary hypersurfaces of the compactification My, of My, and one should instead pass to
the quotient space Zy = Z,/X. We have therefore made this replacement in Definition 1.1.6.
(The difference between T and its finite covering space 7, is not significant in [KS22] since they
are interested primarily in studying the geometry of these spaces locally.) Similarly, by [KS22,
Proposition 4.8], the moduli space of framed Dirac monopoles of weight A\ — according to their
definition — is equivalent to the total space T of the Gibbons-Manton torus bundle (1.8). For the
same reasons as above, we instead consider the moduli space of framed Dirac monopoles to be the
quotient space Ty = Tx/2x (Definition 1.1.12). Henceforth, we treat Definitions 1.1.6 and 1.1.12
as the definitions of the ideal and framed Dirac monopole moduli spaces respectively.
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Remark 1.1.14. Another small difference between our definition and that of [KS22] concerns the
action of the symmetric group X,. In [KS22], the ordered centred configuration spaces (cf. Defini-
tion 1.1.8) are defined in a slightly asymmetric way, which does not allow for taking a quotient by
¥ (as we do above), since they single out one point of the configuration to lie at 0 € R®. We have
modified the definition to be more symmetric by instead requiring the centre of mass to lie at 0.
This does not change the homeomorphism type of the centred ordered configuration space and it
has the advantage of having a natural action of the full symmetric group X,, not just ¥,_1.

Remark 1.1.15. When k = 1, the monopole moduli space M$, as an S'-space, is simply S*
itself. Thus, according to Definition 1.1.6, we have Z(; .. 1) = 7(1,...,1)- The moduli space of widely
separated magnetic monopoles Z(; . 1y (cf. Terminology 1.1.11) is therefore the quotient of the

.....

total space of the Gibbons-Manton torus bundle 7~'(17___71) by the symmetric group X,.

Remark 1.1.16 (Higher codimension boundary strata.). The space (1.6) is only a partial compact-
ification of My: it is a manifold with boundary whose interior is My, but it is still non-compact. In
a recent preprint [FKS18], a full compactification of My, is proposed,! which is a smooth manifold
with corners that recovers the partial compactification My, if one discards corners of codimension
greater than 1. It would be interesting to extend our study of the homology of Z, to the deeper
boundary strata of this full compactification.

1.2 Homology stability for configurations with non-local
data

The goal of this section is to prove Proposition 1.2.3, which gives sufficient conditions that im-
ply homology stability for configuration spaces equipped with additional (possibly “non-local”)
parameters.

Labelled configuration spaces, where each separate point of a configuration is equipped with a
label taking values in a fixed space, are the most obvious examples of this setting — we refer to these
as configuration spaces with local data, since the labels are associated to individual points of the
configuration. However, the key observation of this section is that the proof of homology stability
requires only weaker properties of the parameters, which are satisfied also in other interesting,
non-local settings.

In particular, in §1.3 we will apply this to our key motivating example of non-local con-
figuration spaces, Gibbons-Manton torus bundles and moduli spaces of ideal monopoles, where
the parameters are genuinely non-local, encoding the pairwise interactions of the points of the
configuration.

For the general setting of non-local configuration spaces, let us consider a connected manifold
M with non-empty boundary and denote its interior by M. We first recall the definition of the
stabilisation maps between the ordered and unordered configuration spaces F), (M) and C,,(M)
(see Definition 1.1.2).

Definition 1.2.1. Choose a collar neighbourhood of M, in order words an open neighbourhood
U of OM and an identification ¢: U = M x [0, 1) that restricts to p(p) = (p,0) for p € OM C U.
(This exists by [Bro62].) Let M be the result of thickening the collar neighbourhood, i.e. the union
of M and OM x (—1,1) along the identification ¢. Also, choose a diffeomorphism (—1,1) = (0,1)
that restricts to the identity on (1 — ¢, 1) for some ¢ > 0. Taking the product with the identity

on OM and extending by the identity on M ~\ U, this determines a diffeomorphism 6: M =~ M.
Finally, choose a basepoint * € QM. These choices determine a stabilisation map

Fo(M) — Fyia (M) (1.13)

between ordered configuration spaces on M by adjoining the point (x, —%) €Mtoa configuration
in M and then applying the diffeomorphism 6 to each point, i.e. the configuration (pi,...,p,) is

L Although full details of its (recursive) construction are deferred to forthcoming work of the same authors.
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sent to (8(p1),...,0(pn),0((*,—2%))). This evidently respects the actions of the symmetric groups
on F, (M) and on FnH(M ), so it also descends to a stabilisation map at the level of unordered
configuration spaces:

Cr(M) — Cpia (M), (1.14)

as well as intermediate quotients between ordered and unordered configuration spaces, namely:
Fo(M)/G — Fpa(M)/H (1.15)

for any subgroups G C ¥,, and H C ¥, such that the natural inclusion ¥, — ¥, 41 takes G
into H.

Remark 1.2.2. Up to homotopy, the stabilisation maps (1.13) and (1.14) depend only on the
choice of boundary-component of M containing the basepoint . These maps (or maps homotopic
to them) were introduced in [McD75, §4] and [Seg79, Appendix]; see also [Ranl13, §4] or [Pall8b,
§2.2].

Let us now consider the sequence
= Ch(M) — Cpy1 (M) — - (1.16)
given by the stabilisation maps (1.14) and let
-—E, — FE,41 — - (1.17)
be another sequence of spaces and maps, equipped with fibrations
fn: En — Cp(M) (1.18)

making the evident squares commute. Also choose basepoints ¢, € C,, (M) compatible with the
stabilisation maps (1.16).

Proposition 1.2.3. Fir path-connected spaces Y and Z and suppose that f;'(c,) = Z" x Y for
all n. Fiz a basepoint x € Z. Moreover, we assume also that

e the monodromy 71 (Cp(M)) — hAut(Z™ x Y') of (1.18) is the projection onto the symmetric
group followed by the obvious permutation action on the factors of the product Z™;

e the restriction Z" XY — Z"tL x Y of the lifted stabilisation map (1.17) to fibres over
basepoints is the natural inclusion (z1, ..., 2n,Y) — (%, 21, -« Zn, Y).

Then the sequence (1.17) is homologically stable: the map E, — E,11 induces isomorphisms on
homology in all degrees < n/2—1 with Z coefficients and in all degrees < n/2 with field coefficients.

Example 1.2.4. One source of examples of fibrations (1.18) over configuration spaces Cp, (M)
equipped with lifted stabilisation maps (1.17) that satisfy the two conditions of Proposition 1.2.3
is configuration spaces with local data. This means that we choose a fibration f: E — M with
path-connected fibres, where M = int(M), trivialised over a disc D C M. Then we set

En={{y1,...,yn} € Cu(E) | f(yi) # f(y;) for i # 5},

the space of unordered configurations in M where each point z of the configuration is equipped
with a label y € f~!(z). In this setting, the space Z is the fibre of f over * € D. The data in this
example is “local” in the sense that each label is associated to a single point in the configuration.

However, there also exist labelling data (1.18) and (1.17), satisfying the two conditions of
Proposition 1.2.3, that do not arise in this way. We will call these “non-local” data:

Definition 1.2.5. A system of configuration spaces equipped with non-local data is a choice of
(1.18) and (1.17) that do not arise as described in Example 1.2.4 above.

Remark 1.2.6. Proposition 1.2.3, in the setting of configuration spaces with local data, is well-
known: see [KM18, Appendix A] or [CP15, Appendix B|. The point of this section is to observe
that it also holds in a more general setting, requiring just the two assumptions of Proposition 1.2.3,
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which includes also configuration spaces with non-local data. We will see in §1.3 that asymptotic
monopole moduli spaces are examples of configuration spaces with non-local data: this is our key
motivating example. We note, on the other hand, that configuration-mapping spaces, considered
in [PT21], are in general not examples of configuration spaces with non-local data in the sense
of Proposition 1.2.3, as the associated monodromy action does not in general factor through the
symmetric group. See [PT22, §9] for a detailed study of the monodromy action for configuration-
mapping spaces.

In order to prove Proposition 1.2.3, we first need to recapitulate some definitions and results
from [Pall8b]. Recall that we are considering a connected manifold M with non-empty boundary
whose interior we denote by M. Associated to this manifold there is a certain category B(M),
the partial braid category on M, whose objects are non-negative integers {0,1,2,...} and whose
morphisms are “partial braids” in M x [0, 1]; the precise definition is given in [Pal18b, §2.3].> This
category comes equipped with an endofunctor S that acts by 4+1 on objects as well as a natural
transformation ¢: id = S.

Definition 1.2.7 ([Pal18b, Definitions 2.2 and 3.1]). A twisted coefficient system for the sequence
(1.16) of unordered configuration spaces on M, defined over a ring R, is a functor T: B(M) —
R-Mod. The degree of a twisted coeflicient system T, taking values in {—1,0,1,2,3,...} U{oo}, is
defined recursively by setting deg(0) = —1 and declaring that deg(T") < d if and only if deg(AT') <
d — 1, where AT is the cokernel of the natural transformation Tv: T = T'S.

Remark 1.2.8. In [Pall8b], the ground ring R is always assumed to be Z, but everything gener-
alises directly to an arbitrary ground ring R.

For any twisted coefficient system 7', the morphisms ¢, : 7 — Sn = n+1, which between them
constitute the natural transformation ¢, induce homomorphisms T'(n) — T'(n + 1). Together with
the stabilisation maps (1.16), these induce homomorphisms

H.(C,(M);T(n)) — H.(Cpny1(M);T(n+1)) (1.19)
of twisted homology groups. The main result of [Pall8b] is the following.

Theorem 1.2.9 ([Pall8b, Theorem A)). If T is a twisted coefficient system for (1.16) of degree
d, then the map of twisted homology groups (1.19) is an isomorphism in the range of degrees
* < 2(n—d).

An important family of examples of finite-degree twisted coefficient systems are defined on the
category FI#,® which is the category whose objects are non-negative integers and whose morphisms
from m to n are the partially-defined injections from {1,...,m} to {1,...,n}. For any manifold
M, there is a canonical functor fyr: B(M) — FIf, so any functor FIf — R-Mod determines a
twisted coefficient system for any manifold M.

Construction 1.2.10 (A generalisation of [Pal18b, Example 4.1]). Choose path-connected spaces
Y, Z and a basepoint * € Z. Also choose an integer ¢ > 0 and a field K. There is a functor

TZ,Y,q,F: Flﬂ — K-Mod (120)

that acts on objects by n +— Hy(Z" x Y;K) and, on morphisms, sends each partially-defined
injection j: {1,...,m} --» {1,...,n} to the map on homology induced by the map Z™ x Y —
Z" x'Y defined by (21,...,2m,¥y) = (2-1(1),-+»2Zj-1(n),¥). Notice that j (i) is either a single
element or empty; for the latter case, we interpret zy to mean the basepoint x of Z.

Lemma 1.2.11. For any manifold M, the twisted coefficient system
Tzy,qr © fa: B(M) — K-Mod (1.21)

given by composing (1.20) with the canonical functor fyr: B(M) — FIf has degree at most q.

2In [Pall8b], the theory is developed more generally for configuration spaces with (local) labels in a space X.
We will not need this level of generality here, so we will suppress it (equivalently, we take X to be the one-point
space).

3 This is denoted ¥ in [Pall8b], but we use the more common notation FI4.
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Proof. When Y is the one-point space, this is [Pall8b, Lemma 4.2]. The extra factor of Y in the
product does not affect the proof at all (as long as Y is path-connected), so the proof of the general
case is identical to that of [Pall8b, Lemma 4.2]. O

This completes our recapitulation of the necessary definitions and results of [Pall8b], and we
may now complete the proof of Proposition 1.2.3.

Proof of Proposition 1.2.3. We will take field coefficients and prove homological stability up to
degree n/2. This will automatically imply homological stability up to degree n/2 — 1 with integral
coefficients (and hence any untwisted coefficients), via the short exact sequences of coefficients

1= Z/(p") — Z/(p") — Z/(p) — 1 and 1-7Z—Q—Q/Z—1

and the fact that Q/Z decomposes into the direct sum of colim, (Z/(p™)) over all primes p.

We therefore consider the Serre spectral sequence, with coefficients in a field K, associated
to the fibration (1.18) and the map of Serre spectral sequences induced by the stabilisation maps
downstairs (1.16) and upstairs (1.17). The map of E? pages is of the form

Hy(Ci(M); Hy(Z" X Y; K)) — Hp(Cpy1(M); Hy(Z" x YV; K)). (1.22)

The first assumption of the proposition implies that the local coefficients appearing in the source
and target of (1.22) are precisely those arising from the twisted coefficient system (1.21). The
second assumption implies that the map (1.22) is precisely the one induced by the stabilisation
maps (1.16) together with the morphisms +1: n — n + 1 of FI; thus it is the map (1.19) for
T = (1.21). By Lemma 1.2.11, this twisted coefficient system has degree at most ¢q. Hence
Theorem 1.2.9 implies that (1.22) is an isomorphism for all p < %(n — ¢), in particular for all
p+q < n/2. A spectral sequence comparison argument then implies that the map on H,(—; K)

induced by E,, — E, 1 is an isomorphism in degrees x < n/2. O

Remark 1.2.12. One may prove Proposition 1.2.3 using the twisted homological stability result
[Kral9, Theorem D] instead of the twisted homological stability result [Pall8b, Theorem A], al-
though this results in a range of degrees one smaller, namely n/2 — 1 for field coefficients and
n/2 — 2 for integral coefficients.

Remark 1.2.13. The map (1.22) of E? pages of Serre spectral sequences is split-injective in
all degrees by [Pall8b, Theorem A]. However, this does not in general imply split-injectivity in
the limit, so we cannot deduce from this that F,, — F, 1 induces split-injections on homology.
Anticipating Remark 1.3.7, there are obstructions to proving split-injectivity on homology for
configurations with non-local data, in contrast to the case of ordinary configurations and twisted
homology.

1.3 Homology stability for asymptotic monopole moduli

spaces
Fix a positive integer ¢ and a tuple A = (kq,...,k,) of positive integers that sum to k. Denote
by A[n]. the tuple (ki,...,kr,c,...,c), where there are n appearances of c. For simplicity we will

assume that k; # ¢ for each 4 (if this is not the case we may simply remove these entries from A
and increase n appropriately). Our main theorem is the following.

Theorem 1.3.1. There are natural stabilisation maps
’T/\[n]c — 7j\[n+1]c and I)\[n]u — I/\[n-i-l]c (1.23)

that induce isomorphisms on homology in all degrees < n/2—1 with Z coefficients and in all degrees
< n/2 with field coefficients.
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We first prove Theorem 1.3.1 for the Gibbons-Manton configuration spaces Ty[,), in §1.3.1.
We then show in §1.3.2 that homological stability is preserved in general when replacing each
circle factor in the torus fibre of 7y,), with another space that is equipped with a circle action.
In particular, we deduce the second part of Theorem 1.3.1, since moduli spaces of ideal monopoles
T\[n). are special cases of this construction.

1.3.1 Gibbons-Manton torus bundles

Recall that the Gibbons-Manton torus bundle 7Ty, has base space Fr+n(R3)/E>\[n]C, where Yy, =
YA X Xp. By abuse of notation, we will write

Frn(R?) /5y, =t Can(R?).

A point in this space consists of two disjoint configurations in R?: one A-partitioned configuration
of r points and one unordered configuration of n points.

Our first goal in this section is to lift the classical stabilisation maps of configuration spaces
Crn(R?) — Crny1(R?) (1.24)

(see Definition 1.2.1) to the Gibbons-Manton torus bundles:

l | l | (1.25)

Crn(R?) ——— Cypns1 (RP).

Our second goal is to show that these lifted stabilisation maps satisfy the two hypotheses of
Proposition 1.2.3. This will imply homological stability for Gibbons-Manton torus bundles, i.e. the
first part of Theorem 1.3.1.

We begin with a lemma about pullbacks of Gibbons-Manton circle factors. To prepare for this,
we first choose an explicit concrete model for the stabilisation maps (1.24); i.e. we make explicit
some of the choices involved in Definition 1.2.1 in the case M = R3. Up to homotopy, this does
not make any difference, but it will be convenient for the proof of Lemma 1.3.3 below to choose a
specific representative of this homotopy class of maps.

Definition 1.3.2. We will in fact replace R? with the open upper half-space M = R? x (0, c0).
We may then take M = R? x [0, c0) with the obvious collar neighbourhood, so M =R? x (-1, 00).
Take * = (0,0,0) € OM = R? x {0} as basepoint. With these choices (and identification of R?
with R? x (0,00)), the stabilisation map

Fr1(R?) — F(RY) (1.26)

of Definition 1.2.1 acts as follows. To a configuration (z1,...,2,_1) in R? x (0, 00), we adjoin the
new point (0,0, —%) and then “push upwards” the resulting configuration in R? x (—1,00), i.e., we
keep the first two coordinates of all points fixed and modify their third coordinates according to a
chosen diffeomorphism (—1,00) = (0, 00).

Lemma 1.3.3. Let A = (k1,. .., k) for positive integers k; and write N = (kq,...,kr-—1). Then the
pullback of the circle bundle Sy j — F,(R3) along the stabilisation map (1.26) is Sy ; — Fr_1(R3)
if j <r—1 and a trivial bundle if j = r.

Proof. Recall that the bundle Sy ; — F,.(R?) is the pullback of the universal S'-bundle on CP*>
along the map F,.(R3) — CP> given by the sum Z;:I,i;éj ki.tij where ¢;;: F.(R?) — S? C CP™
is given by
Ty — T4
X = (21,...,2,) — ——" (1.27)
i — 4]
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0 0

(0,0,—3%)

-1 -1

Figure 1.1  Any configuration in the image of the stabilisation map (1.26) has the form depicted on the
right-hand side above (only the points z; and x;, are actually depicted). Namely, x; is the image, after
applying the chosen diffeomorphism (—1,00) 2 (0,00) to vertical coordinates, of an arbitrary point

in R? x (0, 00), whereas x, is the image of (0,0, f%) Since the diffeomorphism (—1,00) = (0,00) is

order-preserving, the vertical coordinate of x; is higher than the vertical coordinate of z,.. Hence the
(normalised) vector from z; to z, lies in the bottom hemisphere of S2.

(Recall from Definition 1.3.2 that we have implicitly replaced R? with R? x (0, 00); the formula
above remains true after this replacement.) Its pullback to F,._;(R?) along the stabilisation map
(1.26) is therefore given by the same formula, restricting ¢;; to F,._1(R?) along (1.26).

The key observation is the following. When i = r and we restrict ¢,; to F,_1(R?) along (1.26),
the vertical (third) coordinate of the point z, will always be smaller than the vertical coordinate
of the point x;, due to the choices made in the construction of (1.26) in Definition 1.3.2; see
Figure 1.1 for a detailed explanation. Thus the right-hand side of (1.27) always takes values in
the bottom hemisphere of S? € CP*>, and hence ¢,; restricted along (1.26) is nullhomotopic. By
exactly analogous reasoning, when j = r the map ¢;, restricted along (1.26) takes values in the top
hemisphere of S? C CP> and hence is also nullhomotopic.

Putting this all together, we deduce that the map F,_1(R3) — CP> classifying the pullback
of S, is nullhomotopic, so this pullback is trivial. It also implies that the map F,_;(R3) — CP*>
classifying the pullback of S} ;, for j < r —1, is the sum Z:;fz;ﬁj k;.vij, which is by definition the
map that classifies Sy ;. O

Remark 1.3.4. Recalling that we denote by «;; the pullback of a fixed generator of H?(S?%;Z)
along the map ¢;;: F,.(R?) — S2, the discussion in the proof above implies that the stabilisation
map F,_1(R3) — F.(R3) acts on H%(—;Z), in the basis (1.7), by a;; — a; if j < r—1 and o, + 0.
It is also easy to see that the automorphism o, : F,.(R?) — F,.(R3) induced by a permutation o € %,.
acts on generators of H?(F,(R?); Z) by aij — ag—1(;),0-1(;)- It follows from this that the pullback
of the circle bundle Sy ; along o is the circle bundle So-1(y) 5-1(;)-

Corollary 1.3.5. The stabilisation map (1.24) lifts to (1.25).

Proof. Let us write u = A[n + 1], and ' = A[n].. Lemma 1.3.3 then implies that the pullback of
the Gibbons-Manton torus bundle 7, = @t Suj = Frint1(R3) along the stabilisation map

Jj=1
Fr+n(R3) — Fr+n+1(R3) is
r4+n .
@Sﬂlvj @tr == 7;/ ©® tr — FT+1’L(R3)?
Jj=1

where tr denotes the trivial S'-bundle. We therefore have bundle maps

7~'A[n]c E— 7~'A[n]c etr — 7~1[n+1]c

| | | (1.28)

Fr+n(R3) 14(1’ Fr+n(R3) — Fr+n+1(R3)7

where the left-hand square is an inclusion of a direct summand and the right-hand square is a
pullback. This is equivariant with respect to the actions of Xy x ¥,, and ¥y x 3, 11. Quotienting
by these actions, we obtain the lifted stabilisation map (1.25). O
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In order to apply Proposition 1.2.3 to prove the first part of Theorem 1.3.1, we recall the
following general fact about mondromy actions of fibrations.

Lemma 1.3.6. Let p: E — B be a fibration over a based, path-connected space B admitting a
universal covering m: B — B. Write p p: E — B for the pullback of p along w. Let F' denote the
fibre of p over the basepoint by € B and note that the fibre of p over each point in 7= 1(by) C B is
also canonically identified with F. Then the monodromy action 71 (B) — hAut(F) of p is equal to

71(B) = Aut(r: B — B) — hAut(F),

where the left-hand isomorphism is the action by deck transformations and the right-hand map is
given by the action on E — B by pullback.

Proof of Theorem 1.3.1 for TA[n]C We first assume that A = () and r = 0, so that A[n]. is the tuple
(c,c,...,c) of n copies of ¢ > 1. We are now in the setting of Proposition 1.2.3 with (1.16) = (1.24),
(1.17) = (1.25), (1.18) = (1.9) and Z = S*.4

To complete the proof under this assumption, it suffices to check the two hypotheses of Proposi-
tion 1.2.3. The first hypothesis says that the monodromy 7 (C,,(R?)) — hAut(T") of the Gibbons-
Manton torus bundle (1.9) is the obvious permutation action on the circle factors of the torus 7.
To check this property, we use Lemma 1.3.6. In our setting, the universal covering of C,,(R3)
is F,,(R®) and the pullback of Ty, — Cn(R?) is 7~',\[n]c — F,(R3). The deck transformation
action of m1(C,,(R?)) = 3,, sends a loop (permutation) o to the obvious automorphism o, of the
ordered configuration space F,(R?). By Remark 1.3.4, the action of o, by pullback on Gibbons-
Manton circle factors sends Sx[.,; t0 Sxjn).,c—1(;) (here we use the fact that A[n]. = (c,c,...,c), so
o~ 1(A[n].) = A[n].). Hence o, simply permutes the different circle factors in the Gibbons-Manton
torus bundle; in particular its action on the torus fibre simply permutes the different copies of S,
as required.

The second hypothesis of Proposition 1.2.3 says that the restriction of the lifted stabilisation
map (1.25) to the fibres over the basepoints is the natural inclusion 7™ — T™*!. This is immediate
by construction of the lifted stabilisation map: it is given (before quotienting by symmetric groups
and therefore also afterwards) by including into a direct sum with a (trivial) circle bundle and then
a pullback of bundles.

Proposition 1.2.3 therefore implies that the stabilisation map Ty, — Tajn+1). induces iso-
morphisms on homology in all degrees < n/2 — 1 with integral coefficients and in all degrees < n/2
with field coefficients, under our assumption that A = ().

To complete the proof of Theorem 1.3.1 for Ty, we deduce the general case from the special
case A = () that we have just proven. To do this, we first observe that the constructions and results
so far generalise directly to Gibbons-Manton torus bundles with fized points. In this setting,
we consider the subspace of the configuration space Cj ,(R?) where the A-partitioned r-point
configuration x is fixed and the unordered n-point configuration is free to move in the complement
of x; in other words, we consider the fibre of the projection C ,,(R?) — C\(R?) over x € C,(R3?).
Let us denote this subspace by Cj,,(R?;x) and consider the restriction of Ty, — Cxn(R?) to
Chn(R3;x), which we denote by Tam].|x- The difference between this setting and the A = ()
setting considered above is that (1) the unordered n-point configuration now lies in R® \ x, (2)
there are r additional Gibbons-Manton circle factors encoding the pairwise interactions of the fixed
points x with the free points and (3) the n Gibbons-Manton circle factors that encode the pairwise
interactions of the n free points with each other are now modified to also take into account their
interactions with the fixed points x. The arguments above generalise directly to this setting and
prove that restricted stabilisation maps

Al Ix — Tapn+11. |x (1.29)

4 Proposition 1.2.3 requires us to fix a basepoint on Z = S1. This may initially appear problematic, since the
circle fibres of the Gibbons-Manton circle factors (Definition 1.1.3) cannot be given consistent basepoints, since the
Gibbons-Manton circle factors do not admit global sections. However, Proposition 1.2.3 only requires a choice of
basepoint on a single fibre, namely the fibre over the base configuration, so this issue does not arise.
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induce isomorphisms on homology in all degrees < n/2 — 1 with integral coefficients and in all
degrees < n/2 with field coefficients. To deduce the same for the unrestricted stabilisation maps
(1.25), we note that Ty, |x is the fibre of the composite fibration

7;\[11]c — O)\,WL(RB) — C)\(Rg)v

where the second map forgets the unordered n-point configuration, consider the map of fibrations

(1.29)
7j\[n]c|x 7-)\[n+1]c|x
L i
Tin). 02 TAin+1l. (1.30)
CA(R3?)

and apply a spectral sequence comparison argument to the corresponding map of Serre spectral
sequences. O

Remark 1.3.7. For unordered configuration spaces, the stabilisation maps C,,(R?) — C,41(R?)
have the additional property that they are split-injective on homology. This is essentially a con-
sequence of the existence of forgetful maps F, (R?) — F,.(R®) at the level of ordered configuration
spaces that forget the last n — r points of a configuration. Using these maps, standard techniques
using transfer maps (see [McD75] or [MT14]) imply split-injectivity on homology for stabilisation
maps of unordered configuration spaces. We record here the observation that the forgetful maps

Tt Fn(R3) — F.(R?) (1.31)

do not naturally lift to Gibbons-Manton torus bundles (in contrast to the stabilisation maps, which
do lift, by Corollary 1.3.5). In order to lift 7, , to Gibbons-Manton torus bundles ’7}\ — ’7}\‘7‘, where
A= (k1,..., k) and A, = (k1,..., k), one would like it to be true that the pullback of the circle
bundle Sy, ; along 7, , is Sx ; — given this, one would then be able to pre-compose the pullback

of ’7~',\|T with the projection of ’7~'>\ onto a sub-direct-sum. However, this is false. For every i < j < r,
the pullback of the cohomology class «;; along 7, is ;j, so we have

T s
Tn,r E k‘i.Ozij = E /{:Z.a”.
i=1 i=1

i#j i#j
The left-hand side classifies the pullback of Sy|, ; along 7, ,, but the right-hand side classifies Sy ;
only if k.41 = --- = k, = 0, which is impossible since all k; are assumed positive.

More informally, one could say that the reason why we cannot naturally lift forgetful maps
to Gibbons-Manton torus bundles is because of the non-local nature of the additional circle pa-
rameters: each circle parameter is associated to all configurations points simultaneously, since it
encodes the pairwise interactions of one of the points with all of the others. Thus there is no well-
defined way of forgetting a subset of the configuration points in the presence of these non-local
parameters.

1.3.2 Changing the fibre

For a sequence of spaces Z = {Z1, Zs, ...}, we will consider the family of finite products of the
form Zy = Zy, X -+ x Zy, for tuples A = (k1,...,k,) of positive integers. If each Z; is a G-space
for some topological group G, we consider each Z) as a G-space via the diagonal action.

Definition 1.3.8. Let Z be a sequence of Sl-spaces and let A = (k1,...,k,). Let Tx(Z) be the
total space of the fibre bundle obtained from the principal T"-bundle 7, by the Borel construction:

TAZ) = Tx xpr Zy — F,(R?).
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We then let TA(Z) = ’7~}\(Z)/E,\, where X, acts diagonally on ’f\ and on the finite product Z,. The
Gibbons-Manton Z-bundle of weight X is the space Tx(Z). It is the total space of a fibre bundle

TA\Z) — F.(R)/%, (1.32)
with fibre 7).

In particular, we have Zy = Ty (Z) for Z = {M;, My, M3, ...}. We now prove:

Theorem 1.3.9. For any sequence Z = {Z1, Zs, ...} of path-connected S*-spaces, there are natural

stabilisation maps
TA[n]c(Z> — TA[n+1]c(Z) (1-33)

that induce isomorphisms on homology in all degrees < n/2—1 with Z coefficients and in all degrees
< n/2 with field coefficients.

Theorem 1.3.1 corresponds to two special cases of Theorem 1.3.9, namely the sequences
{S%,81,...} and {My, My, ...} of St-spaces. It therefore remains only to prove Theorem 1.3.9.

Proof of Theorem 1.3.9. The proof is a direct generalisation of the proof of Theorem 1.3.1 for
TA[n).» 80 we just explain the differences. First of all, the lifts of the stabilisation maps exist by
the proof of Corollary 1.3.5, where we additionally apply the (functorial) Borel construction to the
outer square of (1.28) before quotienting by the symmetric group actions.

We begin by assuming that A = () and r = 0, so that A[n]. = (c,c,...,c) where there are
n copies of ¢ > 1. We are therefore in the setting of Proposition 1.2.3 with Z = Z.. The two
hypotheses of that proposition are satisfied by the same argument as in the proof of Theorem 1.3.1
for Tyjn)., together with the evident observation that applying the Borel construction that replaces
each circle factor in the fibre with the S'-space Z. has the effect, on fibres, that permutation maps
T™ — T" and natural inclusions 7" — T"t! are sent to the corresponding permutation maps
(Ze)® — (Z.)" and natural inclusions (Z.)" — (Z.)""!. Thus Proposition 1.2.3 completes the
proof in the case A = ().

This generalises to Gibbons-Manton Z-bundles with fized points exactly as for Gibbons-
Manton torus bundles with fixed points, and one may then deduce the general case of the theorem
from this by a spectral sequence comparison argument applied to the analogue of the diagram
(1.30). O



Chapter 2

Stability for moduli spaces of
manifolds with conical
singularities

The results of this chapter are contained in the arXiv preprint [Pall8a], which is submitted for
publication.

Introduction

Let M be a connected manifold with OM # @&. As the number of points n — oo, the homology of
the unordered configuration spaces C,, (M) stablises: there are maps Cy, (M) — Cp41(M) inducing
isomorphisms on integral homology in a diverging range of degrees. This was proved first for the
plane M = R? by Arnol’d [Arn70] and in general by McDuff and Segal [Seg73; McD75; Seg79]. This
has been extended to labelled configuration spaces C, (M; X), where the configuration points are
equipped with labels in a path-connected space X [Ranl3], as well as homology with polynomially
twisted coefficients [Pall8b].

Closely related, there are moduli spaces of manifolds with marked points. Formally, these
are the classifying spaces BDiff(M, {x1,...,2,}) of the groups of diffeomorphisms of M fixing a
given set of n points in its interior, and they may be realised more concretely as the spaces of
submanifolds of R* that are diffeomorphic to M and equipped with an n-point configuration in
their interiors. Stability for the homology of these moduli spaces was proven in [Til16] using their
connection to labelled configuration spaces on M.

We may think of marked points in M as conical singularities by writing a disc neighbourhood
of each marked point as the cone on its boundary sphere — see the left-hand side of Figure 2.1
on the next page. However, the cone on a sphere is still a manifold, so these singularities are
“inessential”. More general conical singularities of an m-dimensional manifold are points where the
manifold is locally homeomorphic to the cone on an (m — 1)-dimensional manifold L, the link of
the singularity. Hence it, in fact, fails to be a manifold at these points unless L = S™~ 1. See the
right-hand side of Figure 2.1 for an illustration of a conical singularity whose link is a 2-torus.

In this chapter we prove stability, as the number of singularities goes to infinity, for the
homology of moduli spaces of manifolds with conical L-singularities, where L = 0T is the boundary
of a tubular neighbourhood of a closed submanifold P C M of sufficiently high codimension. These
are the classifying spaces BDiff”(M,,) of the L-diffeomorphism groups of the singular manifolds
M, obtained by collapsing n tubular neighbourhoods of copies of P down to n conical singularities.
Note that taking P = point recovers the case of marked points (inessential singularities).

This will turn out to be a special case of our main result: stability for the homology of the
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Figure 2.1 A marked point viewed as an inessential singularity given by the cone on a codimension-1
sphere; an essential singularity given by the cone on a torus.

classifying spaces of

EDiff(M§pNtp---pN), (2.1)

where {p denotes parametric connected sum along a submanifold P and the symmetric diffeomor-
phism group XDiff is, roughly, the group of diffeomorphisms that preserve this iterated parametric
connected sum decomposition. Parametric connected sum is a natural generalisation of connected
sum, and one may encode surgery and, in dimension 3, Dehn surgery as the operation —{p N by
taking P and N to be appropriate spheres or lens spaces.

The essential input for our proofs, as in the case of marked points, is stability for the ho-
mology of labelled configuration spaces — except that we consider configurations of disconnected
submanifolds of M rather than points, and the labels of the components take values in a bundle
over a space of embeddings into M. Without labels (and with a bound on the dimension of the
submanifolds), this was proven by the author in [Pal21]. In order to apply it to prove stability for
(2.1) (and thus for moduli spaces of manifolds with conical singularities), we extend this stability
result to configurations of disconnected submanifolds with labels. To do this, we first extend it to
homology with polynomially twisted coefficients — a higher-dimensional analogue of [Pall8b].

A diagram illustrating this sequence of implications, starting from [Pal21] and [Pall8b], is
given on page 35 below.

In the remainder of this introduction, we describe parametric connected sum in more detail,
state precisely our main stability results (Theorems 2.A, 2.C, 2.D and Corollary 2.B) and then
briefly discuss the stable homology and analogues of our results for mapping class groups.

Parametric connected sum

Definition 2.0.1. Given two smooth embeddings f: L — M and ¢g: L — N with isomorphic
normal bundles, we may form the parametric connected sum of M and N along L as follows.

~

It depends also on the choice of a bundle isomorphism 0: v(f) = v(g) between the two normal
bundles.

First choose a metric on the vector bundle v(f) — L and tubular neighbourhoods f: v(f) <
M and g: v(g) — N. (This is a contractible choice.) For a vector bundle E with a metric and an
interval I C [0, 00), write E; for the subbundle consisting of all vectors with norm in I.

The parametric connected sum M N is formed by removing the neighbourhood f(v(f )0.1])
of f(L) from M and the neighbourhood g(v(g)jo,1)) of g(L) from N and then gluing together the
slightly larger neighbourhoods f(v(f)(12)) and g(v(g),2)) by 0 o o, where o is the involution of
v(f)(,2) that acts radially on each fibre, sending vectors of norm r to vectors of norm 3 — r. This
may be written as a pushout diagram:
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/ [O 1 \
(1 Y \ / MHLN
N~ gv [0 1

When L is a point, this recovers the usual definition of connected sum of two manifolds.

Example 2.0.2. Take g to be the standard inclusion of SP into S™, for p < m and let M have
dimension m. Since v(g) is trivial, an embedding f: S? < M together with a bundle isomorphism
f as in Definition 2.0.1 is the same thing as a framed embedding. The parametric connected sum
of M with S™ along S? is the result of p-surgery along this framed embedding.

Example 2.0.3. Take N to be the lens space L(p, q), thought of as the union of two solid tori along
an appropriate identification of their boundaries, and take g: S' < L(p, q) to be the inclusion of
the core of one of these solid tori. As in the previous example, v(g) is trivial. Given a framed knot
in a 3-manifold M, the parametric connected sum of M with L(p, q) along this knot is the result
of Dehn surgery of slope p/q along this knot.

Apart from these ubiquitous examples of surgery and Dehn surgery, instances of the more
general parametric connected sum have also appeared numerous times before in the literature. For
example, the notion of “connected sum along a k-skeleton” was used by Kreck [Kre85, pp. 25-26]
(see also [Krel6, §5 and §6]) to give a geometric definition of the group structure on the set of
2n-manifolds with normal (n — 1)-smoothing up to stable diffeomorphism. This uses Wall’s theory
of thickenings [Wal66], which allows one, under certain conditions, to approximate a map from
a CW-complex to a manifold M by a homotopy equivalence onto a compact, codimension-zero
submanifold of M; these approximations play a role analogous to that of the tubular neighbour-
hoods in Definition 2.0.1 above. A version of the parametric connected sum in a context where all
manifolds are equipped with embeddings into a fixed Euclidean space was defined in [Sko07, page
264]; this is also where the name parametric connected sum seems to have been first introduced.
More details and further references may be found at [Man].

Results

Let M be a connected m-manifold with boundary and P a closed p-manifold. Choose embeddings
P — OM and P — N, where N is another compact m-manifold. Assume that the normal bundles
of these embeddings (after pushing the first one into the interior of M) are isomorphic, and choose
an isomorphism between them. We may then define

M ¢ nN
npP

to be the result of performing n parametric connected sum operations, each with a different copy
of N, along pairwise disjoint embeddings of P into a collar neighbourhood of M, parallel to the
chosen embedding into its boundary. (See Definition 2.1.2.)

Definition 2.0.4 (Informal). A diffeomorphism of this manifold is called symmetric if it preserves,
setwise, the decomposition into (a) M minus n tubular neighbourhoods of P and (b) n copies of
N minus a tubular neighbourhood of P. Moreover, on the intersection of (a) and (b), it must act
by fibrewise diffeomorphisms of the tubular neighbourhood (and permutations). We also require
it to act by the identity on a neighbourhood of OM.

Write Diffgy,(T') for the group of fibrewise diffeomorphisms of the tubular neighbourhood
(normal bundle) T — P, namely those diffeomorphisms of T that cover some diffeomorphism
of P. We may more generally fix a subgroup H < Diffs,(7T") and say that a diffeomorphism is
H-symmetric if it acts by H (and permutations) on the intersection of (a) and (b). We write

Sy Diff(M § nN)
nP
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for the group of H-symmetric diffeomorphisms, and we omit the subscript H if it is the whole
group Diffgy, (7). See Definition 2.2.1 for the precise definition.

Since M has boundary, and symmetric diffeomorphisms are required to fix a neighbourhood
of it pointwise, there is an inclusion

MgnN—M § (n+1)N,
nP (n+1)P

given by extending the collar neighbourhood of M and performing another parametric connected
sum with N along an embedding of P into this extension, and a homomorphism

SuDiff(M § nN) — SyDif(M 4 (n+1)N), (2.2)
nP (n+1)P

given by extending symmetric diffeomorphisms by the identity. Our main result will hold under
the following hypotheses (see also §2.4):

(a) The dimensions p and m satisfy p < (m — 3).

(b) Let z: Diffg,(T) — Diff (P) be the homomorphism that sends a fibrewise diffeomorphism to
the diffeomorphism of P that it covers. Then z(H) is open in Diff (P) and H Nker(z) is closed
in ker(z). Moreover, we assume that the coset space ker(z)/(H Nker(z)) is path-connected.

(c) Every diffeomorphism in H (thought of as a diffeomorphism of a tubular neighbourhood of
P in N) extends to the whole manifold N.

We will discuss these hypotheses in more detail shortly, but first we state the main results of
the chapter.

Theorem 2.A. (Theorem 2.4.1) Under these hypotheses, the homomorphism (2.2) induces iso-
morphisms on homology up to degree 5 — 1 and split-injections in all degrees.

Note. When we speak of the homology of a diffeomorphism group, we will always mean the
homology of its classifying space (as a topological group, equipped with the Whitney C'*° topology).

In §2.7 we reinterpret a special case of this as a result about diffeomorphism groups of manifolds
with conical singularities. Write 0T for the boundary of the disc bundle " — P, in other words,
the unit sphere bundle of the normal bundle of our chosen embedding of P into M. The group
of fibrewise diffeomorphisms of T is naturally a subgroup of Diff(07'), and therefore so is H. In
§2.7.4 we construct a sequence M, of manifolds with conical singularities of “type” 07T by collapsing
tubular neighbourhoods of embedded copies of P in M. There is an inclusion M,, < M,, 1, which
may be thought of as adjoining a new singularity of type 0T, and a homomorphism

Diff%F (M,,) — Diff%! (M,,41) (2.3)

given by extending diffeomorphisms by the identity. The notation Diff%T( ) means the group of
diffeomorphisms of a manifold with conical OT-singularities that act by the cone on H near each
singularity. See Definition 2.7.4 for more precise details.

Corollary 2.B. (Corollary 2.7.12) Under the hypotheses (a) and (b) above, the homomorphism

(2.3) induces isomorphisms on homology up to degree § — 1 and split-injections in all degrees.

These are proved as corollaries of an extension of the main theorem of [Pal21]. Let G be
a subgroup of Diff(P) and let C,p(M;G) be the space whose points consist of an unordered
collection of pairwise disjoint submanifolds in the interior of M that are each diffeomorphic to P
and parametrised modulo G, and such that the whole collection is isotopic to a standard collection
of parallel copies of P in a collar neighbourhood of M. The main theorem of [Pal21] is that this
sequence is homologically stable as n — oo, as long as:

(a) The dimensions p and m satisfy p < (m — 3).
(b*) The subgroup G < Diff(P) is open.
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In this chapter we extend this result to moduli spaces of labelled disconnected submanifolds.
Let Z be a right G-space and n: Z — Emb(P, M) a G-equivariant Serre fibration with path-
connected fibres (plus some auxiliary data; see §2.5 for the precise definitions). Then C,p(M, Z; G)
is the space of submanifolds of the interior of M (as above) that are equipped with labels in the
appropriate fibres of Z/G.

Theorem 2.C. (Theorem 2.5.8) There are natural stabilisation maps
Cnp(M,Z;G) — Ciny1yp(M, Z; G)

that induce split-injections on homology in all degrees, and — under the hypotheses (a) and (b*) —
isomorphisms up to degree 5 — 1.

This, in turn, follows from the fact that the sequence C,, p(M; G) of (unlabelled) moduli spaces
is homologically stable also with respect to (polynomial) twisted coefficient systems:

Theorem 2.D. (Theorem 2.8.3) The stabilisation maps C,p(M;G) — C(py1yp(M;G) induce
split-injections on homology twisted by any polynomial functor T. Under the hypotheses (a) and
(b*), if T has finite degree d, they induce isomorphisms on homology twisted by T up to degree

.
See §2.8 for the definition of “polynomial functor” (“finite-degree twisted coefficient system”)

in this context. We prove this twisted homological stability result as a consequence of the untwisted
homological stability result of [Pal21], adapting the techniques of [Pall8b] to do so.

In summary, the sequence of implications that we prove is:

2.9 2.6

§2.8 and §2.7
[Pal21] —)[P 180) Theorem 2.D —— Theorem 2.C = Theorem 2.A ——) Corollary 2.B
a

Remark 2.0.5. In the special case where P is a point, Theorem 2.A is Theorem 1.3 of [Til16], and
states that the symmetric diffeomorphism groups of a sequence of manifolds obtained by iterated
connected sum (in the usual sense) is homologically stable. When P is a point, the manifolds M,,
considered in Corollary 2.B are in fact non-singular, since in this case 9T = S™~! and a singularity
whose link (type) is a sphere is locally Euclidean. However, M,, is still a manifold with marked
points, so in this case Corollary 2.B is homological stability for diffeomorphism groups of manifolds
with marked points, with respect to the number of marked points: this is Theorem 1.1 of [Til16].

Remark 2.0.6. In the special case where P < N is the inclusion S? < S™ (see Example 2.0.2),
Theorem 2.A is homological stability for the symmetric diffeomorphism groups of a sequence of
manifolds obtained from M by iterated p-surgery along a collection of pairwise disjoint, mutually
isotopic, framed embeddings S? x D™ P — M, for p < %(m —3).

The hypotheses

Remark 2.0.7. The dimension condition (a) is not used in any of the proofs of the four implica-
tions in the diagram above; the only place where it is used is in the proof of homological stability
for C,,p(M; G) in [Pal21].} Thus we may apply the same implications to the main result of [Kup20]
instead of [Pal21], with the result that Theorems 2.A, 2.C, 2.D and Corollary 2.B are also true if
the dimension assumption (a) is replaced with the assumption that P = S!, M is a 3-manifold
and the embedding P = S! < OM extends to a 2-disc.

Putting together Remarks 2.0.6 and 2.0.7, we have the following special cases of Theorem 2.A.

Corollary 2.0.8. We have homological stability for the symmetric diffeomorphism groups of se-
quences of manifolds obtained from M by:

I See Remark 1.8 of [Pal21] for a discussion of exactly where the dimension hypothesis is used in that paper.



36 Chapter 2. Stability for moduli spaces of manifolds with conical singularities

o iterated surgery along a framed p-sphere that may be isotoped into OM , if p < %(dim(M) -3),
e iterated Dehn surgery along an unknot, if dim(M) = 3.

Remark 2.0.9. The subgroup condition (b) is always satisfied if we take H to be the full group
Diffa(T) of fibrewise diffeomorphisms of T'. This is because the map Diffg;, (T) — Diff (P), given
by restriction along the zero-section, is a fibre bundle, so its image is open.

Remark 2.0.10. When P is a point, the fibrewise diffeomorphism group is the orthogonal group
O(m), and condition (b) says that H must be a closed subgroup of O(m), not contained in SO(m).
Condition (c¢) says that any element of H must extend to a diffeomorphism of N. If P is a point
and H C SO(m), then this is always possible. However, in view of condition (b), we know that
H must not be contained in SO(m), and in this case condition (c) is satisfied if and only if N is
either non-orientable or admits an orientation-reversing diffeomorphism.

Stable homology

Knowing that a sequence of groups or spaces is homologically stable motivates the question of
identifying the stable homology of the sequence, i.e. the colimit of the homology of the sequence.
As far as the author is aware, this question is open, both for symmetric diffeomorphism groups
(corresponding to Theorem 2.A) and for diffeomorphism groups of manifolds with conical singu-
larities (corresponding to Corollary 2.B). However, the stable homology in the latter case may
be related to the work of Perlmutter [Perl5; Per13] on cobordism categories of manifolds with
Baas-Sullivan singularities.

For a discussion of the (also mostly open) question of identifying the stable homology of the
moduli spaces of disconnected submanifolds C,,p(M; G), see §(vi.) of the introduction of [Pal21].

Remark 2.0.11. The author has been informed of forthcoming work of James Griffin and Allen
Hatcher on the homology (both stable and unstable) of a space closely related to C,,s1(D?). Here,
we suppress mention of the subgroup G' < Diff(S!), which we take to be the full group of diffeomor-
phisms, so this is the moduli space of unoriented n-component unlinks in R3. This has a subspace
R, of all unlinks whose components are all round (meaning a rotation, translation and dilation of
the standard inclusion of S! into R3), and it is shown in [BH13] that the inclusion R,, < C,,51 (D?)
is a homotopy equivalence. If we write PR,, for the ordered version of this space, where the com-
ponents of the unlink are numbered by {1,...,n}, there is a projection PR,, — (RP?)" given by
remembering the normal vectors of a configuration of round circles, which was shown in [BH13]
to be a quasifibration. The fibre is the space of ordered configurations of pairwise disjoint round
circles in R? that are each contained in R? x {h} for some h € R. The forthcoming result of Griffin
and Hatcher is a computation of the integral homology of this fibre.

Mapping class groups

In §5 of [Till6] it is shown how to modify the methods of that paper — whose main result is
homological stability for symmetric diffeomorphism groups of manifolds with respect to connected
sum at a point — to prove homological stability instead for the symmetric mapping class groups,
in other words, the (discrete) groups of path-components of the symmetric diffeomorphism groups.

This depends on knowing homological stability for the fundamental groups 71 (C,,(M)) of
configuration spaces (instead of homological stability for the configuration spaces themselves) as
an input for the argument. The reason why 71 (Cy,(M)) is homologically stable is:

(i) If M is a surface (which we are assuming to be connected and with non-empty boundary),
then C,, (M) is an aspherical space, so its homology is the same as the homology of its
fundamental group.

(if) If dim(M) > 3, then C,,(M) is not aspherical, but its fundamental group nevertheless has a
configuration space model for its classifying space. Namely, w1 (C,,(M)) decomposes as the
wreath product 7 (M)13,,, as shown in Lemma 4.1 of [Til16], and a model for the classifying
space of this wreath product is the labelled configuration space C,,(R*°, Bmr1(M)), which is
homologically stable.
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When P # pt, homological stability is in general not known for the motion groups w1 (C,p(M)).
The author is not aware of any C,,p(M) that is aspherical, except when P is a point and M is a
surface, so argument (i) does not help us. In particular, the moduli spaces C,s1(D?) are not as-
pherical. However, their fundamental groups nevertheless are known to be homologically stable, by
different means: they are isomorphic to certain quotients of mapping class groups of 3-manifolds,
and a special case of the main result of [HW10] implies that they are homologically stable. We
may therefore adapt the methods of the present chapter, as in §5 of [Till6], using as input the
result of [HW10], to deduce homological stability for the symmetric mapping class groups of any
sequence of 3-manifolds obtained from D3 by iterated parametric connected sum (with copies of a
fixed manifold) along the components of an unlink.

It seems likely that argument (ii) above, i.e. the argument of §4 of [Til16], could be extended to
obtain homological stability for the motion groups 71 (C,,p(M)) whenever the dimensions of P and
M satisfy condition (a), i.e., dim(M) > 2.dim(P)+ 3, and then to deduce homological stability for
the corresponding symmetric mapping class groups with respect to iterated parametric connected
sum.

Outline. In sections 2.1 and 2.2 we give precise definitions of iterated parametric connected sum
and symmetric diffeomorphism groups. Then in the short sections 2.3 and 2.4 we explain how to
define stabilisation maps and state our first main result, Theorem 2.A. In section 2.5 we give a
careful definition of the notion of moduli spaces of disconnected labelled submanifolds that we will
need, and state Theorem 2.C. In sections 2.6-2.9 we prove our main results, as explained in the
diagram of implications above, which we repeat here for convenience:

§2.9 §2.6 §2.7

§2.8 and
[Pal21] —)[P T80, Theorem 2.D ——p Theorem 2.C ——p Theorem 2.A —— Corollary 2.B
a

where the longest and most delicate step is the deduction in §2.6 of Theorem 2.A from Theorem
2.C.

2.1 Iterated parametric connected sum

Let M be a smooth connected m-dimensional manifold with boundary and write

M=M U (M x[-1,)),
OM x[0,00]

where OM x [0, oo] is considered as a subspace of M via a choice of collar neighbourhood, namely a
proper embedding col: OM X [0, 00] < M sending OM x {0} to OM by the obvious map. Also let N
be a smooth compact m-dimensional manifold and P be a smooth closed p-dimensional manifold.
Fix embeddings

i P—s M C M,

j: P~ N =int(N),
assume that the normal bundles v; — P and v; — P are isomorphic, and choose an isomorphism
between them. Choose a metric on the bundle v; so that its structure group is O(m — p), and give
v;j the corresponding metric via the chosen isomorphism. Let D(v;) C v; and D(v;) C v; denote

the subbundles consisting of vectors of norm at most one. We implicitly identify D(v;) and D(v;)
via the chosen isomorphism, and write

§: T =D(v) = D(v;) — P,

which is a fibre bundle with fibres diffeomorphic to the closed disc D™ P and structure group
O(m — p). Write o: P — T for the zero-section. We now also choose tubular neighbourhoods for
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v; and v;, namely embeddings

Tit T<—>M,
T T<—>]\Df,
such that i = 7; 0 0 and j = 7; 0 0, and assume that 7,(T) C OM x (—3,3) C M. We may define
an embedding )
O:nT ={1,....n} xT— M

of n disjoint, parallel copies of the tubular neighbourhood T in the interior of M by

O(a, ) = 1(x) + o — %,

where for r € [0,00) the notation + r denotes the self-map OM x [—1,00] — IM x [—1, 00] given
by the identity on M and adding r in the second coordinate.

Notation 2.1.1. For a space X, we will henceforth use the notations nX and {1,...,n} x X
interchangeably. We will also write 2X for {0,...,n} x X. Note that n.X 2 nX!

Definition 2.1.2. With this data, we may form the parametric connected sum

MgnN = (M\®(nT") U n(N~7(T),
nP n(T\T")

where 7' — P is the interior of T, equivalently the subbundle of vectors of length less than 1, and
T’ — P is the subbundle of T" of vectors of length at most one half. The union is formed along
n(T \T"), which is viewed as a subspace of M \ ®(nT") via ®, and as a subspace of n(N ~ 7;(1"))

via id x 7; precomposed with the involution of 7'~ T" = 8T x (0.5, 1) given by (z,t) — (z,1.5 —t).
Remark 2.1.3. The boundary of the parametric connected sum is (M § nN') = M Un(dN).
nP

2.2 Symmetric diffeomorphism groups

Recall that we have a disc bundle £: T — P with structure group O(m — p). Let
Diffg, (T) < Diff(T)

denote the subgroup of diffeomorphisms ¢ such that £ o ¢ = @ o £ for some diffeomorphism ¢ of P
and ¢ restricts to a linear isometry on each fibre of £. Write

z: Diﬂﬁb(T) — DIH(P)

for the continuous homomorphism given by ¢ — @, equivalently, by restricting fibrewise diffeo-
morphisms of T to P via the zero-section of £. Its kernel is the group of bundle automorphisms of
£. Choose a subgroup

H < Diﬁﬁb (T)a

and write G = z(H) < Diff (P) and K = H Nker(z) < ker(z).
Definition 2.2.1. The symmetric diffeomorphism group ¥y Diff (M ﬁ nN) < Diff(M ﬁ nN) con-

sists of those diffeomorphisms that are the identity on a nelghbourhood of OM, send the subman-
ifold

n(T'~T') c MﬁPnN

to itself setwise and act on this submanifold through the wreath product H?X,,.

The subgroup X g Diff (M, nT) of Diff (M) consists of those diffeomorphisms that are the iden-
tity on a neighbourhood of the boundary, send the submanifold

o(nT) ¢ M

to itself setwise and act on this submanifold through the wreath product H%,,.
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Remark 2.2.2. Each diffeomorphism of X yDiff(M,nT) is determined by its restriction to the
submanifold My = M ~ ®(nT"), whose boundary splits as Mg = OM LI ®(ndT), so it may
also be viewed as the subgroup of Diff(Mg) of diffeomorphisms that act by the identity on a
neighbourhood of IM C dMg and by H1X,, on ®(ndT) C IMg. We will call this the boundary-
permuting diffeomorphism group of Mg. See §2.7 for another interpretation in terms of manifolds
with conical singularities.

Remark 2.2.3. There is a continuous homomorphism

SyDiff(M # nN) —s Sy Diff(M, nT) (2.4)
nP

given by restricting a diffeomorphism to M\ ®(nT"’) and then extending to M by extending linearly
across each fibre of ¢: T'— P. Similarly, there is a continuous homomorphism

YuDiff(M ¢ nN) — Diff g (N) 1 5,
nP
where Diff y(N) < Diff (V) denotes the subgroup of diffeomorphisms that send the submanifold
7;(T) C N to itself setwise and act on it through the subgroup H < Diff(T"). These homomorphisms
fit into the following pullback square of topological groups:

Yy Diff (M ﬁPnN) —— Diffg(N) 1 %,
n

| |

Sy Diff(M, nT) H1%,

Via this description, we could generalise the notion of symmetric diffeomorphism group, exactly
as on page 133 of [Till16] (the diagram (2.5) corresponds exactly to the diagram at the top of that
page), by replacing Diff ;7 (N) with an arbitrary topological group L equipped with a surjective?
continuous homomorphism L — H, and then taking the pullback of the diagram

YyDiff (M, nT) — H 13, +— L1%,.

The results of this chapter hold also in this higher level of generality, but for concreteness we
will stick to the symmetric diffeomorphism groups as defined above, with L = Diff m(N) for some
manifold N equipped with an embedding T"— N.

Remark 2.2.4. Up to a canonical homotopy equivalence, the boundary-permuting diffeomorphism
group Xy Diff (M, nT) is a special case of the symmetric diffeomorphism group Xy Diff(M § nN).
nP

To see this, let us fix the initial data of an embedding i: P < M whose image lies in M C
M, a metric on the normal bundle v; — P of this embedding and a tubular neighbourhood
T =D(v;) — M. Together with a choice of subgroup H < Diff41,(T), this determines the group
Sy Diff (M, nT).

We are now free to choose any compact m-dimensional manifold N, an embedding j: P — N
and isomorphism v; = v;. In particular, we may choose N = Ds(v;), the total space of the
subbundle of v; consisting of all vectors of norm at most two, and let j: P — N = ﬁg(ui) be
the zero-section. The normal bundles v; and v; are then canonically isomorphic. We also have to
choose a tubular neighbourhood

T = D(v;) — Da(vj) = N,
which we simply take to be the inclusion. It is then easy to see that, in this case, the parametric

connected sum M £ nDsy(v;) deformation retracts onto its submanifold Mg (c¢f. Remark 2.2.2).

2 We will shortly impose the assumption that Diff gy (N) — H is surjective, in other words, that each element of
H < Diff(T') may be extended over N. We do not, however, need this extension to preserve composition, i.e. we do
not require this surjection to split.
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Moreover, in this case, the continuous homomorphism (2.4) admits a continuous, homomorphic
section given by extending fibrewise automorphisms of D(v;) — P linearly to Do(v;) — P, and
this is a homotopy inverse (in the 2-category of topological groups) for (2.4).3

2.3 Stabilisation maps

We may extend ® to an embedding

&: AT ={0,...,n} x T — M

1
2
embedding 7; — % to ®. Using this ® and n + 1 copies of the tubular neighbourhood 7;: T' — N

we define

defined by the same formula @(a,x) = 7;(x) + a — 5 as before. In other words, we adjoin the

Mt AN = (M~ ®AT)) U AN ~7(T)
AP A(TNT)
as above, as well as groups Xy Diff (M § nN) and Xy Diff (M, AT) and a continuous homomorphism
AP
YuDiff(M t AN) — Sy Diff (M, nT).
AP

Extending diffeomorphisms by the identity along the inclusion M § nN «— M # 7N, we obtain
nP nP
the horizontal maps in the commutative square

S yDiff(M § nN) ————— S yDiff

(M 7
J(nP J('sz

N)
S uDiff (M, nT) ————————— Sy Diff(M, AT)

of topological groups. These are the stabilisation maps.

2.4 Homological stability for symmetric diffeomorphism
groups

We now make three assumptions (cf. the discussion of the hypotheses in the introduction).

(a) The dimensions p and m satisfy p < (m — 3).

(b) The subgroup G = z(H) < Diff(P) is open and K < ker(z) is closed. Moreover, we assume
that the coset space ker(z)/K is path-connected.

(c) Every diffeomorphism in H extends across N. More precisely, given any h € H < Diff(T),
there exists a diffeomorphism ¢ of N such that ¢(7;(T)) = 7;(T) and |, (1) = 75 ohorj_l. In
the notation of Remark 2.2.3, this says that the continuous homomorphism Diff g (N) — H
is surjective (but not necessarily split).

The first main result of this chapter is the following theorem.

Theorem 2.4.1. (Theorem 2.A) Under these assumptions, the two horizontal morphisms in (2.6)
induce split-injections on homology in all degrees and isomorphisms in degrees * < 5 — 1.

Remark 2.4.2. If we take coefficients in a field or Q/Z, the range of surjectivity improves to
* < 5.

3 Here it is important that, in Definition 2.2.1, we require symmetric diffeomorphisms to act as the identity near

OM , but there is no condition on how they act near the rest of the boundary of M # nNN, i.e. the n copies of ON.
nP
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2.5 Moduli spaces of labelled disconnected submanifolds

We will deduce Theorem 2.A from a generalisation of the main theorem of [Pal21], so we will first
state this generalisation precisely (see Theorem 2.5.8 on page 42 below).

Notation 2.5.1. By construction of M, there is a smooth embedding
col: M x [—1,00] < M.
For any r € [—1,00) we will write M (r) = M ~ ¢dl([—1,7]) and M[r] = M ~ col([—1,7)).

Definition 2.5.2. Write Diff[_; ;;(R) for the topological group of diffeomorphisms R — R whose
support is contained in [—1,1] C R. There is an evaluation map

€vp: Diﬂ[—l,l] (R) — (*1, 1)

taking ¢ to ©(0), which is a fibre bundle. We now make some choices that will be used in several
constructions in this section and in subsequent sections. First, we choose an odd* diffeomorphism
0: R — (—1,1). Second, we choose a lift 6: R — Diff[_; 1j(R) of 6 (i.e. evg o 6 = 6) that is also a
homomorphism with respect to addition on R and composition of diffeomorphisms.

Remark 2.5.3. Given 6, one may try to define 6(r): R — Ron t € (—1,1) by
0(r)(t) =0(07"(t) + 1)

and extend by the identity outside of (—1,1). This will work as long as the function so defined
is smooth at ¢ = 1, which depends on how well § has been chosen. For example, if we only care
about C' diffeomorphisms, the function 6(t) = 2arctan(t) would work for this construction of 6.

Definition 2.5.4. Recall that we chose an embedding i: P < M. For any r € R we denote the

shifted embedding A
colo (i(=),0(r): P— M

by i, and we define a diffeomorphism
sh,: M — M

by sh,(col(x,t)) = col(z, 8(r)(t)) and sh,(z) = z if # € M is not in the image of col.

Now write E = Emb(P, M). There is a continuous group homomorphism ~: R — Homeo(E)
given by v(r)(¢) = sh, o . Moreover, since G < Diff(P) acts on E by precomposition, and ~y(r)
acts by postcomposition, we in fact have a continuous group homomorphism

v: R — Homeo® (E)

into the topological group of G-equivariant self-homeomorphisms of E. Note that v(7)(is) = i,
for all r, s € R.

Input 2.5.5. Now we fix the additional input data needed to define moduli spaces of disconnected
submanifolds with labels (see Definition 2.5.6). Choose a G-equivariant Serre fibration 7: Z — E
and a continuous homomorphism

4: R —s Homeo%(Z)
such that m o ¥(r) = v(r) o7 for all r € R. Also choose a basepoint 7o € Z such that 7 () = io.
For any r € R, define %, = ¥(r)(%) and note that 7 (%) = .

(The purpose of the data (7,79) is to allow us to lift the operation of “shifting” an embedding
via sh,. o — from the space of embeddings to the total space Z of the fibration.)

41In the sense of odd functions, i.e. 8(—t) = —6(t).
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Definition 2.5.6 (Moduli spaces of labelled disconnected submanifolds). Fix a subgroup G <
Diff(P) as above. Then 7n": Z" — E™ is a (G ! ¥,)-equivariant fibration. Let m,: Z,, —
Emb(nP, M(0)) be its restriction to the (G %, )-invariant subspace Emb(nP, M (0)) C E™. We
then define

Cop(M, Z;G) = (Zn/(GU%0)) 1. iy

the path-component of the quotient Z,, /(G1%,) C Sp"(Z/G) containing the element {[¢1], ..., [tn]}-
Similarly, we may restrict 7"*! to the subspace Emb(aP, M (—1)) C E™*! to obtain a (G13,41)-
equivariant fibration 7;: Z; — Emb(AP, M(—1)), and define

CﬁP(Ma Z7 G) = (Z'ﬁ/(G i Zn+1)){[50],...,[i,,]}'
Viewing these as subspaces of the symmetric powers Sp™(Z/G) and Sp™ ' (Z/G) respectively, we

may define a map
Sn: Cop(M,Z;G) — Cap(M, Z; G)

by sn({le1] -+, [pnl}) = {0l [, - [nl}-

These constructions are functorial in P, M, G and Z in an appropriate sense. We will
describe how they are functorial in Z when the other data P, M and G are fixed. For i = 1,2 let
. Z; — E be based, G-equivariant Serre fibrations and let v;: R — HomeoG(Zi) be continuous
homomorphisms such that m; o 4;(r) = ~v(r) o m; for all r. Given any based, G-equivariant map
F: Zy — Zy such that mg o F = 71 and F o 74;(r) = 72(r) o F for all r, there are induced maps
making the square

Cnp(M,Zy; Q) _ Cap(M, Z1;G)

| |

Cnp(M,Zy;G) _ Cip(M, Z5;G)

commute. These form a category with terminal object given by (7,%) = (id: E — E,~). When the
fibration 7: Z — E (and the map %) are taken to be this terminal object, we drop the Z from the
notation and write simply $,,: Cp,p(M;G) — Cip(M;G). For any other choice of (r: Z — E,7)
there is a commutative square

Cnp(M, Z,G) L CﬁP(M,Z,G)

| | (2.7)

S

Cpop(M;G) ————— Cip(M;G).

Theorem 2.5.7 ([Pal2l, Theorem A]). The map $p: Cpop(M;G) — Cap(M;G) induces split-
injections on homology in all degrees. It induces isomorphisms on homology up to degree % if
p < %(m —3) and G is an open subgroup of Diff(P).

Recall that p and m are the dimensions of P and M respectively. We will lift this to the top
horizontal map in (2.7), under a condition on the fibration 7: Z — E.

Theorem 2.5.8. (Theorem 2.C) The map s,: Cop(M,Z;G) — Cupp(M,Z;G) induces split-

injections on homology in all degrees. If p < %(m — 3), the fibres of m are path-connected and

G is an open subgroup of Diff (P), then it induces isomorphisms on integral homology up to degree

5 — 1 and on homology with coefficients in a field up to degree 7.

Remark 2.5.9. If a map induces isomorphisms on homology (up to a certain degree) with co-
efficients in any field, then it also induces isomorphisms up to the same degree with coefficients
in any abelian group that may be constructed from fields by iterated extensions and colimits. In
particular, Q/Z is such a group, so the conclusion of the above theorem also implies that s,, induces

isomorphisms on homology with Q/Z coefficients up to degree %.
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2.6 Proof of stability for symmetric diffeomorphism groups

We will deduce Theorem 2.A from Theorem 2.C by a spectral sequence comparison argument.
First we need some more constructions to set up the appropriate map of spectral sequences.

2.6.1 Some fibre bundles

Notation 2.6.1. For any real number r we will write R>®" = R* x [r,00). Most of the time r
will be 0, —1 or —2.

Fix an embedding b: M < R>. Write Emb;, (M, R°Y) for the space of embeddings e: M <
R>:0 such that
(i) eocodllgrrx[o,e) = b x incl for some € > 0.

We then define
X, € Emby(M,R>°) x Emb(M £ nN,R>"Y)

nP
to be the subspace of pairs of embeddings (e, f) such that
(i) 6|M\<I>(nT/) = f|M\d>(nT/)~
Note that there is a continuous action of the symmetric diffeomorphism group Xy Diff (M § nN) on
X, by precomposition in each factor (and the homomorphism (2.4) for the first factor). nSI;milarly,
we write Emby, (M, R°~1) for the space of embeddings e: M — R°~! such that
(1) eocollgarx[—1,—14+¢ = b x incl for some € > 0

and we define .
X5, € Emby (M, R 1) x Emb(M t AN, R*1)
nP

to be the subspace of pairs of embeddings (e, f) such that

(i) €|M\<i>(ﬁT') = f|M\<i>(ﬁT’)'
There is a continuous action of the symmetric diffeomorphism group X gDiff (M ﬁ AN) on Xj,
given by precomposition in each factor and the right-hand vertical map of (2.6) for the first factor.

Lemma 2.6.2. The spaces X,, and X; are contractible and the quotient maps

X, — X,,/SyDiff(M % nN) Xp — X, /SyDiff(M ¢ AN)
nP nP

are principal bundles with structure groups L yDiff(M § nN) and SyDiff (M § AN) respectively.
npP AP

Proof. The contractibility of the spaces X,, and X; may be seen by the usual argument for the
contractibility of spaces of embeddings into R°°: any family of such embeddings parametrised by
St is contained in some finite-dimensional subspace of R> (by compactness of S%), and this may
be used to extend it to D1,

A mild extension of Proposition 4.15 of [Pal21] shows that the action of Diff5(R>?) on the
quotient X, /¥ g Diff (M jj nN) is locally retractile. Then Proposition 4.8 of [Pal21] implies that

the projection of X, onto thls quotient is a principal bundle. An identical argument implies that
the other projection is also a principal bundle. O

This gives us explicit models for the classifying spaces of Xy Diff (M § nN) and Xy Diff (M ¢ AN).
nP AP

Write Diffg(M) for the group of diffeomorphisms of M that act by the identity on a neigh-
bourhood of its boundary. There is a forgetful map

U: X, /SyDiff (M § nN) — Emby, (M, R>?)/Diff5(M), (2.8)
nP
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and an analogous map \i/, replacing n with # and R0 with R 1,

Lemma 2.6.3. The maps ¥ and U are fibre bundles.

Proof. As above, by a mild extension of Proposition 4.15 of [Pal21], the action of Diff5(R>?) on
the quotient Emb, (M, R>:?)/Diff5(M) is locally retractile, and then Theorem A of [Pal60] (see
also Proposition 4.7 of [Pal21]) implies that ¥ is a fibre bundle (and an identical argument implies
the same for ¥). O

2.6.2 Moduli spaces of submanifolds labelled by parametric connected
sum data

Recall from §2.2 that K = H Nker(z) < H < Diffs,(T'), and that G = z(H) < Diff(P), where
z: Diﬂﬁb(T) — DIH(P)
is the restriction along the zero-section o: P — T of £: T — P.

Notation 2.6.4. Write N’ = N ~ 7;(T") and U = 7'~ T'. There is an involution
o:U—U

given by (z,t) — (x,1.5 — t), where we identify U with 0T x (0.5,1) (cf. Definition 2.1.2). Note
also that 7; restricts to an embedding U — N’.

Definition 2.6.5. The subgroup Diff i (N’) of Diff (N’) consists of those diffeomorphisms that
send the subset 7;(U) C N’ to itself and act on it via TjKT{l.

Construction 2.6.6. Fix an embedding eg € Emby (M, R>:?). For convenience, we assume that
(a) eg(col(x,t)) = (b(x),t) for (t,x) € IM x [0, 1],
(b) eo(M ~ col(OM x [0,1])) C R x (1, 0).
The fact that we are making this assumption will not cause problems later, since Emby, (M, R>:0)
is path-connected (in fact contractible). Also, it will be convenient to extend M slightly further to

M=M U (dM x[~2,00)),
OM x[0,00]

and write c6l: M X [—2,00] < M for the inclusion of the right-hand side of this pushout. We
may extend eg to an embedding
éo: M — ROO’_Q,

defining éo(col(x,t)) = (b(x),t) for (x,t) € OM x [—-2,0]. There is a diagram of topological spaces

Emb(N’, R=2)/Diff - (N)

| o

Emb®(T, M)/ K ——— Emb(U,R*2) /K,

where Emb“(T, M ) C Emb(T, M ) is the subspace of embeddings T' — M such that the image of

the zero-section o(P) C T is contained in M C M. The vertical map is given by precomposition
by 7j00 and the horizontal map is given by postcomposition by &, (and restriction of the domain).

Lemma 2.6.7. The diagram (2.9) is a diagram of right G-spaces with respect to the following well-
defined actions. For the bottom two spaces, the action of g € G is given by choosing any element
h € H such that z(h) = g and acting by precomposition by h. For the top-right space, the action
is given by first choosing any element h € H such that z(h) = g and then any diffeomorphism of
N’ whose restriction to U along the embedding T; is h.
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Proof. The well-defined-ness of the described G-actions on the bottom two spaces follows from the
fact that we have a short exact sequence

z| o

l1-K—H —G—1,

and the horizontal map of (2.9) is clearly equivariant with respect to these actions. By one of
our assumptions just before the statement of Theorem 2.4.1 on page 40, the map Diff z(N') =
Diffy(N) — H given by restriction along the embedding 7; is surjective. It is therefore also
surjective after composing with z|y: H — G, and we have another short exact sequence

1 — Diffx (N') — Diffy(N') — G — 1,

which shows that the described G-action on the top-right space of (2.9) is well-defined. To see
that the vertical map of (2.9) is equivariant, we note that the action of H < Diffgp(T) on U C T
commutes with the involution ¢: U — U. To see this, note that, under the identification U &
0T x (0.5,1), the H-action is trivial on the second component and the involution ¢ is trivial on
the first component. O

Definition 2.6.8. Let Z be the pullback in the category of topological spaces of the diagram (2.9).
Since this is a diagram of right G-spaces, Z is also a right G-space if we give it the diagonal action.
In other words, we take Z to be the pullback in the category of right G-spaces.

Lemma 2.6.9. The composite map
7 Z —s Emb®(T, M)/K — Emb(P, M) = E

1s a Serre fibration with path-connected fibres.

Proof. By a mild extension of Theorem B of [Pal60] (see also [Cer61]) allowing manifolds with
boundary, the action of Diffa(M ) on Emb(P, M ) is locally retractile. Similarly, a mild extension of
Proposition 4.15 of [Pal21] implies that the action of Diff3(R°*~2) on Emb(U, R*~2)/K is locally
retractile. Theorem A of [Pal60] then implies that the right-hand map Emb®(T, M)/K — E above
and the vertical map of (2.9) are fibre bundles. The left-hand map Z — Emb®(T, M)/K above
is a pullback of the vertical map of (2.9), so it is also a fibre bundle. A composition of two fibre
bundles is not necessarily a fibre bundle, but it is at least a Serre fibration.

It is not hard to show that the fibres of the vertical map of (2.9) are path-connected, using
the fact that we are considering embeddings into infinite-dimensional Euclidean space. The fibres
of Z — Emb®(T, M)/K are therefore also path-connected.

Fix an embedding e € Emb(P, M) and denote the fibre of the map Emb®(T, J@) — Emb(P, M)
over e by Emb(T, M )e- Note that we do not yet take the quotient by K. This is almost the space
Tub(e) of tubular neighbourhoods of e. More accurately, there is a fibration Emb(T, M )e = Aut(T)
to the topological group of bundle automorphisms of T (as a disc bundle with structure group
O(m —p)), and the fibre over the identity is Tub(e). This may be summarised as follows:

A

Tub(e) — Emb(T, M), — Emb®(T, M)

| | (2.10)

Aut(T) Emb(P, M) > e

Now, the space Tub(e) of tubular neighbourhoods of e is contractible [God07, Proposition 31}, so

A

the fibres of Emb®(T', M) — Emb(P, M) are homotopy equivalent to Aut(T'). Note that this group
is exactly the kernel of the map

2: Diffg, (T) —> Diff(P)



46 Chapter 2. Stability for moduli spaces of manifolds with conical singularities

defined at the beginning of §2.2. To study the fibres of Emb*(7, M )/K — Emb(P, M ), we quotient
three of the spaces in (2.10) by the action of K:

Tub(e) —— Emb(T, M)./K — Emb*(T, M)/K

| | (2.11)

Aut(T)/K Emb(P, M) 2 e

As Tub(e) is contractible, the fibres of Emb®(T, M )/K — Emb(P, M) are homotopy equivalent to
Aut(T)/K = ker(2)/K.

But we assumed just before the statement of Theorem 2.4.1 on page 40 that this coset space is path-

connected. Thus both of the fibrations Z — Emb®(T, M )/K — Emb(P, M) have path-connected
fibres, so the composite fibration 7 also has path-connected fibres. O

Note that, by construction, the map 7 is G-equivariant. Recall from §2.5 (see Input 2.5.5) that
we also need to choose a basepoint 19 € Z and a continuous homomorphism v: R — HomeoG(Z )
in order to define the moduli space of labelled submanifolds C,p(M, Z; G).

Choose an embedding v: N/ < R*® x (—0.5,0.5) C R>~2 so that the following diagram
commutes:

Tilu

U———N _ v

UI ROO,—Q
7ilu

Remark 2.6.10. The choice of v can be made independently of ey, since we have prescribed how
ep acts on col(OM x [0,1]), and therefore how éy acts on c6l(OM x [—2,1]), and the image 7;(U)
is contained in cdl(OM x (—0.5,0.5)).

Then ([r], [v]) € Z and = ([1;], [v]) = i = ip. So we may set 719 = ([7:], [v])-

We may extend the “shift” map of Definition 2.5.4 by the identity to a diffeomorphism
sh,: M — M for each r € R. We write id x 6(r) for the self-diffeomorphism of R>~? =
R x [—2, 00) that is the identity on R> and acts by (the restriction of) §(r): R — R on [—2, 00).
With this notation, we define a map 7: R — Map(Z, Z) by

3(r): (o, [8]) — (shy 0 o], [(id x 6(r)) o B]).

One may easily check that 7 is a well-defined, continuous map and that its image lies in Homeo® (Z) <
Map(Z, Z). It is also a group homomorphism (since 6 is) and each 7(r) covers the self-homeomorphism
~(r) = sh,. o — of E. This completes the construction of the input data needed (see Input 2.5.5) in
order to apply Definition 2.5.6.

Definition 2.6.11. We may now apply Definition 2.5.6 to the data (7: Z — FE,7,%) constructed
above to obtain spaces C,,p(M, Z; G) and Cyp(M, Z; G), as well as a stabilisation map

Sp: Cnp(M, Z; G) — CﬁP(M, Z,G)

These may be thought of as moduli spaces of disconnected submanifolds labelled by parametric-
connected-sum-data.

In the rest of this subsection, we will show that the moduli space C,p(M, Z;G), for this
particular fibration 7: Z — E, is homotopy equivalent to the fibres of the bundle (2.8): see
Proposition 2.6.14. First we establish a lemma that we will need in the proof of this proposition.
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Lemma 2.6.12. The space Emb(nT, M)/(H 1 %,) has a left-action of the group Diffg(M) of
diffeomorphisms of M that act by the identity on a neighbourhood of its boundary. The embedding
@ from §2.1 gives us a basepoint [®] for Emb(nT, M)/(H1%,). The orbit of this basepoint under
the action of Diff5(M) is path-connected.

Remark 2.6.13. The map [—o®]|: Diff5(M) — Emb(nT, M)/(HX,) is a fibre bundle, by Propo-
sitions 4.15 and 4.7 of [Pal21], so its image, the orbit of [®], must be a union of path-components.
By Lemma 2.6.12 it is exactly the path-component of Emb(nT, M)/(H ! %,,) containing [®].

Proof of Lemma 2.6.12. Let ¢ € Diff g(M); we will find a path of embeddings nT <— M from po®
to ®. The image of ® is contained in a collar neighbourhood of dM, so we may choose a path
t — ¢ in Diff (M) so that pg = ¢ and ¢; restricts to the identity on this collar neighbourhood,
in particular on the image of ®. Then ¢ — ¢; o ® is the required path of embeddings. O

Proposition 2.6.14. The fibre of (2.8) over [eg] € Emby, (M, R>?)/Diff5(M) is homotopy-equivalent
to Cpp(M, Z;G). More precisely, there is a canonical inclusion $=1([eg]) — Cnp(M, Z;G), which

is a homotopy equivalence. The corresponding statement for U also holds: Write &y = §0|1\?[' There

is a canonical inclusion W—1([é0]) = Chp(M, Z; ), which is a homotopy equivalence.

Proof. We will do this in three steps: (1) give an explicit description of ¥~*([eg]) and note that
it is path-connected, (2) give an explicit description of C,,p(M, Z; G) and show that it contains a
homeomorphic copy of ¥~1([eg]), and (3) show that the inclusion is a homotopy equivalence.

Step 0. Before this, however, we recall a basic fact that we will use in the next step.
Let X be a left G-space, and assume that the G-action on X is locally retractile (see for ex-
ample Definition 4.5 of [Pal21]). Then for any = € X there is a G-equivariant homeomorphism
G /stabg(z) = orbit(z). To see this, first note that the action map —-z: G — X induces a contin-
uous bijection G//stabg(x) — orbit(z) C X, which is G-equivariant. Then Theorem A of [Pal60]
implies that this map is a fibre bundle, in particular an open map, and so it is a homeomorphism.

Step 1. Rewriting the definition of X, a little, we may describe it as the subspace of
Pullback ( Emby, (M, R>?) — Emb(nU,R*?) +— Emb(nN’,R>"))

of pairs of embeddings (e, f) such that f(nN’) is disjoint from the closure® of e(M ~ ®(nT")). The

first map in the pullback diagram is given by restriction along ® and the second map is given by

restriction along 7; followed by the involution ¢ of U. The quotient X, /X yDiff(M § nN) may
nP

therefore be described as the subspace of

00,0 00,0 , 0.0
Pullback(Embb(M’R ) . Emb(nU,R*°)  Emb(nN',R ))

SaDff(M,nT) His,  Diffg(N)1%,

of pairs ([e], [f]) satisfying the same disjointness condition (cf. the pullback square (2.5) in §2.2).
The fibre ¥~1([eg]) is the subspace where the image of e agrees with the image of eg, so it may be
described as the subspace of

i 00,0 ’ 00,0
Pullback( Diffp(M)  Emb(nU,R*")  Emb(nN'.R ))

> 1 Diff (M, nT) H1S, | Diffig(N)iT,

of pairs ([n],[f]) such that f(nN’) is disjoint from the closure of eo(M ~ n(®(nT))). A mild
extension of Proposition 4.15 of [Pal21] shows that Emb(nT,M)/(H 1 %,,) is Diffs(M)-locally
retractile. The stabiliser of [®] € Emb(nT,M)/(H ! %,) is the subgroup XyDiff(M,nT) <
Diffg(M), so via the “topological orbit-stabiliser theorem” (see Step 0 above) we deduce that
Diffg(M) /Xy Diff (M, nT) is homeomorphic to the orbit of [®] in Emb(nT, M)/(H1X,). By Lemma
2.6.12 and Remark 2.6.13, the orbit of [®] in Emb(nT, M)/(H1%,,) is the path-component of [®] in

5 We need to take the closure here since M was not assumed to be compact.
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Emb(nT, M)/(H%,). Thus Diff5(M) /Xy Diff (M, nT) is homeomorphic to the path-component
of [®] in Emb(nT, M)/(H%,). We may therefore describe ¥~!([eg]) as the subspace of

00,0 / 0,0
Pullback( Emb(nT, M) Emb(nU,R>7) Emb(nN’, R )>

Hi, | Hiz,  Difip(N)nx,

of pairs ([@'],[f]) such that f(nN’) is disjoint from the closure of e(M ~ @ (nT")) and there exists
a path [®'] ~» [®] in Emb(nT, M)/(H1%,,).

It is now not hard to show that the fibre W=1([eg]) is path-connected. Choose a basepoint
([®g], [fo]) for it and consider any other point ([®'],[f]). There is a path [®'] ~ [®f] in the
left-hand space of the pullback diagram. The image of this path in the middle space may be
lifted to a path [f] ~» [fi] in the right-hand space, since the right-hand map of the pullback
diagram is a fibre bundle, and therefore a Serre fibration. Since we are considering embeddings
into R we may easily ensure that this path of embeddings satisfies the disjointness condition,
at each point in time during the path, with respect to the path [®'] ~ [®(], so we have a path
(D], [f]) ~ ([®g], [f1]) in \D_l([eol). Choose a path f; ~ fy of embeddings nN’ — R>C disjoint
from the closure of eg(M ~\ ®((nT)) and constant when restricted to nU. This gives us a path
([®p], [f1]) ~ ([®6],[fo]) in ¥=1([eg]). Thus we have shown that ¥~!([eg]) is path-connected.

Step 2. Recall from Definition 2.5.6 that C,p(M,Z;G) is a certain path-component of
Z,/(G1X,). Unravelling this definition for the fibration 7: Z — E of Lemma 2.6.9, we may
describe Z,, as the subspace of

Emb(T,M)®  Emb(U,R®~2)"  Emb(N’,R=~2)n
Pullbaek( Ton — Ton — Diff e ()7
of tuples of embeddings (([¢1],. - - [@n]), ([fi];- .-, [fa])) such that each oo (P) is contained in M
and the images ¢1(P), ..., ,(P) are pairwise disjoint. The quotient Z, /(G1X%,,) is therefore the
subspace of

Emb(T, ]\2)” Emb(U,ROOv—Q)" Emb(N/,ROO’_Q)" )

Pullback
" ac( Hiz,  Hiz, Diffig(N)iZ,

of collections of embeddings ({[p1],.-.,[enl}, {[f1],- -, [fn]}) satisfying the same two conditions.
Comparing this with the final description of ¥~1([eg]) in the previous step, we see that there is a
canonical inclusion U= ([eg]) — Z,/(G1%,,). Moreover, ¥~1([eg]) is path-connected and contains
the basepoint configuration {[z1],...,[¢n]}, so there is in fact a canonical inclusion

U ([eg]) = Cup(M, Z;G).

Step 3. A point in C,p(M, Z; G) lies in the subspace ¥~1([eg]) if and only if
(a) ©1(T),...,on(T) are pairwise disjoint and contained in M,
(b) fi(N"),..., fun(N') are pairwise disjoint and contained in D]ROO’O,
(c) U, fa(IN') is disjoint from the closure of eo(M ~ Uz ps(T)),

(d) there is a path in Emb(nT, M)/(H 1 %,) from {[¢1],...,[en]} to [D].
In fact, property (d) is automatic once we have property (a). Since C,,p(M, Z; @) is path-connected,
there is a path in Emb(T, M)™/(H 1 %,) from {[¢1], ..., [¢n]} to [®], and the n embedded copies

of PC T in M are pairwise disjoint and contained in M at each point in time during this path.
We may therefore shrink the tubular neighbourhoods 7' O P by an appropriate amount at each
point during the path, to obtain a new path in Emb(nT, M)/(HX,) from {[p1],..., [pn]} to [®].

Thus, we would like to define a deformation retraction that begins with a point in C, p(M, Z; G)
and ends with a new point in C,, p(M, Z; G) satisfying the disjointness properties (a), (b) and (c). In
fact, we will not do this for C,,p(M, Z; G), but instead for its ordered analogue F,,p(M, Z;G), the
covering space in which the n embedded copies of T" in M are equipped with an ordering. If we write
U~Y([eg]) C F,,p(M, Z; Q) for the restriction of this covering space to ¥~1([eo]) C Cpp(M, Z; G),
we have a map of fibre sequences:
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Fop(M,Z;G) —> Cyp(M, Z;G) —— BY,

] ] I

U ([eg]) —— ¥*([eo]) ——— BE,

If we can define a deformation retraction for the inclusion W= ([eg]) C F,p(M, Z; G), then the map
of long exact sequences of homotopy groups will imply that the inclusion ¥=1([eo]) C Cp(M, Z; G)
is also a (weak) homotopy equivalence.

We now sketch a deformation retraction that begins with a point in F, p(M, Z; G) and ends
with a new point in F,, p(M, Z; G) satisfying properties (a), (b) and (c). Since the “cores” ¢, (P) are
pairwise disjoint and contained in M , we may shrink the tubular neighbourhoods 7" > P as above
to ensure property (a); this may moreover be done in a canonical way, so that the deformation
retraction is continuous. To ensure property (c), we may choose k such that eg(M) C R¥ ¢ R0
and modify the embedded copies of N’ in R> =2 so that their (k + 1)-st coordinate is non-zero on
N~ Tj (T) C N'.

Finally, we need to ensure property (b). We may push R>~2 into R°*:? by increasing its last
coordinate to ensure that the embedded copies of N’ are contained in R, To ensure that they
are pairwise disjoint, we modify them by straight-line homotopies so that, for each r € {1,...,n},
the (k 4+ 1 4 r)-th coordinate of the r-th copy of N’ is non-zero on N \ 7;(T') C N’, and the
(k+14r)-th coordinate of every other copy of N’ is zero on N \V C N’, where V is a very small
open neighbourhood of 7;(T") in N. (This is where we need to use the ordering.) This will force
the different copies of N’ to be pairwise disjoint, except possibly on the subsets V' ~\ 7,;(T) C N'.
However, we may control these neighbourhoods to be very small, i.e. very close to the corresponding
©r(T), so, by shrinking these further if necessary, we may ensure that the different copies of N’
are pairwise disjoint everywhere. O

2.6.3 A map of fibre bundles

We now define a continuous map X,, — Xj, in order to obtain a map of bundles from ¥ to 0.

Definition 2.6.15. Define
sty, : Xn — Xﬁ

(i) é=eon M C M and é(col(z,t)) = (b(z),t) for (z,t) € IM x [-1,0].
(ii) Recall that
Mt AN = (M~ ®(AT")) U AN’
AP 7
(¢f. Definition 2.1.2 and Notation 2.6.4). We define f = ¢ on the subspace M ~ ®(A1"), and

also f = f on the subspace nN' C M # nN, so it remains to define f on AN’~nN’ = {0} x N".
nP
Here we define it by

(id,—0.5)
ey

{0} x N = N' 25 R>® x (-0.5,0.5) R> x (—1,0) C R>1,

It is then an easy exercise to check that (é, f) is an element of X and that st, is continuous.

Remark 2.6.16. Recall that X,, and X have actions of Xy Diff (M # nN) and Xy Diff(M £ AN)
nP nP
respectively. Since we defined é and f above so that € = e on M and f = fon M { nN, it follows
nP

that st,, is equivariant with respect to the top horizontal map (continuous homomorphism) of the
diagram (2.6), which we now denote by

0n: SuDIff(M § nN) —s SyDiff(M ¢ AN).
nP nP
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It therefore follows from Lemma 2.6.2 that the induced map

S0 X,,/SuDiff(M § nN) — X,/SyDiff(M # AN)
npP nP

is a model for Bo,, the map induced on classifying spaces by o,. It also fits into a map of bundles

st
X, /SuDiff(M § nN) ————— X, /SyDiff(M t AN)

nP npP
QJ

J@ (2.12)
Emby, (M, R>:9) /Diff (M) ——— Emby (M, R°>~1) /Diff5 (M),

where the bottom horizontal map is defined by [e] — [é], where é is defined as in (i) in Definition
2.6.15 above.

Lemma 2.6.17. The map st, induces split-injections on homology in all degrees.
Proof. In order to apply Lemma 2 of [Dol62] to deduce split-injectivity, it suffices to define maps
X,/D, — Sp#) (X, /Dy)

satisfying a certain equation up to homotopy, where we are using the temporary abbreviation
D,, = X yDiff(M £ nN). We briefly sketch how to construct such maps. They may be defined by
nP

le, f] — > ek fels

SC{L,.n},|S|=k

where f§ is the composition

MEkN = M ¢ (SxN)— Mt nN Ly RO (2.13)
kP SxP nP

and €y = e ong, where ng € Diff5(M) corresponds to the left-hand diffeomorphism of (2.13) in
the sense that these two diffeomorphisms agree on M ~ ®(kT"). O

2.6.4 Stability for symmetric diffeomorphism groups
Lemma 2.6.18. The map of base spaces in (2.12) is a homotopy equivalence.

Proof. In order to define a homotopy inverse, we need a path of compactly-supported embeddings
Y1 [—1,00) < [—1,00) such that vo(—1) = 0, %:(0) > 0 for all ¢t and ; = id. Then applying this
isotopy to the last coordinate of R ~! determines a homotopy inverse for the bottom horizontal
map in (2.12). The finer details of the construction are similar to those of Lemma 5.26 of [Pal21]. O

Now fix a point [eg] in the base space of ¥ as in Construction 2.6.6. There is a commutative

square®

Cpp(M, Z:G) — s Cap(M, Z;G)

] ] (2.14)

U ([eo)) ——=——— ¥*([é))

5tn [eq)

6 In fact this square does not commute on the nose, but if we replace the top horizontal map s, with a homotopic
map s},, then it does commute on the nose. Recall that s, adjoins the element [79] = [[7:], [v]] € Z/G to an unordered
tuple of elements of Z/G. The map s/, instead adjoins the element [[1; — 0.5], [v — 0.5]], where the — 0.5 denotes a

shift along the collar neighbourhood of M (for 7;) and in the last coordinate of R>:~2 (for v).
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whose vertical maps are homotopy equivalences by Proposition 2.6.14. The map of bundles (2.12)
induces a map of Serre spectral sequences, which is an isomorphism on E? pages up to vertical
degree 5 — 1 (or 5 if we take field coefficients), by Theorem 2.C and Lemma 2.6.9. The Zeeman
comparison theorem [Zee57] (cf. also [Iva93, Theorem 1.2] or [CDG13, Remarque 2.10]) then implies
that st,, = Bo,, induces isomorphisms on homology up to degree & —1 (or § with field coefficients).
Together with Lemma 2.6.17, this proves homological stability for the top horizontal map of (2.6).
By Remark 2.2.4, a special case of this implies homological stability also for the bottom horizontal
map of (2.6).” This completes the proof of Theorem 2.A, assuming Theorem 2.C.

2.7 Diffeomorphism groups of manifolds with conical
singularities

Before proving Theorem 2.C, we first discuss manifolds with (discrete) conical singularities and
their diffeomorphism groups. These are a special case of manifolds with Baas-Sullivan singularities,
introduced in [Sul67; Baa73], for which the singular set is not necessarily discrete, but may itself
be a smooth manifold of positive dimension (see §2.7.3 for a brief overview). We then prove
homological stability for diffeomorphism groups of manifolds with conical singularities, with respect
to adding new singularities of a fixed type — in fact, we will see that this is nothing more than
a special case of homological stability for symmetric diffeomorphism groups, already contained in
Theorem 2.A.

2.7.1 Manifolds with conical singularities

Fix a smooth, closed (m — 1)-dimensional manifold L. The open cone on L is
cone(L) = (L x [0,00))/(L x {0})

and we write * = [L x {0}] € cone(L) for the point at the tip of the cone.

Definition 2.7.1. An m-dimensional smooth manifold with conical L-singularities consists of a
space M equipped with a discrete subset ¥ C M and the structure of a smooth manifold on
M ~ ¥. In addition, the points ¢ € ¥ are equipped with pairwise disjoint open neighbourhoods
o € U, € M and homeomorphisms U, = cone(L) sending o to x and restricting to diffeomorphisms
Uy~ {0} = L x(0,00).

For example, when m = 1, this amounts to a graph of fixed valency k (i.e. every vertex has
the same valency k). In this case X is the set of vertices of the graph and L is the 0-manifold
{1,...,k}. Two other examples are as follows.

Example 2.7.2. If M is a smooth m-dimensional manifold, then we may take ¥ = &. Alterna-
tively, we may also take X to be any discrete subset and L = S™~!, although in this case we forget
the smooth structure at the marked points .

Example 2.7.3. If ¢ C R? is a link with k& components, then M = R?// is a manifold with a single
conical singularity (X is the single point [f] € M) of type L = ||, (S* x S').
2.7.2 Diffeomorphisms of singular manifolds

Now we also fix a subgroup H < Diff(L). Note that each self-diffeomorphism ¢ of L determines a
self-homeomorphism cone()) of cone(L) via cone(y)([z,t]) = [¢(x), t].

7 We need to check that the third assumption stated just before Theorem 2.4.1 is satisfied for this special case
(i-e. for this choice of N), but this is clear (cf. the last sentence of Remark 2.2.4).
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Definition 2.7.4. Let M be a manifold with conical L-singularities. A diffeomorphism of M
is then a homeomorphism ¢: M — M such that p(¥) = ¥ and the restriction @[y x is a dif-
feomorphism. Moreover, for each o € ¥ we require that ¢(Us) = U,(s) and that the induced
homeomorphism cone(L) = U, — U, ,) = cone(L) is of the form cone(h) for some h € H. These

form a subgroup
Diff% (M) < Homeo(M).

2.7.3 Relation to manifolds with Baas-Sullivan singularities

Manifolds with discrete conical singularities are a special case (s = 0) of the more general notion
of a manifold with Baas-Sullivan singularities, in which the singular set is a smooth s-dimensional
manifold. Fix a smooth, closed manifold L of dimension m — s — 1, which will be called the type,
or link, of the singular set.

Definition 2.7.5. A manifold with Baas-Sullivan singularities [Sul67; Baa73] consists of a topo-
logical space M equipped with the following data: a subset ¥ C M, a structure of a smooth
s-dimensional manifold (without boundary) on ¥ and a structure of a smooth m-dimensional
manifold (possibly with boundary) on M \ X, an open neighbourhood U 2 ¥ in M and a homeo-
morphism

0: (U, X) — (X x cone(L), X x {x})

whose restriction to U N X — X x L x (0,00) is a diffeomorphism.

Definition 2.7.6. Given a manifold M = (M, X, U, ) with Baas-Sullivan singularities of type L,
a diffeomorphism of M is a homeomorphism ¢: M — M fixing ¥ and U setwise, such that the
restrictions ¢|x, and @[y s are diffeomorphisms and |y = 67! o (¢|s x cone(?))) o 6 for some
diffeomorphism ¢: L — L. We may also fix a subgroup H < Diff(L) and require ¢ to be an
element of H, in which case this is an H -diffeomorphism of M.

Remark 2.7.7. There is a another viewpoint on manifolds with Baas-Sullivan singularities, where,
instead of a singular set X C M equipped with a conical open neighbourhood, one instead has
a smooth manifold M with boundary, equipped with a collar neighbourhood and an embedding
Y x L < OM whose image is a union of components of 9M. A morphism ¢: M — M’ between such
objects is then defined to be a smooth map, compatible with the collar neighbourhoods, sending
¥ x L to ¥/ x L, such that the restriction p|sxr is a product of smooth maps ¥ — ¥/ and L — L.
A diffeomorphism of M is an automorphism in this category. The definitions above are recovered
by taking the quotient of M by the equivalence relation corresponding to the partition

{o}xL|oeSyu{{z}|ze M~ (2 xL).

In particular, the conical neighbourhood of ¥ is the image of the collar neighbourhood under this
quotient. For more details, see [Bot92] or [Perl5]. (Note: our definition of a diffeomorphism of a
manifold with Baas-Sullivan singularities is a mild generalisation of that of [Perl5, Definition 3.1],
where the restriction ¢|xx 1, is required to be the product of a smooth map ¥ — ¥’ and the identity
L — L. In Definition 2.7.6 this corresponds to H-diffeomorphisms of M with H = {id} < Diff(L).)

Remark 2.7.8. The definition of manifolds with Baas-Sullivan singularities may be generalised
to allow a collection of smooth, closed manifolds L; of dimension m — s — 1. In the case where
s = 0 (corresponding to Definition 2.7.1), this amounts to saying that each open neighbourhood
U, should be identified with cone(Ly) for some k. See [Bot92] or [Perl3] for more details.

2.7.4 Relation to symmetric diffeomorphism groups

We now construct a specific sequence M,, of manifolds with n conical singularities of a fixed type.

Definition 2.7.9. As in §2.1, we fix an embedding i: P < OM C M, a metric on the normal
bundle v; — P of i and a tubular neighbourhood T = D(v;) < OM x (—3,%) C M. As described
in §2.1, this induces an embedding

®:nT ={1,...,n} x T —> M.
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Recall that 7" denotes the interior of T and T’ C T denotes the closed sub-disc-bundle of radius %

Given these inputs, we construct M,,, a manifold with n conical dT-singularities, as fol-
lows: starting with the manifold M, collapse the subset ®({k} x T”) to a point oy, for each
k € {1,2,...,n}. Then the singularity set is ¥ = {01, 09,...,0,} and each point oy, is equipped
with a conical neighbourhood U, 2 cone(dT) given by the image of ®({k} x T') under the collapse
map M — M,,.

Remark 2.7.10. As a space, M,, is homeomorphic to the quotient of Mg obtained by collapsing
each ®({k} x OT) C OMs to a point — see Remark 2.2.2.

For a smooth fibre bundle {: E — B with structure group G, write Diffg, (E) < Diff(FE) for
the subgroup of diffeomorphisms ¢ that respect the partition of E into fibres of £ (it then follows
that £ o ¢ = @ o & for some diffeomorphism ¢ of B) and that act on fibres by elements of G. In
particular we may apply this definition to the disc and sphere bundles (cf. §2.2)

&T—P and o =&lor: OT — P,

whose structure groups are both O(m — p). Since an element of O(m — p) is determined by its
action on S™"P~1 = 9D™"P | the restriction map Diffg,(T") — Diffgy,(0T) is an isomorphism, and
we will identify these groups via this isomorphism.

Lemma 2.7.11. There is a natural isomorphism
H,(Diff%" (M,,)) = H,(XgDiff(M,nT))
for any subgroup H < Diffq,(7') = Diffs, (07) < Diff (9T).

Proof. This follows directly from the construction of M,,, unravelling Definitions 2.2.1 and 2.7.4.
O

Now Theorem 2.A and Lemma 2.7.11 immediately imply:

Corollary 2.7.12. (Corollary 2.B) Suppose that p < &(m —3) and the subgroup H < Diffay,(T) <
Diff(OT') has been chosen so that condition (b) of §2.4 holds. Then there are isomorphisms

H.(Difff (M.,)) = H.(Dififf (M)

for x < 5 —1, and for x < 5 if we take field coefficients.

2.8 Twisted homological stability

We will prove Theorem 2.C in §2.9 as a corollary of a twisted homological stability theorem for
moduli spaces of disconnected submanifolds, which we prove in this section. This is a direct
analogue of the main result of [Pall8b], which deals with configuration spaces of points, so we
will not include all possible details in this section, since most of the constructions and proofs go
through verbatim as in [Pal18b], with just minor changes of notation.

We return to the setup of §2.5, but without any labels for now. So we have a smooth, connected
m-dimensional manifold M with non-empty boundary, a collar neighbourhood col: M x [0, 0o] <
M and an embedding i: P — OM. Recall also that we have extended M by lengthening its collar:

M=M U (dM x[-1,0)),
OM x[0,00]
and in Definition 2.5.4 we constructed “shifted” embeddings i,: P < M for any r € R, where
io = i.

Fix a subgroup G < Diff(P) and write E = Emb(P, M). Then in Definition 2.5.6 we con-
structed moduli spaces C,,p(M;G) C Sp™(E/G) and Cyp(M;G) C Sp" " (E/G) and a stabilisa-
tion map

Spt CnP(M; G) — CﬁP(M; G) = C(n—i—l)P(M; G) (215)

between them.



54 Chapter 2. Stability for moduli spaces of manifolds with conical singularities

Remark 2.8.1. The identification on the right-hand side of (2.15) is given by identifying the
interior M(—1) of M (cf. Notation 2.5.1) with the interior M (0) of M via a diffeomorphism
supported on the collar neighbourhood col(OM x [—1,00]) C M. Tt will be more convenient in
this section to think of the target of the stabilisation map as C(;,41)p(M;G). There is a natural
basepoint {[i1],...,[in]} of Cpp(M;G), and s, is basepoint-preserving.

Definition 2.8.2. The category Bp(M) associated to these data has non-negative integers as
objects, and a morphism m — n is given by a choice of k¥ < min(m,n) and a path £ in Cyp(M; G)
with £(0) C {[i1],...,[im]} and £(1) C {[é1],..., [in]}, up to endpoint-preserving homotopy. The
identities are given by constant paths and composition is defined by concatenation of paths, as well
as forgetting any “strand” of a path that does not match up with a “strand” of the other path,
analogous to the composition of partially-defined functions. See (2) on page 151 of [Pall8b] for an
illustration. The construction in §3.1 of [Pall8b] extends directly to this setting, and equips this
category with an endofunctor

S: Bp(M) — Bp(M),

whose effect on objects is n — n + 1, together with a natural transformation ¢: idg,a) — S. Any
functor T': Bp(M) — Ab to the category of abelian groups (or any abelian category) may then be
given a degree by defining deg(0) = —1 and recursively

deg(T) = deg(coker(I' =T o S5)) +1

for T # 0. The automorphism group of n in Bp(M) is 71 (C,p(M;G)), so there are well-defined
twisted homology groups H.(Cy,p(M;G);T(n)). The homomorphism T'(¢,): T'(n) — T(n + 1) is
equivariant with respect to the map induced on 71 by (2.15), so there are induced maps on twisted
homology

Ho(Coup (M; G); T(n)) — H.(Claryp(M; G)i Tn + 1)). (2.16)

Theorem 2.8.3. (Theorem 2.D) Ifp < 3(m—3), G is an open subgroup of Diff(P) and T: Bp(M) —
Ab is a functor of degree d < oo, then (2.16) is split-injective in all degrees, and an isomorphism
Jor x < 254

The proof of Theorem 2.D is a direct generalisation of §3 and §6 of [Pall8b], so we will just
sketch the steps involved. Fix a functor T': Bp(M) — Ab.

Definition 2.8.4. For S C {1,...,n} let fs: n — n be the morphism of Bp(M) given by the con-
stant path in C(,,_|g))p(M) at the point {[is] | s € {1,...,n}\.S}. Then T(fs) is an endomorphism
of T'(n) and we may define a subgroup

TF =im(T(fr,.n-3) N [ ker(T(fay))
i=n—k+1
of T'(n) for any 0 < k < n. We write
C(nfk,k:)P(M; G) — CnP(M7 G) (217)

for the covering space in which %k copies of P are coloured red and the remaining n — k copies are
coloured green. Equivalently, this is the connected covering space of C,,p(M; G) corresponding to
the subgroup

end;, ' (Sp_p x Zk) C 71 (Crp(M;G)),

where end,,: 71 (Cpp(M;G)) — X, is the homomorphism that remembers just the permutation of
{[#1],- -, [in]} induced by a path. We also write

red(n,k,k) : C(n—k,k)P(M§G) — Crp(M;G) (2.18)
for the map that forgets all green parts of a configuration.

Proposition 3.5 and Lemma 6.4 of [Pall8b] generalise directly to the following.
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Proposition 2.8.5. Each T} is invariant under the action of m(C(n—j.1p(M;G)) on T(n), and
therefore gives a twisted coefficient system for C(,_p pyp(M;G). The pullback of the coefficient
system T,f along the map (2.18) is naturally isomorphic to TF. There is a natural isomorphism of
Zm1(Crp(M; G))]-modules

n

T(n) = @(zmcnp(M;G))]

® T,’f) .
k=0 271 (Cln—r, iy p (M;G))]

Lemma 3.16 of [Pall8b] also generalises directly:

Lemma 2.8.6. We have deg(T) < d if and only if T* =0 for alln > 0 and all k > d.

The final lemma that we will need before proving Theorem 2.D is the following.

Lemma 2.8.7. The map (2.18) is a fibre bundle.

Proof. By Proposition 4.15 of [Pal21], the action of Diffo(M) on Emb(kP, M)/(G1%}) is locally
retractile. By Lemma 4.6(i) of [Pal21], the restriction of this action to the path-component of
the identity DiﬂC(M )o is also locally retractile. This restricted action obviously fixes setwise the
path-component Cyp(M;G) C Emb(kP, M)/(G 1 %), so by Lemma 4.6(iii) of [Pal21], the action
of Diff,(M)o on Cpp(M;@) is locally retractile. Hence Theorem A of [Pal60] implies that (2.18)
is a fibre bundle. O

Proof of Theorem 2.D. The idea is exactly the same as on pages 172-173 of [Pall8b], so we just
give a sketch of how to adapt it. By Proposition 2.8.5, Lemma 2.8.6 and Shapiro’s lemma for
covering spaces (see Lemma 6.1 of [Pall8b]) there are natural isomorphisms

d
H,(Cop(M;G);T(n)) = @ Ho(Clnpoyp(M; G); T). (2.19)
k=0

It therefore suffices to show that the lift of the stabilisation map
Con-tiyp(M;G) — Cny1-kpyp(M; G) (2.20)

that adds a new green copy of P to the configuration induces isomorphisms on twisted homology
with respect to the coefficient systems T/ and 7%, | up to degree "7”“ This stabilisation map is a
map of fibre bundles (by Lemma 2.8.7) over the space Cyp(M;G). Our default basepoint of this
space is {[i1], ..., [ix]}, but for the next argument it will be more convenient to choose a different
basepoint {[#}],...,[i}]}, where each embedding i/,: P < M has image disjoint from the image of
the collar neighbourhood. We may then define

k
M =M~ | i (P)
a=1

and take the same collar neighbourhood for M’ as for M. The restriction of the map (2.20) to the
fibres over {[i{],...,[i}]} is the stabilisation map

Cliniyp(M';G) — Clng1—pyp(M'; G).

There is a subtlety in this statement: it is not hard to see that there are topological embeddings

red, o ({4, - [i4]}) ———— red g (), - [4]D)

] ]

Cin-ryp(M';G) Cint1-kyp(M';G)
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making the square commute, defined by adjoining {[¢}], ..., [¢}]} to a configuration. It remains to
see that they are surjective: this follows from Proposition 5.10 of [Pal21]. Using this identification
and the first part of Proposition 2.8.5, we therefore have a map of twisted Serre spectral sequences
(cf. Proposition 5.7 of [Pal18b]), which is as follows on the E? pages:

Hy(Crop(M; G); H(Clpiyp(M';G); TF)) — Hy(Crp(M; G); Hy(Clir—iyp(M'; G); TF)),

where T} is a constant coefficient system for the fibres, and which converges to the map on twisted
homology induced by (2.20) with respect to the coefficient systems T¥ and T¥, ;. By Theorem A of
[Pal21] and the universal coefficient theorem, the map of E? pages is an isomorphism for ¢ < "T_k
The Zeeman comparison theorem therefore implies that the map in the limit is also an isomorphism
up to degree 25£. This completes the proof of Theorem 2.D, except for the split-injectivity

2
statement.

The proof of split-injectivity in §7 of [Pall8b] generalises verbatim to establish the split-
injectivity statement of Theorem 2.D. O

2.9 Stability for moduli spaces of labelled disconnected
submanifolds

We now prove Theorem 2.C as a corollary of Theorem 2.D. This will be another spectral sequence
comparison argument, using a map of Serre spectral sequences induced by the square (2.7), so as
a first step we prove:

Lemma 2.9.1. The vertical maps in the square (2.7) are Serre fibrations.

Proof. We will show that the map C,p(M, Z;G) — C,p(M;QG) is a Serre fibration; an identical
argument will then show that the other vertical map of (2.7) is also a Serre fibration.

By assumption (see Input 2.5.5), the map 7: Z — FE is a Serre fibration and also G-equivariant.
The n-fold product n™: Z™ — E™ is also a Serre fibration, and so is its pullback =,: Z, — E,
along the inclusion E, = Emb(nP, M) C E™ = Emb(P, M)". Since the map m,: Z, — B, is also
(G1X,)-equivariant, there is an induced square

Zy — Zn /(G %)

m{ ’ lfrn (2.21)

E, —— E,/(G1%,),

which is a pullback as indicated. By Propositions 4.15 and 4.8 of [Pal21], the bottom horizontal
map is a principal (G1X,)-bundle. So we know that the left-hand vertical map 7, and the bottom
horizontal map in (2.21) are Serre fibrations, and the bottom horizontal map is also obviously
surjective. Thus Lemma 4.19 of [Pal21] implies that the right-hand vertical map 7,, is also a Serre
fibration. Finally, the map Cp,p(M, Z;G) — C,p(M;G) is just the restriction of 7, to one path-
component of its source and one path-component of its target, so it is also a Serre fibration. 0O

Let R be a ring. There is an induced map of Serre spectral sequences, converging to
H.(Cnp(M,Z;G); R) — H.(Cap(M,Z;G); R)
and whose map of E? pages is of the form
Hy(Cop(M;G); Hy(f,  (ig1, . ny)i R)) — Ho(Cip(M;G); Hy(f5 ' (ig0,...ny)i R)),

where f, and f; denote the vertical maps in the square (2.7) and where igy .,y = {[i1], ..., [in]}
and igq,.. ny = {[i0], [i1], ..., [in]} are the basepoints.
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Remark 2.9.2. In this section (as in §2.8, see Remark 2.8.1) it will be more convenient to view
the targets of the stabilisation maps in (2.7) as C(,41)p(M, Z; G) and C(,,41)p(M; G) respectively,
so the map of Serre spectral sequences is then

H.(Chp(M, Z;G); R) — H.(C(y1yp(M, Z;G); R) (2.22)
in the limit and

Hy(Cop(M; G); Hy(f (ir,ny)s R)) — Ho(Clngyp (M G): Hy(frily (i1, gy )i R)) - (2:23)

on the E? pages.

For these identifications, we use modifications of the maps (1) = shy o —: F — FE and
3(1): Z — Z (cf. Definition 2.5.4). Namely, we choose a diffeomorphism x: M — M (note that
there is no”on the codomain) so that x = sh; on M C M. This induces a G-equivariant endomor-
phism ko —: E — E, where we recall that £ = Emb(P, M ). We then choose a G-equivariant lift
k: Z — Z of this so that & = ¥(1) on 7~ }(Emb(P, M)) C Z. Then the identifications

Car(M;G) = Crny1yp(M;G) Ciap(M,Z;G) = Ciyyp(M, Z;G)
are defined by

{lols- - lenl} — {lw o @ol, - s [m o @ul} {[z0], s [zn]} = {[F(20)], - [R(zn)]}
respectively.

Proposition 2.9.3. Suppose that R is a principal ideal domain and that the fibration 7: Z — E
has path-connected fibres, whose homology is a flat R-module in each degree. Then for each t > 0
there is a functor Ty: Bp(M) — Ab of degree at most t such that, up to isomorphism, the map
Ti(tn): Ty(n) = Te(n+ 1) is the map

Ht(fn_l(i{l,...,n})§ R) — Ht(fy;il(i{l,...,n+l}); R) (2.24)

induced by the restriction of the top horizontal map of (2.7).

Proof. As in [Pall8b], write X for the category with objects {1,...,n} for non-negative integers n
(with n = 0 corresponding to the empty set) and whose morphisms are partially-defined injections.
This may be viewed as a special case of Bp(M): for example, By (R3) = 3.

The map w: Z — E is G-equivariant; write 7: Z/G — E/G for the induced map of orbit
spaces. Let Y be the fibre 771([ig]) with basepoint [z9]. Example 4.1 of [Pal18b] gives us a functor

Ti: ¥ — Ab

such that Ty(t,): Ty(n) — Ti(n + 1) is the map on H; induced by the inclusion of pointed spaces
Y™ — Y xY" = Y™ in other words, the map ([z9], —, ..., —). By Lemma 4.2 and Remark 4.4 of
[Pall8b] this functor has degree at most t. There is a functor Bp(M) — X given by remembering
just the partial injection {[i1],..., [im]} --» {[é1],-.., [in]} induced by a path ¢ of configurations
as in Definition 2.8.2. Precomposition by this functor preserves the degree of functors into the
category Ab,® so the composition

Ti: BP(M) — 3 — Ab

also has degree at most t.

The map (2.24) is induced by the composition f;l(i{ly___m}) — f»fL_l(i{O,.“,n}) — Ji1(i{1,...,n+1})v
which may equivalently be written

n n n+1
17 i) — T[] 7 ial) — [] 7 (lia)).
a=1 a=0 a=1

8 See §4.3 of [Pall7] for a more general discussion of when precomposition by a functor preserves degree.
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where the first map is ([zo], —, ..., —) and the second is a restriction of 7(1)"*! (c¢f. Remark 2.9.2),
where 4(r) denotes the map Z/G — Z/G induced by the G-equivariant map 5(r): Z — Z. The
domain may be identified with Y™ via the homeomorphism (1) X --- x ¥(n) and the codomain
with Y"1 via the homeomorphism (1) x - - - x ¥(n+1). Under these identifications (using the fact
that 4 is a homomorphism), we see that (2.24) becomes the map induced on H; by the inclusion
Y™ — Y x Y™, which is exactly T;(¢y,), as required. O

Proof of Theorem 2.C. The argument in §5.2 of [Pal21] for the split-injectivity part of the state-
ment generalises verbatim to the setting of moduli spaces of disconnected submanifolds with labels.
All one needs, in order to apply Lemma 2 of [Dol62] to deduce split-injectivity, is to be able to
define maps

Cop(M, Z;G) — Spli) (Crp(M, Z;G))

satisfying a certain equation up to homotopy. Viewing C,p(M, Z;G) as a subspace of the sym-
metric power Sp"(Z/G) (cf. Definition 2.5.6), we construct such maps as restrictions of the maps

Sp™(2/G) — SpH) (Sp*(2/@))

that forget n — k points in all possible ways. Thus (2.22) is always split-injective.

It remains to prove the second part of the statement, that when 7: Z — FE has path-connected
fibres, p < £(m — 3) and G is an open subgroup of Diff (P), the map (2.22) is an isomorphism for
* < 5§ — 1, and also for x < 7 if R is a field.

First let R be a field, so that every R-module is flat. Then these three assumptions, together
with Theorem 2.D and Proposition 2.9.3, imply that the map (2.23) is an isomorphism for s < "T_t,
in particular for total degree s +t < 5. The Zeeman comparison theorem then implies that (2.22)
is also an isomorphism for * < %

In general, if a continuous map X — Y induces isomorphisms on homology up to degree i with
all field coefficients, then it induces isomorphisms on integral homology (and therefore with any
untwisted coefficients, by the universal coeflicient theorem) up to degree ¢ — 1. This follows from
the five-lemma applied to the natural long exact sequences induced by the short exact sequences

0= Z/(p") = Z/(p™*") = Z/(p) — 0 0-Z—-Q—Q/Z= ) colimZ/(p") -0

p prime

of coefficient groups. Thus the statement in the special case when R is a field implies the statement
for general R. O



Chapter 3

Big mapping class groups with
uncountable integral homology

The results of this chapter are accepted for publication as [PW22a] in joint work with Xiaolei Wu.

Introduction

There has been a recent wave of interest in big mapping class groups (mapping class groups of
infinite-type surfaces); see [AV20] for a survey. In [PW22b], the authors recently computed the ho-
mology of a large family of big mapping class groups, namely the families of (1-holed or punctured)
binary tree surfaces (see the introduction of [PW22b] for this terminology). Precisely, the mapping
class group of every 1-holed binary tree surface is acyclic and the homology of the mapping class
group of every punctured binary tree surface is periodic with Z in every even degree and zero in
every odd degree. One instance of this result says that the mapping class group Map(D? \ C)
is acyclic and that H;(Map(R? \ C)) is Z for i even and zero for i odd, where C is a Cantor set
embedded in the interior of the disc. In particular, in all of these examples, the homology groups
H;(Map(S)) are finitely generated for each i. Some earlier results on the homology of big mapping
class groups — in degrees 1 and 2 — include: H;(Map(S \ C)) & Hy(Map(9)) if C is a Cantor set
embedded in the interior of a finite-type surface S [CC22] (see also [V1a21] for three special cases
of this) and Ho(Map(S? \ C)) & Z/2 [CC21].

In this chapter we prove a contrasting result: for many infinite-type surfaces S, the group
H;(Map(S)) is uncountable for all ¢ > 0. In addition, we prove — for all infinite-type surfaces S
— that H;(PMap.(S)) and H;(T(S)) are uncountable for all ¢ > 0, where PMap,(S) and 7(5)
denote, respectively, the closure of the compactly-supported mapping class group and the Torelli
group of S.

Our proofs are built on ideas from [APV20; Dom22; MT23]. In [APV20], Aramayona, Patel
and Vlamis determined H!(PMap(S)) for any infinite-type surface S of genus at least 2; in par-
ticular, they showed that it is countable. (This was extended to genus 1 in [DP20], where it was
also shown that H'(PMap(S)) is uncountable when S has genus 0.) Along the way they proved
that, when S has infinitely many non-planar ends, its pure mapping class group PMap(S) admits a
split-surjection onto the Baer-Specker group ZN. Later, Domat proved that big pure mapping class
groups PMap(.S) are never perfect [Dom22]. Morover, he showed that H; (PMap(S)) is uncountable
for many infinite-type surfaces S and that Hy(7(S)) and Hy(PMap,(S)) are uncountable for all
infinite-type surfaces S. Malestein and Tao [MT23] were able to push the results of Domat further
and prove that the first homology of the full mapping class group Hi(Map(S)) is uncountable for
a certain class of surfaces S, including S = R? \ Z.

59
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Uncountable homology

Given a surface S, recall that its pure mapping class group PMap(.S) is the subgroup of its mapping
class group Map(S) = mp(Homeo(S)) consisting of all those mapping classes that fix the ends
of S pointwise. Its Torelli group T(S) is the kernel of the natural homomorphism Map(S) —
Aut(H,(5)). Recall also that PMap,(S) denotes the subgroup of Map(S) of mapping classes that
admit representative homeomorphisms with compact support, and PMap,(S) denotes its closure
in Map(S) in the quotient topology induced by the compact-open topology on Homeo(S). We
note that in general we have inclusions 7(S) € PMap.(S) € PMap(S) C Map(S). (The only
non-obvious inclusion is the first one: it is explained during the proof of Theorem 3.4.10 below.)
Our first result concerns the first two groups of this nested sequence and holds for all infinite-type
surfaces S.

Theorem 3.A (Corollary 3.4.5 and Theorem 3.4.10). Let S be any infinite-type surface. Then the
integral homology groups
H;(PMap_.(S)) and H;(T(S))

are uncountable for every i > 1. Moreover, they each contain @ Z in every degree, where ¢ denotes
the cardinality of the continuum.

Remark 3.0.1. One might hope that our methods could be used to prove that the homology
of the pure mapping class group H;(PMap(S)) is also uncountable for every ¢ > 1 and for any
infinite-type surface S. However, the methods of the present chapter can only prove this result
in the case when S has at most one or infinitely many non-planar ends; see Remark 3.4.7 for
more information. When S has n non-planar ends for 1 < n < oo, one can in fact prove that the
(uncountably many) elements constructed in Domat’s paper [Dom22, Theorem 6.1] all vanish in
H,(PMap(S)); see Remark 3.4.9 for more information.

In order to state our result for the full mapping class groups Map(S), we first recall some
background about ends of surfaces; more details are given in §3.1 and §3.2. Every surface S has
a space of ends F, which is a compact, separable, totally disconnected topological space. The key
hypothesis in our main theorem is a condition on the structure of the space F.

Definition 3.0.2. For points z,y € E, we write x ~ y and say that x is similar to y if and
only if there are open neighbourhoods U,V of z,y respectively such that (U,z) and (V,y) are
homeomorphic as based spaces. A point x € F is topologically distinguished if it is not equivalent
to any other point of E under this equivalence relation.

Definition 3.0.3. For a topological space F, write T*(E) = Ew+1, where Ew means a countably
infinite disjoint union of copies of E and X + 1 means the one-point compactification of X.

Theorem 3.B. Let S be a connected, finite-genus surface with finitely many boundary components,
whose space of ends E is of the form E = E1 UTY1(Es), where Es has a topologically distinguished
point x and no point of £ is similar to x. Then the integral homology group

H;(Map(5))

is uncountable for every ¢ > 1. In fact, there is an injective homomorphism of graded abelian
groups

A* (@ Z) s H,(Map(8)),

[

where A* denotes the exterior algebra on an abelian group.

Remark 3.0.4. In the course of the proof of Theorem 3.B, we also prove the same statement with
S replaced by the Loch Ness monster surface L, see Proposition 3.4.3.

Remark 3.0.5. All countable end spaces of surfaces (equivalently: countable compact Hausdorff
spaces) are of the form E = w®.n + 1 for a countable ordinal o and a positive integer n [MS20].
Hence a surface S of finite genus with this end space satisfies the assumption of Theorem 3.B
whenever n = 1 and « is a successor ordinal.
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Thus for a large class of infinite-type surfaces S with countably many ends we know that
Map(S) has uncountable integral homology in all positive degrees. This suggests the following
question.

Question 3.0.6. Let S be an infinite-type surface with countably many ends. Is the homology of
Map(S) uncountable in all positive degrees?

Remark 3.0.7. Without the hypothesis on the structure of the space of ends E of .S, the conclusion
of Theorem 3.B is false. For example, as mentioned above, we prove in [PW22b] that

Z 1 even

H;(Map(R? < C)) =
(Map(R™~ €)) {0 i odd.

Remark 3.0.8. The hypotheses of this chapter and the hypotheses of [PW22b] are in some sense
opposite, with opposite conclusions. In [PW22b] we consider 1-holed binary tree surfaces, whose
end spaces are Cantor compactifications (Ew)C (see [PW22b, §1.2] for the definition), which are
highly self-similar (in particular (Ew)¢ = C if E = @ or E = C, which is homogeneous), and we
prove that H;(Map(S)) = 0 for all ¢ > 0. On the other hand, in this chapter we consider surfaces S
whose end spaces E satisfy the “homogeneity breaking” hypothesis of Theorem 3.B (roughly: FE has
a limit point of topologically distinguished points), and conclude that H;(Map(S)) is uncountable
for all ¢ > 0.

Non-trivial torsion

So far, the elements that we have constructed in the homology of big mapping class groups all have
infinite order. It would be interesting also to find some torsion elements. In fact, the following
question was asked by Domat in [Dom22, Question 11.3].

Question 3.0.9. Let S be an infinite-type surface. Are there torsion elements in Hy (PMap,(5))?

Recall that PMap,_.(S) denotes the subgroup of Map(S) of mapping classes that admit repre-
sentative homeomorphisms with compact support, and PMap,(S) denotes its closure in Map(.5)
in the quotient topology induced by the compact-open topology on Homeo(S). Also recall that
PMap,(S) € PMap(S) coincides with PMap(S) if and only if S has at most one non-planar end
[PV18, Theorem 4]. Our third result answers Domat’s question in the positive.

Theorem 3.C. Let S be an infinite-type surface of genus 2 and with finitely many (possibly
zero) boundary components. Then the homology groups Hy(PMap(S)) = Hi(PMap,(S)) and
Hy(Map(S)) both contain an order-10 element. Moreover, the cyclic group generated by this ele-
ment is a direct summand.

Remark 3.0.10. By comparing the stable homology of (orientable, finite-type) mapping class
groups with rational coefficients [MWO07] and with mod-p coefficients [Gal04], one sees that there
are also many torsion elements in the integral homology of mapping class groups in the stable
range. Using this and Lemma 3.6.2, one may find many higher-degree torsion elements in the
homology of mapping class groups of infinite-type surfaces of finite genus.

In a sense, our answer to Domat’s question is “cheating”, since we simply show that a certain
torsion element in the homology of the mapping class group of a finite-type subsurface of S injects
into the homology of the mapping class group of S. Together with our uncountability results above
(Theorems 3.A and 3.B), this suggests two refinements of Domat’s question:

Question 3.0.11. Let S be an infinite-type surface. Do the homology groups H;(PMap,(S)) or
H,(PMap(S)) contain torsion elements that are not supported on any finite-type subsurface of S?

Question 3.0.12. Let S be an infinite-type surface. Do the homology groups H;(PMap,(S)) or
H,(PMap(S)) contain an uncountable torsion subgroup?

We note that a positive answer to Question 3.0.12 would imply a positive answer to Question
3.0.11, since torsion admitting finite-type support can only account for countably many torsion
elements.
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Outline

We begin with two sections of background: §3.1 on infinite-type surfaces and big mapping class
groups and §3.2 on notions of topologically distinguished points. In §3.3 we prove a basic lemma
that gives a sufficient criterion for the homology of a group to contain an embedded copy of the
exterior algebra on a direct sum of continuum many copies of Z. We also discuss techniques of
[Dom22] that may be used to construct the inputs for this lemma.

Theorems 3.A and 3.B are then proven in §3.4-§3.5. In §3.4 we prove uncountability of
the homology of the mapping class group of the Loch Ness monster surface, which is the first
step in the proof of Theorem 3.B. We then adapt these techniques to prove Theorem 3.A on the
homology of the closure of the compactly-supported mapping class group and the Torelli group of
an arbitrary infinite-type surface S. In §3.5 we apply the results of §3.4, together with a covering
space argument inspired by a technique of Malestein and Tao [MT23], to complete the proof of
Theorem 3.B. The covering space argument in this section is the step in which we use in an essential
way the hypothesis on the structure of the end space of the surface.

We prove Theorem 3.C on torsion elements in §3.6. Finally, in §3.7, we record some related
open questions, in particular discussing the cohomology of mapping class groups in §3.7.2. Ap-
pendix 3.8 gathers some basic facts about abelian groups that are needed in several of our proofs.

3.1 Surfaces, ends and mapping class groups

3.1.1 Infinite-type surfaces

All surfaces will be assumed to be second countable, connected, orientable and to have compact
boundary. If the fundamental group of S is finitely generated, we say that S has finite type,
otherwise it has infinite type. The classification of surfaces of possibly infinite type was proven by
von Kerékjarté [Ker23] and Richards [Ric63]. Recall that an end of a surface S is an element of
the set

Ends(S) = lim (S \ K), (3.1)

where the inverse limit is taken over all compact subsets K C S. The Freudenthal compactification
of S is the union

S = S UEnds(9)

equipped with the topology generated by U U {e € Ends(S) | e < U} for all open subsets U C S.
Here e < U means that there is a compact subset K C S such that U contains the component of
S\ K hit by e under the canonical map Ends(S) — mo(S \ K). The induced subspace topology
on Ends(S) coincides with the limit topology induced from the discrete topology on each term in
the inverse system. With this topology, Ends(S) is homeomorphic to a closed subset of the Cantor
set. We call an end e € Ends(S) planar if it has a neighbourhood (in the topology of S) that
embeds into the plane, otherwise we call it non-planar. The (closed) subspace of non-planar ends
is denoted by Ends,,,(S) € Ends(S).

Theorem 3.1.1 ([Ric63, Theorems 1 and 2]). Let S1, 52 be two surfaces of genus g1, g2 € NU{co}
and with by, by € N boundary components. Then S1 = Sy if and only if g1 = g2, b1 = by and there
1s a homeomorphism of pairs of spaces

(Ends(S1), Ends,,;,(S1)) = (Ends(S2), Ends,,(S2)).
Conwversely, given g € NU{oo}, b € N and a pair X CY of closed subsets of the Cantor set, where

we require that g = oo if and only if X # @&, there exists a surface S of genus g with b boundary
components such that (Ends(S), Ends,,(5)) = (¥, X).
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Figure 3.1 The 3-valent vertices of this graph are globally topologically distinguished but not topo-
logically distinguished, since they are similar (but not globally similar) to each other.

3.1.2 Mapping class groups

For a surface S, the mapping class group of S is the group of isotopy classes of orientation-preserving
diffeomorphisms of S fixing the boundary of S pointwise, i.e.

Map(S) := mo(Diff* (S, 8S)).

The pure mapping class group PMap(S) of S is the subgroup of Map(S) consisting of all
elements whose induced action on Ends(.S) is the identity. It follows from the construction of [Ric63,
Theorem 2] (or, more precisely, from the naturality of this construction) that every homeomorphism
of Ends(S) sending the subspace Ends,,,(S) onto itself is induced by some homeomorphism of S.
This implies that we have the following short exact sequence.

Proposition 3.1.2. Let S be any surface. Then there is a short exact sequence of groups
1 — PMap(S) — Map(S) — Homeo(Ends(S), Ends,;,(S)) — 1,

where Homeo(Ends(S), Ends,,;,(S)) denotes the group of homeomorphisms of the pair of spaces
(Ends(S), Ends,,(9)).

3.2 Topologically distinguished points

We now recall from the introduction the notion of topologically distinguished points (Definition
3.0.2) and compare it to a weaker notion of globally topologically distinguished points.

Definition 3.2.1. Let E be a topological space. Two points x,y € E are called similar if there
are open neighbourhoods U and V of & and y respectively and a homeomorphism U 2 V' taking
x to y. This is an equivalence relation on E. A point z € F is called topologically distinguished if
its equivalence class under this relation is {«}, in other words it is similar only to itself.

Definition 3.2.2. Let E be a topological space. Two points z,y € E are called globally similar
if there is a homeomorphism ¢ € Homeo(E) with ¢(x) = y. This is an equivalence relation on
E. A point z € F is called globally topologically distinguished if its equivalence class under this
relation is {«}, in other words it is globally similar only to itself. Equivalently, = € F is globally
topologically distinguished if it is a fixed point of the action of Homeo(E) on FE.

Remark 3.2.3. We record two immediate observations:

e If z and y are globally similar then they are similar.
e If = is topologically distinguished then it is globally topologically distinguished.

The converses of these two statements are false in general. For example, the two vertices of
valence 3 in the graph pictured in Figure 3.1 are similar but not globally similar; also, both of
them are globally topologically distinguished but not topologically distinguished. However, for
zero-dimensional (Hausdorff) spaces the converse does hold:

Lemma 3.2.4. Suppose that E is Hausdorff and zero-dimensional, i.e. it has a basis for its topol-
ogy consisting of clopen subsets. Then two points x,y € E are similar if and only if they are
globally similar. Thus x € E is topologically distinguished if and only if it is globally topologically
distinguished.
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Proof. The second statement follows from the first one, so we only have to prove the first statement,
that z,y € E are similar if and only if they are globally similar. One implication is obvious; we
will prove the opposite implication. So let us assume that x,y € E are similar and choose open
neighbourhoods U and V of x and y respectively and a homeomorphism ¢: U — V taking = to
y. Assume that © # y (otherwise the result is obvious). Since E is zero-dimensional, we may
assume, by shrinking them if necessary, that U and V are clopen. Since E is Hausdorff, we may
assume, by shrinking them if necessary, that U and V are disjoint. We may therefore extend ¢ to
a homeomorphism ¢ € Homeo(E) by:

e o(e) = p(e) for e € U;
o ple)=p l(e) foreec V;
o ple)=eforec EX(UUV).

This bijection is continuous since {U,V, E ~ (U U V)} is an open cover of E and @ is continuous
when restricted to each of these subsets. Its inverse is continuous for the same reason, so it is a
homeomorphism of E taking = to y. Thus x and y are globally similar. O

Remark 3.2.5. End spaces of surfaces are always Hausdorff and zero-dimensional, so Lemma
3.2.4 implies that topologically distinguished and globally topologically distinguished are the same
for end spaces.

Lemma 3.2.6. If a space E has a topologically distinguished point, then Ew + 1 has a globally
topologically distinguished point. In fact, the point at infinity is globally topologically distinguished.

Proof. Let oo denote the point at infinity of the one-point compactification Ew+1 of Ew = | | E.
Let ¢ € Homeo(Ew + 1). We just need to show that ¢(c0) = oo, since it will then follow that
oo is a globally topologically distinguished point of Fw + 1. Suppose for a contradiction that
@(00) # co. Write E; = E for each i € N, and identify Fw = | |, E;. By assumption, ¢(c0) € Ej;
for some j € N. Let € E be a topologically distinguished point. Every open neighbourhood U
of oo € Ew + 1 contains infinitely many points that are similar to z, since, by definition of the
one-point compactification, U must contain E; for infinitely many i. Since ¢ is a homeomorphism,
it must also be true that every open neighbourhood of ¢(c0) € Ew + 1 contains infinitely many
points that are similar to . But Ej is an open neighbourhood of ¢(c0) € Ew + 1 and it contains
only one point that is similar to x, a contradiction. O

Corollary 3.2.7. Suppose that E is Hausdorff and zero-dimensional. If E has a topologically
distinguished point, then the point at infinity of Ew + 1 is topologically distinguished.

Proof. By Lemma 3.2.6, the point at infinity of Fw+1 is globally topologically distinguished. Haus-
dorfness and zero-dimensionality of E automatically imply Hausdorffness and zero-dimensionality
of Ew + 1, so Lemma 3.2.4 then implies that the point at infinity of Ew + 1 is topologically
distinguished. O

Remark 3.2.8. There is another, a priori different, equivalence relation on topological spaces,
defined by [MR22]. They define, for points =,y € E:

r <y <= V open neighbourhoods U 5y, d2€ U : z ~ z,

where z ~ z means that z and x are similar in the sense of Definition 3.2.1. This is a pre-order on
FE, so it induces an equivalence relation

rr~y < rz<yandy<z

on F and a poset structure on the quotient E/~. Clearly x ~ y implies z ~ y. Also, if we
now assume that E is the end space of a surface 3, it is not hard to see (using Lemma 3.2.4
and Proposition 3.1.2) that  ~ y if and only if there is a homeomorphism of ¥ taking z to
y. Theorem 1.2 of [MR22] says that if  ~ y then there is a homeomorphism of ¥ taking z to
y. It follows that ~ and ~ are the same equivalence relation on FE if it is the end space of a
surface. In [MR23], the authors often consider the condition that “¥ has a unique maximal end”,
i.e. there is a unique maximal equivalence class [x] € E/~ and the equivalence class [z] has size
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1. The condition that we require in this chapter is however much weaker, namely that “X¥ has a
topologically distinguished end”, i.e. there is an equivalence class [z] € F /= of size 1 (but it need
not be maximal in the poset structure of E/=).

3.3 Tools for proving uncountability

We start with a key lemma, which we use several times to conclude uncountability of the homology
of a given group G in all positive degrees.

Notation 3.3.1. Let us fix some notation that will be used throughout the rest of the chapter.

e For an abelian group A, denote by A*(A) the exterior algebra on A.
e We denote by ¢ the cardinality of the continuum.

Lemma 3.3.2. Let G be a group, denote by a: G — G = H,(G) the quotient onto its abeliani-
sation and let v: @, 7Z — G be a homomorphism. Suppose that there is an embedding f: @ Q —
Hy(G) such that the diagram

@Z—‘>G

[ l (3:2)

Po - H(G),

c

commutes, where @, 7Z — P, Q is the canonical inclusion. Then there is an injective homomor-
phism of graded abelian groups

N (D7) — H.(G).
In particular, H;(G) is uncountable for all i > 1.

Proof. By Lemma 3.8.1, the embedding f admits a retraction. Hence the canonical inclusion
PHz— P (3.3)
c c
factors through G. It follows that the induced homomorphism of graded abelian groups
H. (EB Z) S H, (@ @) (3.4)
c c

factors through H,(G). The integral homology of a torsion-free abelian group A is naturally iso-
morphic to the exterior algebra A*(A) (see [Bro82, Theorem V.6.4(ii)]), so we have homomorphisms

of graded abelian groups
N (Dz) — m.(6) — A (D), (3.5)

whose composition is injective by Lemma 3.8.3. In particular the first map must be injective. DO

In order to apply Lemma 3.3.2, we will need to be able to construct embeddings of direct sums
of copies of Q into the first homology of big mapping class groups. The key topological input for
this is a theorem of Domat, which we recall below and whose proof uses the machinery of Bestvina,
Bromberg and Fujiwara [BBF15]. We first make some definitions that are implicit in the statement
of [Dom22, Theorem 6.1].

Definition 3.3.3. Let S be a connected surface with at least two ends. Let us call a sequence
{7i }ien of isotopy classes of simple closed curves on S an escaping sequence if:

e each ~y; is end-separating, i.e., cutting along it disconnects S into two non-compact surfaces;
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Figure 3.2 The once-punctured Loch Ness monster surface equipped with a sequence {7; };en of simple
closed curves that is a well-spaced, escaping sequence in the sense of Definition 3.3.3. The fact that
it is well-spaced is witnessed by the associated sequence of simple closed curves {'y; }ien given by

/
¥ = To; (7)-

71 2 3

Figure 3.3 The flute surface equipped with a sequence {7;};cn of simple closed curves that is an
escaping sequence in the sense of Definition 3.3.3. After passing to the subsequence {v2;}ien, it
becomes well-spaced, as explained in Example 3.3.6.

e 7; and ; have pairwise-disjoint representatives for ¢ # j;
e the sequence 1,72, . . . eventually leaves every compact subset of S, i.e., if K C S is a compact
subset then only finitely many 7; may be isotoped to lie in K.

An escaping sequence {; }ien is well-spaced if there exists another escaping sequence {7, };en such
that:

e v/ is not isotopic to 7;;
e 7/ and 7; have pairwise-disjoint representatives for ¢ # j;
e there is a (necessarily non-trivial) element g; € PMap,_(S) taking ~; to ;.

Remark 3.3.4. It follows from the classification of surfaces that an escaping sequence exists on
S if and only if S has infinite type. In addition, any escaping sequence becomes well-spaced after
passing to an appropriate subsequence.

Example 3.3.5. In the key example of S = L’ the once-punctured Loch Ness monster surface,
we may for example take {7;};en to be the sequence of curves pictured in Figure 3.2. Each 7;
is clearly end-separating, they are pairwise disjoint and no compact subset of L’ contains more
than finitely many of them, so this sequence is escaping. Moreover, taking v/ = Ty, (~;) using the
curves «; also pictured in Figure 3.2, we obtain another escaping sequence {v}};en witnessing that
{7i}ien is well-spaced.

Example 3.3.6. As another example, we may consider the flute surface depicted in Figure 3.3,
together with the curves ; illustrated. These form an escaping sequence {v; };en, but this is not
a well-spaced escaping sequence: for example, one may attempt to construct another escaping
sequence witnessing that it is well-spaced by setting v, = Ty, (7;) using the curves «; illustrated,
but then ~; intersects v; |, so {7 }ien is not an escaping sequence as in Definition 3.3.3. However,
the subsequence {72;}ien s well-spaced, as witnessed by the subsequence {74, }ien-

Theorem 3.3.7 ([Dom22, Theorem 6.1]). Let S be an infinite-type surface with at least two ends
and let {7i}ien be a well-spaced escaping sequence of simple closed curves on S. Let ay,as, ... be
an unbounded sequence of positive integers. Then

oo

[(7,.)* € PMap,(S)

=1

projects to a non-zero element in (PMapC(S))ab.
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In fact, what is used in practice in [Dom22] is the following stronger fact, in the case when
S has genus at least three. It is implicit in [Dom22, §8.1.1]; here we make the statement and the
details of the proof explicit.

Corollary 3.3.8. Let S be an infinite-type surface of genus at least three with at least two ends
and let {7; }ien be a well-spaced escaping sequence of simple closed curves on S. Let a1,as,as, ...
be a strictly increasing sequence of positive integers. Then there is an injective homomorphism

p: Q— (PMapC(S))ab sending 1/n € Q to the element

o0

[T ()" € (PMap,(5))™,

1=Tp

where r, > 1 is any integer sufficiently large so that a; > n for alli > r,.

Proof. Using the presentation Q = (x1,z9,23,... | (¥,)" = x,_1), where z, corresponds to
1/n! € Q, we see that in order to define a homomorphism ¢: Q — G, for any group G, it suffices
to choose an element (1) of G, a square root ¢(1/2!) of p(1), a cube root ¢(1/3!) of p(1/2!), ete.
We begin by choosing
. =\ ab
(1) = [[(T,)"" € (PMap,(5))™".
i=1

This is non-trivial by Theorem 3.3.7, since the sequence (a;!) is unbounded. In fact, Theorem 3.3.7
implies that (1) has infinite order, since the sequence (na;!) is unbounded for all n > 1. We next
need to choose a square root p(1/2!) of this element. First choose 79 > 1 so that a; > 2 for all
i > ro (this is possible since (a;) is strictly increasing). Then set

o(1/2) = T (z,)""/* € (PMap,(5))"
i:TQ
and notice that
p(1) Tﬁl | (N A @
B St A (T,,) € (PMap (S)) .
' i c

200172~ U
This is a finite product of Dehn twists, so it is the image of the corresponding element of PMap,(5)?°.
Restricting further, choose a compact subsurface S’ C S containing the curves 71, ...,7v,,—1 in its

interior and having genus at least three. The element above is then the image of the corresponding
element of Map(S’)?. But the mapping class group of any compact, orientable surface of genus at
least three is perfect [Bir70; Pow78], so Map(S’)® = 0 and hence ¢(1) = 2¢(1/2!). Continuing in
the same way, we construct a cube root of ¢(1/2!), etc. Thus we have constructed a homomorphism
o from Q.

Recall that any homomorphism defined on Q is injective as long as its restriction to Z C Q
is injective. We observed above that ¢(1) has infinite order; hence ¢ is injective. Finally, the
formula for ¢(1/n) in the statement follows immediately from the construction, noting again that
we may remove finitely many terms from the infinite product without changing the element of the
abelianisation. O

The following corollary is again implicit in [Dom22, §8.1.1], but we prefer to make the state-
ment and the details of the proof explicit. Let the surface S and the sequences {v; }ien and {a; }ien
be as in Corollary 3.3.8. For any infinite subset F' C N, denote by

pr: Q— (PMapc(S))

the embedding obtained by applying Corollary 3.3.8 to the sequences {v;};en and {a; }ien.

ab

Corollary 3.3.9. Let F be a family of infinite subsets of N such that any two of them have finite
intersection. Then the homomorphism

Qr = @ PF: @ Q— (PMapc(S))ab

FeF FeF
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s also injective.

Proof. Let (rp) € ker(®r). Since the domain of ® £ is a direct sum, there are only finitely many
F € F such that rp # 0; let us enumerate these as Fi,...,F,;. Also choose n > 1 so that
mp = nrr € Z. We therefore have

0= @x(n(rp)) = 0x((mr) = [ (@) T (@)

1€ 1€F

By Theorem 3.3.7, this product can only be zero if it is a finite product. But each Fiy,..., Fy is
infinite. Moreover, two terms of the product can only cancel if they are indexed by an element of
one of the pairwise intersections F,NF, for p # ¢ € {1,..., s}, all of which are finite by assumption.
Thus only finitely many cancellations can occur, so the only possible way for this product to be
zero is if s = 0, which means that (rr) = 0. Thus @£ is injective. O

3.4 Proof of Theorem 3.A

We are now ready to prove Theorem 3.A. The tools of the previous section imply almost immedi-
ately the following result.

Proposition 3.4.1. Let S be an infinite type surface of genus at least three with at least two ends.
Then there is an injective homomorphism of graded abelian groups

A* (@ z) <+ H,(PMap,(5)).

Proof. Choose a well-spaced escaping sequence {~;};en of simple closed curves on S (such a se-
quence always exists by Remark 3.3.4) and set a; = i. Choose a family F of infinite subsets of N
such that any two of them have finite intersection, and such that the family F has the cardinality
of the continuum. (For example, we may identify N with Q and choose for each a € R a sequence
of distinct rationals converging to a.) There is then a commutative diagram

Pz —— PMap,(S)

fj L (3.6)

ab

P Q "= (PMap,(3))",
_F

where the bottom horizontal map ®x is injective by Corollary 3.3.9 and its lift to PMap_(S) after
restricting to Z C Q in each summand is given by sending the generator 1 € Z of the summand
corresponding to F' € F to the element

()" € PMap,(S).
i€EF

The result then follows by an application of Lemma 3.3.2. O

Remark 3.4.2. Proposition 3.4.1 also holds without the assumption that S has genus at least 3.
This follows from an analogue of Corollary 3.3.8 that involves a sequence of pseudo-Anosov elements
supported on pairwise-disjoint compact subsurfaces of S instead of Dehn twists; see [Dom22, §8.1.2]
for more details of this construction. One then obtains a diagram of the form (3.6), where the
horizontal maps are defined using infinite products of powers of these pseudo-Anosov elements
instead of Dehn twists, and the result then follows from Lemma 3.3.2.

We next deduce the analogue of Theorem 3.B for the Loch Ness monster surface L and the
surface L’ obtained by removing one puncture from L.
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Proposition 3.4.3. The graded abelian groups H.(Map(L')) and H,.(Map(L)) each contain an
embedded copy of the exterior algebra A* (@c Z).

Proof. Since L’ has at most one non-planar end, [PV18, Theorem 4] implies that PMap, (L’) =
PMap(L'). We also have PMap(L’) = Map(L’) since L’ has only two punctures, which cannot be
interchanged by a homeomorphism of L’ since exactly one of them is non-planar. Thus the result
for L’ is a special case of Proposition 3.4.1. In this case, the sequence of simple closed curves ;
may be taken to be those illustrated in Figure 3.2 (see Example 3.3.5).

In order to deduce the result for L, we use the Birman exact sequence, which takes the form
1 — m (L) — Map(L') — Map(L) — 1. (3.7)

Since abelianisation is a right-exact functor, it follows that the kernel of H;(Map(L')) — Hy(Map(L))
is a quotient of H;(L); in particular it is countable. Consider the diagram

Pz —— Map(L') ——— Map(L)

Fj l i (3.8)

P 2% Map(L)* —L (Map(L))™,
_F

where the left-hand square is (3.6) in the case S = L’ and the right-hand square is induced by
(3.7). We know that (*) has countable kernel by the discussion above, so Lemma 3.8.2 implies that,
after removing countably many terms from the direct sum on the left-hand side, the composition
across the bottom of (3.8) is also injective. We therefore obtain a diagram

Pz —— Map(L)

cj L (3.9)

B o L (Map(L)e,

where (%)’ is injective and the direct sums on the left-hand side are still indexed by a set with the
cardinality of the continuum. The result for L thus follows from Lemma 3.3.2. O

Remark 3.4.4. We noted in Remark 3.4.2 that Proposition 3.4.1 holds without the assumption
on the genus of S, i.e. it holds for any infinite type surface S with at least two ends. On the other
hand, if S is an infinite type surface with at most one end, it must be the Loch Ness monster surface
S = L, and the result then follows from Proposition 3.4.3 (see also [Dom22, Appendix]). Thus, in
fact, Proposition 3.4.1 holds for any infinite type surface S. This is the first part of Theorem 3.A:

Corollary 3.4.5. Let S be any infinite-type surface. Then the graded abelian group H.(PMap,(S5))
contains an embedded copy of the exterior algebra A* (@CZ), induced by an embedding @ 7 —

PMap,(S).

Remark 3.4.6. There are two points where this proof is not entirely constructive. The first is
the choice of the family F = {A, | a € R} of infinite subsets of N. However, this may easily be
made explicit by choosing an explicit bijection between N and Q and then letting A, C Q, for
a € R, be the sequence of rational numbers converging to a € R given by truncating the binary
expansion of a (to avoid ambiguity and to ensure that A, is infinite, we specify that if a has a
binary expansion ending in a sequence of 0’s, we choose its other binary expansion ending in a
sequence of 1’s). The second point where it is non-constructive is in passing from diagram (3.8)
to diagram (3.9) by throwing away countably many real numbers indexing the direct sum on the
left-hand side. However, looking carefully at the proof of Lemma 3.8.2, one may make this step
constructive too.
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Remark 3.4.7. When S has at most one non-planar end, the pure mapping class group PMap(.5)
coincides with PMap,(S), by [PV18, Theorem 4]. Thus Corollary 3.4.5 says that H,(PMap(S)) is
uncountable in every positive degree when S has at most one non-planar end. This statement also
holds when S has infinitely many non-planar ends. Indeed, by [APV20, Corollary 6], we have in
this case that

PMap(S) = PMap,(S) x Z".

In particular, ZY is a retract of PMap(9S), so the natural induced map H;(ZY) — H;(PMap(9)) is
split-injective in every degree. The fact that that H,.(PMap(S)) is uncountable in every positive
degree in this case is therefore an immediate corollary of the following lemma.

Lemma 3.4.8. The homology group H;(ZN) contains a direct summand isomorphic to ZY in every
degree i > 0. Hence it contains a subgroup isomorphic to @, 7 in every degree i > 0.

Proof. The first statement follows from the Kiinneth theorem applied to the decomposition ZN =2
ZN x Z'. The second statement then follows from the fact that ZN contains free abelian groups of
rank c¢. To see this, choose a family F, of cardinality |F| = ¢, of infinite subsets of N such that any
pair have finite intersection. (For example, as in the proof of Proposition 3.4.1, we may identify N
with Q and choose for each a € R a sequence of distinct rationals converging to a.) It is then easy
to check that the collection

{XFEZN|F€J:}7

where xp: N — {0,1} C Z denotes the indicator function of F' C N, is Z-linearly independent and
hence generates a subgroup of ZY isomorphic to P, Z. O

Remark 3.4.9. When S has n non-planar ends with 1 < n < oo, by [APV20, Corollary 6] we
have:
PMap(S) = PMap,(S) x Z" 1, (3.10)

where Z" ! is freely generated by n — 1 handle shifts hy,...,h,_1. As indicated in the proof of
[APV20, Theorem 5], one may choose the handle shifts h; to have pairwise disjoint support. Let
Y; be the support of h;. Recall that each Y; is a subsurface homeomorphic to the result of gluing
handles onto R x [0,1] periodically with respect to the transformation (z,y) — (x + 1,y). For
convenience, we shall require that the i-th handle is attached to [z,7 + 1] x [0, 1] and that h; maps
the i-th handle to the (i 4 1)-st handle. See Figure 3.4 for an illustration. The semi-direct product
decomposition (3.10) implies that

H;(PMap(S)) = H;(PMap,.(S))z.1 ®Z"*, (3.11)

where (—)zn-1 denotes the coinvariants under the action of the handle shifts. By Theorem 3.3.7,
choosing the sequence of curves ~; as illustrated in Figure 3.4 and any unbounded sequence of
positive integers a;, the infinite product of Dehn twists f = [[;2,(T,,)* € PMap,(S) represents
a non-trivial element in the abelianisation H;(PMap,(S)). But it vanishes in Hy(PMap(S)) — in
other words, in the coinvariants under the action of the handle shifts — since [f] = [g] — [h1ghy "],
where g = [[:2,(T,,)%, b; = Xi_,a;.

Recall that the Torelli group 7(S) is the kernel of the natural homomorphism Map(S) —
Aut(Hy(9)).

Theorem 3.4.10. Let S be an infinite-type surface. The integral homology group H;(T(S)) is
uncountable for every i > 1. In fact it contains an embedded copy of @ Z in every positive degree.

Proof. By Corollary 3.4.5, there is an embedding
. Z — PMap,(S5) (3.12)

that induces on homology an embedding of A* (€D, Z) into H.(PMap,(S)). It will therefore suffice
to show that (3.12) factors through the Torelli group 7(.5).
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Figure 3.4 A surface with n non-planar ends eq,...,e, for 2 < n < co. The top and bottom edges
are identified to obtain a sphere, then the points ey, ..., e, (together with a set of planar ends, which

is not pictured) are removed, then we take a connected sum with a torus along each of the (infinitely
many) small grey discs. The planar ends (not pictured) may have some or all of the non-planar ends
e1,...,en as limit points, but in any case lie outside of the subsurfaces Y7,...,Y,_1, which support
the handle shifts hy,..., hp—1. The curves v1,72,73, ... are chosen as illustrated such that the handle
shift hi sends v; to ;41 (up to isotopy).

We first note that the Torelli group is contained in PMap,(S) C Map(S): it clearly lies
in PMap(S) since any non-trivial action on the space of ends of S implies a non-trivial action on
H;(S); then the fact that it lies in PMap,_(S) follows from [APV20, Corollary 6], which decomposes
PMap(S) as a semi-direct product of PMap,(S) and a direct product of copies of Z generated by
handle shifts, together with the fact that handle shifts act non-trivially on H;(.S).

Finally, we just have to note that the elements of PMap,.(.S) used to define the homomorphism
(3.12) actually lie in 7(S). When the genus of S is at least 3, these elements are infinite products of
Dehn twists around (pairwise disjoint) separating curves; hence they act trivially on Hy(.S). When
the genus is at most 2, we instead use infinite products of (pairwise disjointly-supported) pseudo-
Anosov elements, as explained in Remark 3.4.2. These elements are of the form T2T3T, *T;* for
a pair of separating curves «, 8 that fill a finite-type subsurface of S, as explained in [Dom22,
p. 715], and they also act trivially on Hy(S). O

Remark 3.4.11. In degree one, H(7(S)) contains an embedded copy of @ Q, by [Dom22,
Theorem 9.1].

3.5 Descending along double branched covers

In this section we generalise techniques of Malestein and Tao [MT23] — who proved uncountability
of homology in degree 1 for the mapping class group of R? \ N — to higher degrees and to the more
general class of surfaces from Theorem 3.B, completing the proof of that theorem. To do this, we
will need the notion of a ray surface associated to a surface 3.

Definition 3.5.1. Let X be any connected surface without boundary and write X; (respectively
Y5) for the surface obtained by removing one (respectively two disjoint) open discs from 3. The ray
surface R(X) is the surface obtained by gluing together infinitely many copies of X5 and “capping
off” in one direction with a single copy of ;. See the top half of Figure 3.5 for an example where
¥ = T? is the torus; thus R(7?) is the Loch Ness monster surface.

Remark 3.5.2. This is the same as the surface denoted by £(X) in [PW22b] with its boundary
capped off by a disc.

Before proving Theorem 3.B in general, we will prove it under certain stronger hypotheses on
the surface S. Namely, we assume that the surface S has genus 0, empty boundary and that its
space of ends is of the form T+ (E),! where E has a topologically distinguished point. This means
that S may be written as R(S? \ E), using the construction R(—) of ray surfaces from Definition
3.5.1 above.

Denote by L the Loch Ness monster surface and consider its branched double covering L — R?
depicted in Figure 3.5. This may also be written as

L = SHR(T?) — S*R(S?) = R2. (3.13)

I Recall that the notation YT (—) was defined in Definition 3.0.3.
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71 ""~.. 72 ""~.. V3

Figure 3.5 The branched double covering (3.13). After removing the subset marked in red (which
includes the branch points), this restricts to the (genuine) double covering (3.14).

This decomposition corresponds to cutting along the curves depicted in the figure. Notice that
there are exactly two branch points (of order 2) in each copy of S? in R(S?) and one additional
branch point in the copy of S? in the extra connected summand. Let us now choose once and
for all a topologically distinguished point € E (this exists by hypothesis) and embed pairwise
disjoint copies of E into SR (S?) so that:

e cach copy of E lies entirely in one of the copies of S?,
e the point x € E is sent to a branch point of (3.13),
e cach branch point of (3.13) is in the image of one of the embeddings of E.

We denote by X the complement of these embedded copies of E and we denote by Y C S?#R(T?)
the pre-image of X C S%4R(S?) under (3.13). Notice that:

Y 2 (SENVHR(T?~ (VUV))
X2 (SPVENR(S*N (EUE)) 2 R(S*\E) =5,

where V' denotes the wedge sum of two copies of E at the basepoint . Since we have in particular
removed all branch points of the branched double covering, we obtain by restriction a (genuine)
double covering

Y — X (3.14)

depicted in Figure 3.5.

We fix compatible basepoints on X and Y and denote by H the index-2 subgroup of m1(X)
corresponding to this double covering. We also write Map, (X) and Map, (V) for the based mapping
class groups of X and Y, given by isotopy classes of self-homeomorphisms that fix the basepoint.

Lemma 3.5.3. The action of Homeo,(X) on m1(X) preserves the subgroup H.

Proof. We first describe the subgroup H C 71(X) intrinsically. A based loop v in X lies in H if
and only if its lift to Y is a closed loop. This occurs if and only if the sum of its winding numbers
around all branch points of the branched double covering (3.13) is even. We therefore have to show
that if the sum of these winding numbers is even for 7, then the same is true for ¢ oy, where ¢ is
any based self-homeomorphism of X.

A subtle point here is the meaning of winding number (which we only need to define mod
2): a simple loop in the surface X has winding number +1 around an end e # oo if it separates
X into two pieces, one containing e and the other containing the end co. Here co denotes the
end corresponding to going off to infinity to the right in Figure 3.5. More precisely, recall that
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the end space of X is the one-point compactification YT (E) = Ew + 1 of a countably infinite
disjoint union of copies of E and oo denotes the point at infinity of this one-point compactification.
By Corollary 3.2.7 and our assumption that E has a topologically distinguished point, the point
00 € Fw + 1 is also topologically distinguished. Thus any self-homeomorphism ¢ of X fixes oo,
meaning that the notion of “winding number” is preserved by .

Let us now show that if the sum of the winding numbers of v around all branch points of X is
even, then the same is true for ¢ oy. The end space Fw + 1 of X has a topologically distinguished
subset {z}w given by the copy of the topologically distinguished point 2 in each copy of E. But
this is precisely the set of branch point of the branched double covering (3.13). Thus the self-
homeomorphism ¢ must send each end of X corresponding to a branch point to another end of X
corresponding to a branch point. Its effect on winding numbers around branch points is therefore
simply to permute them; so in particular their sum is preserved. Hence if the sum of winding
numbers around branch points is even for v, then the sum of winding numbers around branch
points will also be even for ¢ o . O

Remark 3.5.4. The proof of Lemma 3.5.3 is where our assumption that the space E has a topo-
logically distinguished point is used decisively. The lemma would be false without this assumption.
See also Remark 3.5.5.

We may now complete the proof of Theorem 3.B under the stronger assumptions that we are
currently making (we explain how to remove these assumptions at the end of this section).

Proof of Theorem 3.B under additional assumptions. It follows from Lemma 3.5.3 that each based
homeomorphism of X lifts uniquely to a based homeomorphism of Y, giving us a continuous map
Homeo, (X) — Homeo,(Y'), which on 7y induces

Map, (X) —s Map, (Y). (3.15)

Filling in all planar ends of a surface is a functorial operation on the category of surfaces, so
by filling in all planar ends of Y we obtain a continuous map Homeo.(Y) — Homeo, (L) (see
Proposition 3.9.2), which on g induces

Map,(Y) — Map, (L). (3.16)
Composing (3.15) and (3.16) with the forgetful map Map, (L) — Map(L), we obtain

Map, (X) — Map(L). (3.17)
Let ag, s, ... be the collection of simple closed curves on X depicted in Figure 3.5. Since ~; is a

double covering of a;, we see that

(Tai)Q — T’Yz‘
under (3.17). Now recall that in §3.4 (see diagram (3.9)) we factored the inclusion @.Z C @, Q
through a map € Z — Map(L) that sends the generator 1 € Z of each summand to a certain
infinite product of Dehn twists around the curves ~; from the top of Figure 3.5. Replacing each
T,, with (T,,)? in this infinite product, we obtain a map @, Z — Map, (X) making the following

/ \ (3.18)

triangle commute:
3.17
(3.17) Map(L

Map, (X

where the right-hand diagonal map is part of a factorisation GBCZ — Map(L) — @, Q of the
standard inclusion. We have therefore shown that the standard inclusion of @ Z into @ Q also
factors through Map, (X). Now consider the diagram

®.Z — Map,(X) —— B, Q

\ l (3.19)

Map(X),
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Figure 3.6 A modification of the branched double covering depicted in Figure 3.5.

where the middle vertical map forgets the basepoint. This is part of the Birman exact sequence for
X, and its kernel is 71 (X), which is in particular countable. Let us denote this kernel by K and
consider its image p(K) C @, Q. Since p(K) is countable and each of its elements has only finitely
many non-zero coordinates in @, Q (because it is a direct sum), it is contained in the subgroup of
. Q given by the direct sum of only countably many of the copies of Q. If we take the quotient
by this subgroup, the resulting group is again isomorphic to @, Q and the homomorphism ¢ now
descends to Map(X). On the left-hand side of (3.19), we may compose with the inclusion of the
corresponding sub-direct-summand of @, Z (which is again isomorphic to @, Z); this ensures that
the composition across the top row of the following diagram is still the standard inclusion of _Z

into P, Q:

PD.Z2 — P.Z — Map, (X %@Q%@Q

\M l / (3.20)

Thus we have shown that the standard inclusion of @ Z into @ Q factors through Map(X).
This standard inclusion induces an injection on homology in all degrees, by Lemma 3.8.3 and the
fact that H.(A) = A*(A) for torsion-free abelian groups A, so it follows that we have an injection

A* (@ Z) — H, (@ Z) s H,(Map(X)) = H,(Map(S)).
C c
This completes the proof of Theorem 3.B under the additional assumptions on the surface S. 0O

We finish this section by showing how to modify the argument above to allow the more general
surfaces S considered in the theorem.

Proof of Theorem 3.B in general. The proof follows exactly the same strategy as the proof in the
special case above, so we just explain the steps that differ slightly.
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In general, the surface S is of the form pictured at the bottom of Figure 3.6, where we have
taken a connected sum of the surface considered previously with another surface of finite genus
having finitely many boundary components, such that none of the points of its end space are similar
to the topologically distinguished point x € E. We may correspondingly modify the total space
of the double covering by taking two connected sums with this surface (no new branch points are
introduced).

Lemma 3.5.3 generalises directly to this setting, giving us a homomorphism that lifts (based)
mapping classes up the double covering. Filling in all planar ends upstairs, as well as the finitely
many boundary components, we obtain (as before) the Loch Ness monster surface L. With these
modifications, the rest of the proof is identical to the proof in the special case given above, using
the constructions of §3.4. O

Remark 3.5.5. It is essential to assume in Theorem 3.B that Es has a topologically distinguished
point. Indeed, if we do not assume this, then the theorem is false. For example, without this
assumption, the theorem would assert that the homology of Map(S? \ C) is uncountable in all
positive degrees, since YT (C) = C. However, the first and second homology groups of Map(S? \. C)
are known to be 0 and Z/2 respectively [CC21].

3.6 Torsion elements

We prove in this section that, whenever S has genus 2, both H;(PMap(S)) and H;(Map(S))
contain an element of order 10 that generates a direct summand. We first recall that, for compact
surfaces of genus 2, the first homology of their mapping class groups is precisely Z/10. Denote
by Sy the connected, compact, orientable surface of genus g with b > 1 boundary components.
When g = 2, we have the following.

Theorem 3.6.1 ([Kor02, §5]; see also [Mum67]). For any b > 0, we have Hy(Map(Sa2)) = Z/10,
generated by [T,], where a is any non-separating simple closed curve in Sa .

Proof of Theorem 3.C. If S has genus 2, there is an embedding Sz ;1 C S. Also, filling in the ends
of S (all of which are planar since it has finite genus) to construct its Freudenthal compactification
results in the compact surface Sy 5, where b > 0 is the number of boundary components of S. We
therefore have homomorphisms

Map(Sa,1) — PMap(S) C Map(S) — Map(Sa,), (3.21)

where the first is given by extending homeomorphisms of S, ; by the identity on S\ S3; and the
second is given by the unique extension of homeomorphisms to the Freudenthal compactification
(see Proposition 3.9.2). Let o be a non-separating simple closed curve in S3 1. By Theorem 3.6.1,
the composition across (3.21) induces a map Z/10 — Z/10 on first homology. Moreover, it clearly
sends [T,,] to itself, so it sends a generator of the first Z/10 to a generator of the second Z/10; thus
it is an isomorphism. Since we have factored an isomorphism of Z/10 through H;(PMap(S)) and
Hy,(Map(5)), it follows that these groups both contain Z/10 as a direct summand. O

We record here a related general fact that (for example) allows one to embed torsion elements
of the homology of mapping class groups of compact surfaces into the homology of mapping class
groups of surfaces of infinite type.

Lemma 3.6.2. Let S and S’ be two surfaces with non-empty (compact) boundary and assume that
S’ is planar. Then there are embeddings of direct summands

H.(PMap(S)) — H.(PMap(StS’)) and H.(Map(S)) — H.(Map(S5S")), (3.22)

where —hj— denotes the boundary connected sum along one chosen interval in the boundary of each
of the two surfaces.
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Proof. Since S’ is planar, it must be of the form S’ = Sy, \ E, where b > 1 is the number of its
boundary components and F is its space of ends. We therefore have homomorphisms

PMap(S) — PMap(S4S’) — PMap(StSo.5) — PMap(StSo,1) = PMap(S), (3.23)

where the first is given by extending homeomorphisms by the identity on S’, the second is given
by the unique extension of homeomorphisms to the Freudenthal compactification (see Proposition
3.9.2) and the third is given by filling in all boundary components of Sp; with discs, except the
one along which we have taken the boundary connected sum, and extending homeomorphisms
by the identity on these new discs. The isomorphism on the right-hand side is induced by a
homeomorphism S§Sp 1 = S given by pushing the disc Sp; into a collar neighbourhood of the
boundary of S. The composition across (3.23) is given by extending homeomorphisms of S by the
identity on Sp; and then conjugating by the homeomorphism StS5p; = S. This is clearly isotopic
to the identity, so, applying H., we have factored the identity map of H,(PMap(S)) through
H,(PMap(ShS’)), which provides the first embedding of (3.22). The second embedding follows by
an identical argument, replacing PMap(—) with Map(—) everywhere. 0O

3.7 Some open problems

In this section we propose some open questions, in addition to Questions 3.0.6, 3.0.11 and 3.0.12
discussed in the introduction. We divide them into §3.7.1 on homology and §3.7.2 on cohomology.

3.7.1 Homology

So far, our calculations suggest the answer to the following question could be positive.

Question 3.7.1. Let S be an infinite-type surface. Suppose that, for some 7 > 1, the group
H;(Map(5)) is countable. Is H;(Map(S)) finitely generated for all ¢?

This would imply a dichotomy between those S for which H;(Map(S)) is finitely generated
for all i > 1 and those S for which H;(Map(S)) is uncountable for all ¢ > 1.

Question 3.7.2. Let S, 1 be the connected, compact, orientable surface of genus g and with one
boundary component. Does the forgetful map Map(S,1 ~ C) — Map(S,,1) induce isomorphisms
on homology in all degrees?

Remark 3.7.3. When g = 0, a positive answer follows from [PW22b, Theorem B|. The answer in
degree one (and for any g) has been proven to be positive in [CC22, Theorem 2.3]. On the other
hand, the answer would be negative if we considered the sphere instead of Sy 1, since Hy (Map(S? ~
C)) = Z/2 by [CC21, Theorem A.2]. It would also be negative if we took the plane instead of Sy 1,
since H;(Map(R? \ C)) & Z for all even i by [PW22b, Theorem A].

By [PW22b, Theorem C], the mapping class groups of 1-holed binary tree surfaces are acyclic.
One may wonder whether these are the only acyclic mapping class groups of infinite-type surfaces
with connected boundary:

Question 3.7.4. Let S be an infinite-type surface with a single boundary component and suppose
that its mapping class group Map(.S) is acyclic. Is S necessarily a 1-holed binary tree surface?

3.7.2 Cohomology

Most of the results of this chapter may be summarised as follows. For any infinite-type surface S,
the natural inclusion @, Z C @, Q factors as

Bz — T(S) < PMap,(S) — P Q, (3.24)
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and similarly for the full mapping class group Map(S) if S satisfies the conditions of Theorem
3.B or if it is the Loch Ness monster surface (Proposition 3.4.3). Our results about integral
homology then follow from the fact that the natural inclusion @@, Z C @, Q induces an injective
homomorphism of exterior algebras A*(P,.Z) C A*(D. Q) on homology (Lemma 3.8.3). It is
therefore natural to consider also the effect of the factorisation (3.24) on integral cohomology.
However, this factorisation does not tell us anything about cohomology, since the composition
across (3.24) induces the zero map on cohomology:

Lemma 3.7.5. For each i > 1, we have:
Hi (@ Z) ~1]z
C c
: - Jo ifi=1,
m(Pa) = .
: @D, Q ifi>2.
In particular, the inclusion @ Z C @, Q induces the zero map on H'.

Proof. The last statement follows from the two calculations, since the induced map on H* has a
rational vector space as its domain, which is a divisible group. Its image must therefore also be
divisible, but the only divisible subgroup of [] Z is the trivial group.

It therefore remains to check the two calculations. The first one follows from the fact that
H;(P.7Z) = P, Z for all i > 1, the universal coefficient theorem, the fact that Homz(—, —) and
Extz(—, —) take direct sums to products in the first variable and Homgy(Z,Z) = Z and Extz(Z,7Z) =
0.

For the second calculation, we again use the universal coefficient theorem, where this time we
use the facts that Homz(Q,Z) = 0 and that Extz(Q,Z) is a rational vector space of dimension ¢
(see for example [Wie69]). Thus for i > 2 we have H (@, Q) = [].(. Q), which is a divisible and
torsion-free abelian group, hence a rational vector space, of cardinality (and hence also dimension)
¢ =2° O

Since the composition across (3.24) induces the zero map on cohomology, we cannot deduce
anything about H*(PMap_(S)) from this. However, we wonder whether the right-hand map of
(3.24) is nevertheless injective on cohomology. If it is, it would positively answer the first part of
the following question.

Question 3.7.6. Let S be an infinite-type surface and i > 2. Do the groups H*(PMap,(S)) or
H'(PMap(S)) contain a rational vector space of dimension 2°?

The second part of this question is motivated by the observation that, in the case when S has
infinitely many non-planar ends, the answer is yes. In fact, we have:

Proposition 3.7.7. Let S be a surface with infinitely many non-planar ends and let i > 2. Then
there is an embedding

P oo PQ/z— H (PMap(S)).

2¢ 2¢

Proof. By [APV20, Corollary 6], PMap(S) admits a split-surjection onto the Baer-Specker group
7N, so HY(ZN) is a summand of H?(PMap(S)). By the universal coefficient theorem, H*(Z") has
a direct summand of the form Extz(H;_1(ZN),Z) and we know by Lemma 3.4.8 that H, ;(ZY)
contains a direct summand isomorphic to ZY. Putting this together, it follows that H*(PMap(S))
has a direct summand isomorphic to Extz(ZY,Z). This group is isomorphic to @, Q& P,. Q/Z,
by [Nun61, Theorem 5] (see also [Fuc73, Exercise 2 of §99]). O
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3.8 Appendix A: Abelian groups

We collect here a few facts about abelian groups that are needed in our proofs. For a comprehensive
treatment of the theory of abelian groups, we refer to [Fuc70; Fuc73].

Recall that an abelian group A is called divisible if for each element a € A and positive integer
n, there is another element b € A such that a = nb. An abelian group A is called injective if for
every injective homomorphism of abelian groups ¢: B — C' and homomorphism f: B — A, there
is a homomorphism ¢g: C' — A such that got = f. By [Fuc70, Theorems 21.1 and 24.5], an abelian
group is divisible if and only if it is injective. In particular:

Lemma 3.8.1. Every injective homomorphism from a divisible abelian group to another abelian
group admits a retraction.

Proof. Let A be a divisible abelian group and let :: A — C be an injective homomorphism. Since
A is injective, taking B = A and f = id above, we obtain a retraction of «. O

Lemma 3.8.2. Suppose that we have homomorphisms of abelian groups

Po 14248,

where [ is injective and g has countable kernel. Then, after restricting the direct sum on the left
to a subcollection of the same cardinality, the composition g o f is also injective.

Proof. Consider the subgroup K := ker(go f) = f~*(ker(g)) C @, Q. Since ker(g) is countable
and f is injective, K is a countable subgroup of @ Q. Each element of K has only finitely many
non-zero coordinates in the direct sum and K has countably many elements; thus K is contained
in the sub-direct-sum given by countably many Q summands. After removing these summands
from the direct sum, the composition g o f is injective. O

Lemma 3.8.3. For any set I, the canonical inclusion @; Z — @; Q induces an injective map of
graded abelian groups
A* (@ Z) s A (@ @). (3.25)
I I

To prove this, we first recall the following basic calculation:

Lemma 3.8.4. A*(Z) = Z[0] & Z[1] and A*(Q) = Z[0] & Q[1].

Proof. The only non-obvious statement is that A*(Q) = 0 for i > 2. To see this, first recall that

QezQ®z--®zQ=Q (3.26)

via an isomorphism that sends a1 ® as ®- - - ®a; — aias - - - a;. The Z-module Ai((@) is the quotient
of this tensor power by the sub-Z-module generated by all elements a1 ® a2 ® - - - ® a; with a; = ag,
for some j # k. Thus to prove that A?(Q) = 0 we have to show that every rational number is a
Z-linear combination of rational numbers of the form b%as - --a,;. For i > 3 this is obvious, as we

may take b = 1. For ¢ = 2, consider a rational number %, where p,q € Z with g # 0. Lagrange’s

four-square theorem implies that we have pg = a? + b2 4 c? + d? for integers a, b, ¢, d. Dividing by
¢?, we deduce that % is a sum of four rational squares. O

Proof of Lemma 3.8.3. By [Bro82, §V.6.2, V.6.3], for any abelian group A we have

A (G? A) > A* (cglgign QP A) = colim A” (6? A) = colim @ A*(A), (3.27)
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where the colimit is taken over finite subsets J of I. For any finite set J, the canonical map
XA (2) — QA (Q)
J J

is injective by Lemma 3.8.4 and the natural isomorphisms (3.26). Thus (3.25) is also injective since
the colimit on the right-hand side of (3.27), for A =Z or A = Q, is taken over a direct system in
which all maps are inclusions of direct summands. O

3.9 Appendix B: Extending homeomorphisms to
Freudenthal compactifications

Notation 3.9.1. For a surface S, recall that we denote by S its Freudenthal compactification (see
§3.1.1). We will write P(S) = Ends(S) \ Ends,,(S) for its space of planar ends. We will also
write S C S for the subspace S . Ends,,(S) where we have removed all non-planar ends from S.
Equivalently, it is the subspace of S consisting of all of its locally Euclidean points: in other words

it is the maximal subspace that is a surface. Intuitively, S is the result of “filling in” all planar
ends P(S) of S.

Since every homeomorphism of S extends (necessarily uniquely) to S and every homeomor-
phism of S sends S onto itself, we have well-defined injective functions

Homeo(S) — Homeo(S) — Homeo(5). (3.28)

Proposition 3.9.2. With respect to the compact-open topology, the left-hand function in (3.28) is
a topological embedding and the right-hand function is a homeomorphism.

Proof. The fact that the left-hand map is a topological embedding follows from Proposition 3.9.5
below applied to X = S. To deal with the right-hand map, first note that S is the Freudenthal
compactification of S (as well as of S), so we have a well-defined function

Homeo(S) —s Homeo(S), (3.29)

given by extending homeomorphisms uniquely. It is evidently a set-theoretic inverse for the re-

-~

striction map Homeo(S) — Homeo(.S); hence both (3.29) and this restriction map are bijections.
Now applying Proposition 3.9.5 to X = §, we deduce that (3.29) is a topological embedding. Since
it is also a bijection, this means that it is a homeomorphism, and hence so is its inverse, which is
the restriction map on the right-hand side of (3.28). O

Corollary 3.9.3. There is an isomorphism of topological groups Homeo(S) = Homeo(g,P(S)).

Proof. This follows directly from Proposition 3.9.2, together with the observation that the image of

the composite topological embedding (3.28) is precisely Homeo(g, P(5)), the subspace of Homeo(.S)
of homeomorphisms sending P(.S) onto itself. O

Remark 3.9.4. Corollary 3.9.3 says that filling in the planar ends of a surface and then fixing
them setwise does not change anything at the level of homeomorphism groups. This generalises
the usual dichotomy between thinking of punctures (isolated planar ends) either as punctures or
as marked points.

Proposition 3.9.5. Let X be a connected, locally connected, locally compact, Hausdorff and second
countable space, write X for its Freudenthal compactification and give all homeomorphism groups

the compact-open topology. Then the injective function Homeo(X) — Homeo(X) given by unique
extensions of homeomorphsims is a topological embedding, in particular it is continuous.



80 Chapter 3. Big mapping class groups with uncountable integral homology

Proof. We begin by rephrasing the statement. The topology on Homeo(X) induced from the
compact-open topology on Homeo(X) via the injection Homeo(X) — Homeo(X) is called the F-
topology. What we must show is that the F-topology coincides with the compact-open topology.

(For the weaker statement that Homeo(X ) — Homeo(X) is continuous, rather than a topological
embedding, we would just have to show that the compact-open topology is finer than the F-
topology.)

The collection of topologies on Homeo(X) making both the group operation and the evaluation
map Homeo(X) x X — X continuous was studied in [Are46], where it was proven that there exists
a minimum such topology if X is locally compact and Hausdorff. Moreover, if X is also locally
connected, this minimal topology is the compact-open topology. On the other hand, it is proven
in [Di 06] that, if X is rim-compact, Hausdorff and X is locally connected at any ideal point, then
the F-topology is minimal. Thus, if both sets of hypotheses are satisfied, we may conclude that
the F-topology coincides with the compact-open topology, as desired. Indeed, the assumptions of
the proposition do imply both sets of hypotheses: in particular rim-compactness is weaker than
local compactness (which we have assumed) and our assumptions also imply that the Freudenthal
compactification X is locally connected at any ideal point; see the paragraph before Theorem 9 in
[Di 13]. O
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Chapter 4

Lower central series of partitioned
surface braid groups

The results of this chapter form part of the monograph [DPS22b] (joint work with Jacques Darné
and Arthur Soulié), which is accepted for publication in the Memoirs of the American Mathematical
Society.

Note. The results of [DPS22b] concern the lower central series of (partitioned) surface braid
groups, virtual braid groups and welded braid groups (and further generalisations of the last of
these); in the interests of space, only the part of [DPS22b] concerning surface braid groups is
reproduced here.

Introduction

One of the most basic objects one needs to understand when studying the structure of a group
G is its lower central series (shortened to “LCS”) G = IN(G) 2 I3(G) 2 ---. Its behaviour
varies greatly from one group to another. For instance, if G is perfect (i.e. all its elements can
be written as products of commutators), its LCS is completely trivial; this holds for instance for
mapping class groups of closed surfaces of genus g > 3 [Kor02, Thm 5.1]. On the contrary, if G
is nilpotent, or residually nilpotent, its LCS contains deep information about the structure of G;
examples of residually nilpotent groups include free groups [MKS04, Chap. 5], pure braid groups
[FR85; FR&Y], pure braid groups on surfaces [BB09b; BG16], pure welded braid groups [BP09,
§5.5], and conjecturally pure virtual braid groups [Bar*16]. The LCS is also deeply connected to
the structure of the group ring of G. In particular, Quillen [Qui68] proved that if we consider the
filtration of the group ring QG by the powers of its augmentation ideal, then the associated graded
algebra is isomorphic to the universal enveloping algebra of the Lie algebra £(G) ® Q, where L(G)
is the graded Lie ring obtained from I (G).

The amount of information one can hope to extract from the study of a LCS depends in the
first place on whether or not it stops in the following sense:

Definition 4.0.1. The LCS of a group G is said to stop if there exists an integer ¢ > 1 such

that I3(G) = I;11(G). We say that it stops at I5 if i is the smallest integer for which this holds.
Otherwise, we say the LCS does not stop or else that it stops at co.

It follows from the definition of the LCS (recalled in §4.1.1 below) that if I;(G) = [i41(G)
for some ¢ > 1, then I'y(G) = [k4+1(G) for all k > i, whence our choice of terminology.

83
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Partitioned braid groups

In this chapter, we study the LCS of the surface braid group B,,(S) for any surface S, as well as
its partitioned versions, in the sense we describe now.

There is a notion of the underlying permutation of an element of B, (.5), corresponding to a
canonical surjection 7: B, (S) - &, to the symmetric group, from which we can define partitioned
versions of B,,(S). Let us first fix our conventions concerning partitions of integers:

Definition 4.0.2. Let n > 1 be an integer. A partition of n is an I-tuple A = (n1,...,n;) of
integers n; > 1, for some [ > 1 called the length of A, such that n is the sum of the n;. Given such
a A, for j <[, let us define ¢; := Zigj n;, including to = 0. Then the set b; () := {t;_1+1,...,t;}
is referred to as the j-th block of A, and n; is called the size of the i-th block.

For A = (ni,...,m;) a partition of n, we consider the preimage
BA(S) =718y =71 (B, X x By,),

which is called the A-partitioned version of B,,(S). There are two extremal situations: the trivial
partition A = (n) simply gives the group B, (S), whereas the discrete partition A = (1,1,...,1)
corresponds to the subgroup of pure braids in B,,(5).

As we will see later on, the LCS of B,,(S) stops at Iy or I's (when n is at least 3), whereas
the LCS of the subgroup of pure braids is a very complex object (in particular, it does not stop,
when n is at least 2 or 3, depending on the surface S). We can thus expect the partitioned braid
groups B, (5) to display a range of intermediate behaviours when A varies, and this is indeed what
we observe.

Methods

A fundamental tool in the study of LCS is the graded Lie ring structure on the associated graded
L(G) == @D;>,1i(G)/I14+1(G). Namely, this is a graded abelian group endowed with a Lie bracket
induced by commutators in G. It is always generated, as a Lie algebra over Z, by its degree
one piece, which is the abelianisation G** = G/I%(G). This often allows one to use disjoint
support arguments to show that the LCS stops, when it does. Precisely, if one can show that
pairs of generators of G®® have commuting representatives in G (which is the case if they have
representatives whose supports are disjoint, for a certain notion of support), then, by definition of
the Lie bracket, they commute in £(G). In this case, £(G) is abelian, and it is generated by G2P,
which means that it is reduced to G2P. In turn, that means that I';(G) = I;4+1(G) whenever i > 2.
This type of argument is used throughout the chapter.

One other main line of argumentation for studying LCS is given by looking for quotients whose
LCS is well-understood. Namely, if we can find a quotient of G whose LCS does not stop, then
neither does the LCS of GG; see Lemma 4.1.1. Typically, we look for a quotient that is a semi-direct
product of an abelian group with Z or Z/2, a free product of abelian groups or a wreath product
of an abelian group with some &, whose LCS can be computed completely; see Appendix 4.5.

Finally, a very important tool in our analysis is the study of the quotient by the residue.
Precisely, if we denote by I'(G) (abbreviated I'n, when the context is clear) the intersection
of the I;(G), the LCS of G is “the same” as the LCS of G/I'w: each I;(G) is the preimage of
I';(G/I's,) by the canonical projection, and this projection induces an isomorphism between £(G)
and L(G/I's). In particular, one of I',(G) and I'.(G/I's) stops if and only if the other does,
which happens exactly when G/I's is nilpotent. Considering G/I'y instead of G can lead to
very important simplifications. Let us illustrate this by an example, variations of which are used
throughout the chapter. We know that I'n, = I'; for B,,, and that I contains the elements criaj_1
of B,,. Thus whenever we have a morphism B,, — G, the subgroup I's,(G) must contain the image
of I'no(B,,), which contains the images of 0'7;0;1, so all the o; have the same image in G/I.
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Results

Does the LCS stop? We give a complete answer to this question for all of the families of groups
listed above, with the single exception of By ,,,(P?) with m > 3 (see Conjecture 4.4.95). We also
obtain some information about the associated Lie rings: in particular, we completely compute the
Lie ring of B, (5) in the stable case.

Besides their intrinsic value, these results have several applications, notably to the represen-
tation theory of braid groups and their relatives. See for instance [BGG17] and the work of the
second and third authors [PS19], where the knowledge of the structure of such LCS is key in
the construction and the study of representations of these groups using homological approaches.
Furthermore, let us mention that one can see surface braid groups and their LCS as invariants of
the surfaces themselves; as an application of this point of view, we recover the Riemann-Hurwitz
formula for coverings of closed surfaces in Remark 4.4.47.

We summarise our results in three tables on pages 86-88, organised as follows:

e Table 4.1 gathers the stable cases, which are those where the blocks of the partitions are large
enough for the disjoint support argument described above to be applied readily.

e Table 4.2 gathers the cases where there are blocks in the partitions which are too small for
the disjoint support argument to be applied readily, but not too many of them, so that the
LCS still stops.

e Table 4.3 gathers the cases where the LCS does not stop.

Some of our results have already been obtained in the literature, by different methods. Namely,
the question of whether the lower central series stops has already been studied:

e by Gorin and Lin [GL69] for B,, and Kohno [Koh85] for the pure braid group P,, = B, 1,
which is moreover known to be residually nilpotent by Falk and Randell [FR85; FR&8].

e by Bellingeri, Gervais and Guaschi [BGGO8] for B, (S) where S is a compact, connected,
orientable surface with or without boundary.

e by Bellingeri and Gervais [BG16] for the pure surface braid group P,,(S) where S is a compact,
connected, non-orientable surface with or without boundary and different from the projective
plane P2,

e by Gongalves and Guaschi [GG09a; GG09b] for B,,(S?) and B,,(S? — P) where P is a finite
set of points in S2.

e by Guaschi and de Miranda e Pereiro [GM20] for B,,(S) where S is a compact, connected,
non-orientable surface without boundary.

e by van Buskirk [Bus66] and by Gongalves and Guaschi [GG04b; GG11; GGO7], both for the
braid group on the projective plane B, (P?).

Notation in the tables

The letter A = (nq,...,n;) denotes a partition of n of length I > 1. The letter u denotes a
partition that is either empty or whose blocks have size at least 3. On the other hand, v denotes
any partition (possibly empty, unless stated otherwise).

In Table 4.2, the function f is defined by f(m) = max{vs(m),1}, where vy is the 2-adic
valuation. The number € is either 0 or 1 (the precise value may depend on the case, in particular
on m, and is unknown, although we conjecture that it is always 1 for m even and 0 for m odd, so
that f(m)+ e = va(m) + 1 in all cases).

The letter S denotes any connected surface (not necessarily compact nor orientable, and
possibly with boundary). Six exceptional surfaces are mentioned in the tables, denoted by D (the
disc), D — pt (the disc minus an interior point), T? (the torus), M? (the Mébius strip), S? (the
2-sphere) and P? (the projective plane). A surface S is called generic if it is not one of these six
exceptional surfaces.

The symbol (T) in front of a family of groups indicates that the result concerned is already
partly known in the literature quoted above.
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The stable cases

. o Stops Lie
Family of groups Partition at I, Ref. Alg,
Classical braids B n; =3 (1) k=2 | 436 (43.7) | 4.3.5

S Cs? =30 | k=2 4.4.48
Surf.ace S ¢ S?, orientable ni >3 (1) k=3 §4.4.5
braids 4.4.53 "
=1, m>3| k=2 4.33
B(S) S non-orientable m
122, n,23 | k=3 §4.4.5

Table 4.1 The stable cases.




The unstable cases for which the LCS stops

Family of groups Partition Stops at I}, Ref. Lie Alg.
2 B, =27
Classical braids B @) k=2 2
(L), (1,1, ) 4.3.6 (4.3.10, 4.3.11) 4.3.5
S=D-—pt (1, ) k=2 4.4.64 435
o (1) k=2 B, (T?) = 72
(1,p0), p# o k=3 4.4.66 | 4.4.48 and 4.4.57
S = M? (1) k=2 B,(M?) =7
. (2) or (2,1) k=9 By(S?) 2 Z/2, By, (S?) = Z/4
Surface braids | ¢ _eo 70T 1 0, (L1, 0) - 4471 4.4.48
B)\(S) s 1), y Ly ), Ll A 4.
(2,m), m >3 =f(m)+1+e 4.4.74 -
(1,m),m>3 =f(m)+2+e 4.4.81 -
g _p? (1) k=2 B, (P?) = Z/2
(1,1) k=3 B (P?) = Qg (4.4.83)
(2) k=4 By (P?) = Dicyg (4.4.83)

Table 4.2 The unstable cases for which the LCS stops.

L8
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The unstable cases for which the LCS does not stop
Family of groups Partition Ref.
1,1,1, 4.3.6 (4.3.8
Classical braids B ( v) (1) ( )
(2,v),1>=2 4.3.6 (4.3.12, 4.3.15, 4.3.18)
S generic (1,v), (2,v) (1) 4.4.63
(1,1,v) 4.4.64
S=D-pt
(2,v) 4.4.63
ST (1,1,v) 4.4.66
Surface 2,v) (1) 4.4.66 (4.4.63)
braids ) (Lv),1>2 4.4.63, 4.4.68, 4.4.69
BA(9) S=M
(2,v) 4.4.63
G (1,1,1,1,v) 4.4.71 (4.4.72)
(2,v), 1l =3 o0r(2,2) 4.4.71 (4.4.73, 4.4.76)
S _p? (1,v),1>3 4.4.80
2,v),l>=23o0r (2,2) or (2,1) 4.4.84, 4.4.92, 4.4.89
Table 4.3 The unstable cases for which the LCS does not stop.
4.1 General recollections

In this chapter, we recall some classical notions and tools to study the lower central series of groups.
These will be used throughout the chapter.

4.1.1 Commutator calculus and lower central series

Let G be a group. Recall that the lower central series (LCS) of G is the descending sequence of
normal subgroups G = I'1(G) D I3(G) 2 --- of G, also denoted by I'.(G), defined by

G
@)= {[G,n_man

where [G, I;(GQ)] is the subgroup of G generated by all commutators [z,y] := xyz~ly~! with
in G and y in I;_1(G). The subgroups I;(G) are fully invariant, and in particular normal in G.
As a consequence, one can also think of the LCS as an ascending chain of quotients G/I;(G) of
G. Recall that the abelianisation G*" of G is the first of these quotients, namely G/I%(G). In
general, G/I.;1(G) is the universal c-nilpotent quotient of G (recall that G is called c-nilpotent
if Tcy1(G) = {1}). The group G is called residually nilpotent if its residue I'o(G) := (I(G) is
equal to {1}. The quotient G/I'w(G) is the universal (and, in particular, the largest) residually
nilpotent quotient of G.

if i =1,
if i > 2,

1

The following lemma is folklore and will be used very often in the sequel. In particular, we
will often use its contrapositive: if a group G has a quotient whose LCS does not stop, then the
LCS of GG does not stop either.

Lemma 4.1.1. Let H be a quotient of G. If I;(G) = I;11(G) for some i, then I;(H) = Iy (H).

Proof. For all k > 1, it follows from the definition of the LCS that I'zH = w([xG). As a conse-
quence, ;11 H = I';H whenever I';11G = I;G. O
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We now give two partial converses to Lemma 4.1.1. The first one (also the most obvious
one) is the case of a quotient by a subgroup having some finiteness properties. Since most of the
extensions that we consider in the sequel will not satisfy the required hypothesis, we will use it
only once, in the very simple case when the kernel is cyclic of order two. Nevertheless, we state it
in a general framework:

Lemma 4.1.2. Let K — G — H be a short exact sequence of groups. Suppose that there ezists
I > 0 such that every strictly decreasing central filtration of K stops after at most l steps, that is,
if K=K, 2 Ky 2 --- 2 Ky, is a nested sequence of subgroups satisfying [K, K;] C K;+1, then
m < . Suppose moreover that for some i > 1, we have I';;1H = I;H. Then ;141G = I 1G.

Proof. The filtration K NI'.(G) is a central filtration of K, so it can strictly decrease only [ times.
If I H =I;H, then I;(H) = Iy (H) is the image of I (G) in H, for all k£ > 0. Recall that if
L and M are subgroups of G such that L C M, then L and M are equal if and only if their image
in H and their intersection with K are equal. As a consequence, for I';;;(G) to decrease when k
grows, its intersection with the kernel must decrease, which can happen at most [ times. So the
LCS of G must stop at most at [54;. O

Example 4.1.3. If K is finite, such an [ clearly exists. In fact, for any central filtration K, on
K, since the cardinal of K/K,, is the product of the cardinals of the K;/K,11, one can take [ to
be the number of prime factors in the cardinal of K (a bound that is optimal if K is abelian). In
particular, we will apply this with K =2 Z/2 and [ = 1 in the proof of Proposition 4.4.81.

Remark 4.1.4. Finite groups are not the only ones for which the hypothesis holds. We could for
instance apply the Lemma with K simple, or more generally with K perfect (with [ = 0). Also,
the class of groups K satisfying this hypothesis is stable by extensions. In fact, an equivalent way
of stating it is to ask that the maximal residually nilpotent quotient of K (that is, K/I'w(K)) is
finite.

The other partial converse to Lemma 4.1.1 that we will use concerns quotients by central
subgroups. This case is a bit more subtle, and requires the following result, which can be useful
when calculating quotients by residues.

Proposition 4.1.5. Let G be a group, and let N be a normal subgroup of G. Suppose that for some
i =22, NNI;(G)={1}. Then the canonical morphism I'sx(G) — I'no(G/N) is an isomorphism.
In particular, G is residually nilpotent if and only if G/N is. Moreover, we have a short exact
sequence:

N — G/Ix - (G/N) /.

Proof. Let m: G — G/N be the canonical projection. Since N N I'w(G) = {1}, the induced
morphism I'n.(G) = ' (G/N) is injective. Let us show that it is surjective. Let y € I'no(G/N).
Since I',(G/N) = m(I'vG) by definition of the LCS, there is, for each k > 1, some z, € I',(G) such
that 7(zy) = y. Then xkxl;il € N N TI%(G), which implies that J;kx,;il = 1 whenever k > i. Thus
the sequence (z) is stationary at x := x;, which must be in I',,(G) by definition of the zy, and is
sent to y by m. This proves the first part of the Proposition. Now, let us consider the commutative

diagram of groups:
1
N G G/N

y |

N -—-- » G/ ----- » (G/N)/T'.

% I'o(G) —=— TI'no(G/N)

l

By the Nine Lemma, the bottom row must be a short exact sequence. O

The following corollary provides the promised partial converse to Lemma 4.1.1:
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Corollary 4.1.6. Let G be a group and A be a central subgroup of G. Suppose that for somei > 2,
the canonical map A — G/T;(G) is injective. If the LCS of G/A stops at Iy, then the LCS of G
stops at Iy, or at Tjyq.

Proof. The extension A — G/, — (G/A)/I's from Proposition 4.1.5 is a central one. As a
consequence, if (G/A)/I's is k-nilpotent, then G/l is nilpotent of class k or k + 1. O

Remark 4.1.7. In explicit examples, the hypothesis of Corollary 4.1.6 is most easily checked
when i = 2, since we typically have a complete understanding of GP; see for example the proof of
Proposition 4.4.74.

4.1.2 Lie rings of lower central series

We now recall the definition and basic properties of a key tool for studying the LCS of a group,
namely its associated Lie ring. We refer the reader to [Lazb4, Chap. 1] for further details.

Note that, for all i > 1, [I3(G), I3(GQ)] C [G, I3(G)] C I+1(G) C Ii(G). Thus, I;(G) is a
normal subgroup of G, and the quotient £;(G) := I;(G)/I;4+1(G) is an abelian group. Moreover,
one can show that [[;(G), I;(G)] C I54;(G) for all 4,5 > 1, which is the crucial property allowing
us to define the Lie ring associated with Iy (G):

Proposition 4.1.8 ([Laz54, Th. 2.1]). The graded abelian group defined by L(G) := D>, Li(G)
1s a Lie ring, with the Lie bracket induced by the commutator map of G.

Convention 4.1.9. Let g be an element of G. If there is an integer d such that g € I';(G) —
I'y11(G), it is obviously unique. We then call d the degree of g with respect to I'x(G). The notation
g denotes the class of g in some quotient £;(G). If the integer 7 is not specified, it is assumed that
i = d, which means that § denotes the only non-trivial class induced by g in £(G). If such a d
does not exist (that is, if g € () [;(G)), we say that g has degree oo and we put g = 0.

With this convention, the Lie bracket [—, —] of £(G) is given by the collection of bilinear maps
Ez(G) X LJ(G) — £1+J(G) defined byl

Vz € Li(G), Yy € L;(G), [7,7] = [2,y] € Li1;(G).

The following lemma, which will be used several times in the sequel to identify G /I, for some
group G, is one illustration of the use of Lie rings in studying the LCS:

Lemma 4.1.10. Let p: G - @ be a surjective group morphism. If Q is a residually nilpotent
group, then the following conditions are equivalent:

e L(p): L(G) — L(Q) is an isomorphism.
e p induces an isomorphism G /s =

Proof. Tf @ is residually nilpotent, p induces a map G/I'», — @ between two residually nilpotent
groups. Since G — G /Iy, induces an isomorphism between the associated Lie rings, the statement
for G can be deduced from the statement for G/I,,. Thus, we can assume that G is residually
nilpotent and, under this hypothesis, we need to show that p is an isomorphism if and only if £(p)
is. Clearly, if p is an isomorphism, then £(p) is too. Conversely, if p, which is surjective, is not an
isomorphism, then there is some non-trivial element z in its kernel. Since G is residually nilpotent,
x induces a non-trivial class Z in £(G), which is sent to 0 by L£(p). This implies that £(p) is not
injective, which concludes our proof. O

4.1.3 Computing abelianisations from decompositions
Let us recall some classical tools for computing the abelianisation from some decomposition of a

given group. The abelianisation functor G' +— G®P is a left adjoint, hence right exact. In order to
compute the abelianisation of an extension, one can say more. Given a short exact sequence of
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groups H < G — K, let us denote by (H*")g the coinvariants of H*" with respect to the action
of K on H?*" induced by conjugation in G.

Lemma 4.1.11. The short exact sequence H — G — K induces the following exact sequence of
abelian groups:
(H®) g — G*® — K** > 0.

Proof. The conjugation action of G on H®P factors through G/H = K, hence (H**)g = (H*®) g
Since we have an exact sequence H?P — G# — K2P — (), it suffices to show that the morphism
H* — G2 factors through (H*)g. It is equivariant with respect to the action of G induced by
conjugation (which is obviously trivial on G®P), whence the result. O

For split exact sequences, we can say even more:

Lemma 4.1.12. The abelianisation of a semidirect product H x K is isomorphic to the product
(Hab)K x Kab.

Proof. As a consequence of the usual formula [z, yz] = [z, y](z[z, z]z~!), one sees that the commu-
tator subgroup [H x K, H x K] is normally generated by [H, H|, [H, K] and [K, K]. We can take
the quotient by these three sets of relations successively: (H x K)/[H, H| is isomorphic to H*® x K,
then killing [H, K| gives (H**)x x K and finally, ((H**)x x K)/[K, K] = (H*) x Kb, O

4.2 Strategy and first examples

In this chapter, we present some general ideas used to decide whether the LCS stops or not. As a
first example, we then apply these ideas to Artin groups.

4.2.1 Generation in degree one — first consequences

The Lie ring associated to the LCS has the following fundamental property:

Proposition 4.2.1. The Lie ring L(G) is generated in degree one. That is, it is generated by the
abelianisation L1(G) = G* as a Lie algebra over Z.

Proof. Tt is a direct consequence of the definitions: the equality Li(G) = [£1(G), Lr-1(G)] is
obtained directly from I'y(G) = [ (G), I'x—1(G)], by passing to the appropriate quotients. (m

A first consequence of this is the following:

Corollary 4.2.2. Let G be a group. If G* is cyclic, then IhG = I'3G.

Proof. Proposition 4.2.1 implies that the Lie ring £(G) is a quotient of the free Lie ring on G#P.
Since G? is cyclic, the latter is the abelian Lie ring consisting only of G®". As a consequence,
IL,G/I5G = Ly(G) = {0}. O

Example 4.2.3 (Braids). Directly from their usual presentations, one computes the abelianisation
of the braid groups: B';‘Lb >~ 7 for n > 2. Thus I3(B,,) = I3(B,). This fact is originally due to
Gorin and Lin [GL69], who proved it by different methods. This property of B,,, which is also true
for any quotient of B,, (such as the symmetric group &,,), may also be seen as a particular case of
the computations for Artin groups below (Proposition 4.2.11).

Example 4.2.4 (Knot groups). For any knot, the knot group has (infinite) cyclic abelianisation,
thus its LCS stops at I5. This generalises readily to the enveloping groups of any connected
quandle; see for instance [BNS19, Prop. 3.3].
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Example 4.2.5 (Automorphisms of free groups). Consider the automorphism group Aut(F,,) of
the free group on n letters. The kernel A, of the projection from Aut(F,) onto Aut(F2aP) =
GL,(Z) is generated by the usual K;; and K;j;, from [MKS04, §3.5], which are easily seen to be
commutators of automorphisms. Thus Aut(F,)*® = GL,(Z)*. Whenever n > 3, this group is

cyclic of order two, so the LCS of Aut(F,,) stops at I, and so does the one of GL,,(Z).

An easy generalisation of Corollary 4.2.2 is:

Corollary 4.2.6. Let G be a group. Let S be a generating set of G®P. Suppose that, for each
pair (s,t) € S?, we can find representatives 3,t € G of s and t such that § and t commute. Then
G =TI3G.

Proof. The Lie ring £(G) is generated by S. Moreover, the fact that [é,ﬂ =1 in G readily implies
that [s,t] = 0 in £(G). Since the brackets [s, ] for (s,t) € S? generate L2(G) = [£1(G), L1(G)],
we see that [5G/I3G = Lo(G) = {0}. In fact, £L(G) is an abelian Lie ring, reduced only to
L1(G) = G?P. O

We have not made any effort to make the above corollary as general as possible. In particular,
5 and £ may commute only up to an element of I3G, and the conclusion still holds. Also, one
may think of similar statements showing that I'3G = I'4G, and so on. Weak as it may seem, our
statement is already very useful. In particular, when applied to groups whose elements have a
geometric interpretation, it will often happen that 5 and £ can be chosen “with disjoint support”,
which readily implies that they commute. We will sometimes need a more refined version of the
above, but we will discuss it in each particular situation.

Example 4.2.7 (Automorphisms of Fs). As an example of a case where Corollary 4.2.6 does not
work, but the same kind of technique does apply, let us consider Aut(F3). We have mentioned
that Aut(F, )" = GL, (Z)*P; see Example 4.2.5. For n = 2, this is no longer cyclic, but isomorphic
to (Z/2)?, generated by the (equivalences classes of the) automorphisms o and 7 acting as follows
(fixing free generators x and y of Fs):

ol@)=y, oy =g, @) =2"Y Ty =y
It follows that L£o(Aut(F2)) is generated by the (equivalence class of the) automorphism ¢ = [0, 7]

acting by «(z) = 7! and «(y) = y~!. It is easy to check that : commutes with both o and 7, so
L3(Aut(F2)) = 0. Thus, the LCS of Aut(F3) stops at I3, as does that of GLa(Z).

Let us spell out another useful consequence of Proposition 4.2.1:

Corollary 4.2.8. Let G be a group and d > 1 be an integer. If Li(G) = ['.G/Ix4+1G is a d-torsion
abelian group for some k > 1, then L;(G) = [G/I111G is too for all integers | > k.

Proof. If an element z € L(G) is of d-torsion, then for all y € L(G), the bracket [z,y] is too,
because d - [x,y] = [d - x,y] = 0. Since L;11(G) = [L1(G), Li(G)], we get our result by induction
on [. -

Example 4.2.9 (Virtual and welded braids). Let G be a group such that G2 = Z x (Z/d), where
the factors are generated, respectively, by u and v. Then £2(G) is generated, as an abelian group,
by [u,v]. Since d - [u,v] = [u,d - v] =0, L2(G) is of d-torsion, and then all the L;(G), for k > 2,
must be too. This applies, with d = 2, to the virtual and welded braid groups on two strands vBs
and wBg, which are both isomorphic to Z * Z /2.

4.2.2 Artin groups

Let S be a set, and M = (ms+)ses be a Coxeter matrix, i.e. a symmetric matrix with coefficients
in NU {oo}, with ms s =1, and ms, > 2 if s # ¢t. Let Aps be the associated Artin group, defined



4.2. Strategy and first examples 93

by the presentation:

Ay = <S ststs--. =tstst--- (s,t €5, mgs, # oo)>
Ms,t Myt

Let us consider the graph G whose incidence matrix is M modulo 2. Namely, G is obtained
by taking S as its set of vertices and by drawing an edge between s and ¢ whenever ms; is an odd
integer.

Lemma 4.2.10. The group A3? is free abelian on the set mo(G) of connected components of G.

Proof. This is clear from the presentation: in A2, the relation between s and t becomes 5 = ¢t if
ms ¢ is odd, and it becomes trivial if m,; is even or m,; = oo. O

Let us now study the LCS of Aps. Suppose first that G is connected. Then A3 is cyclic,
and Corollary 4.2.2 applies: the LCS of Ay stops at I'. This holds in particular for the classical
braid group; see Example 4.2.3. Now, if G has several connected components, we need to study
the interactions between the corresponding generators of the Lie ring of Ap;. The simplest case
happens when all the even m, ; are equal to 2. Then A splits into the (restricted) direct product
of the Artin groups corresponding to the connected components of our graph, thus L£(A,/) is a
direct sum of copies of Z (concentrated in degree one). Thus, we obtain a first result (which
recovers [BGGOS8, Prop. 1] for spherical Artin groups):

Proposition 4.2.11. If all the coefficients of M are finite, and are either odd or equal to 2, then
the LCS of Ay stops at Is.

In order to get a step further, we need to study more closely the interactions between the
generators of the Lie ring of A,; corresponding to the connected components of G.

Lemma 4.2.12. Let s,t € S. If mg, = 2k for some integer k, then k- [5,t] =0 in L(Am).

Proof. If mg, = 2k, then (st)* = (ts)¥ in Ap;. We can write this relation as (st)*(ts)™% = 1.
We recall that modulo I'3(Ay), commutators commute with any other element. Hence, modulo
I'5(Apr), we have:

1= (st)*(ts) ™% = (st)* s, t](ts)~* =1 = [s,¢](st)* " (ts) " *D = ... = [s,¢]".

Thus, in Lo(Apr), we have 0 =k - [s,t] = k - [s, ], as claimed. O

From this, we deduce that for z,y € m9(G), we have dg - [z,y] = 0in Lo(Anr), where d, o = 1
and d; , = ged {% ‘ s,;t€S, 5=zandt= y} if x # y. In particular, this proves:

Proposition 4.2.13. If all the coefficients of M are finite, then I'5(Anr)/I3(Anr) is of d-torsion,
where d = lem{d, , | x,y € m(G)}.

Remark 4.2.14. Proposition 4.2.13 is more general than Proposition 4.2.11, which is recovered
as a particular case where d = 1. In fact, for d to be equal to 1 (which implies that the LCS stops
at I), we do not need the even ms; to be equal to 2, but only all the dy,y to be equal to 1.

Remark 4.2.15. Proposition 4.2.13 does not say anything when at least one of the d, 4 is infinite.
For instance, when all the m; are infinite, A, is the free group on S, whose Lie ring is without
torsion. More generally, Right-Angled Artin Groups (where all the m,, are infinite or equal to
2) have torsion-free Lie rings [DK92]. Another example is the subgroup K B,, of the virtual braid
group vB,, given by the normal closure of B,, C vB,, (denoted by H, in [BB09a]). This is an
Artin group with all ms; infinite or equal to 2 or 3 [BB09a, Prop. 17]; its abelianisation is free
abelian and its LCS stops at I3 for n > 3 [BB09a, Prop. 19].
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t 1+1

Figure 4.1 The standard generators o; and A;; of, respectively, the braid group and the pure braid
group.

4.3 Partitioned classical braids

This chapter is devoted to the study of the LCS of the group of partitioned braids; see Defini-
tion 4.3.2 below. Our main results are summarised in Theorem 4.3.6. The group of partitioned
braids is a subgroup of B,,, which has already been studied notably by Manfredini [Man97] and
by Bellingeri, Godelle and Guaschi [BGG17]. The former gave a presentation of this group, using
the Reidemeister-Schreier method, which may be applied to this finite-index subgroup of Artin’s
braid group.

Remark 4.3.1. One could use the aforementioned presentation of the partitioned braid group
[Man97] to get generators, a calculation of the abelianisation, and (with a little bit of work) the
stable case in the study of the LCS. However, we will avoid using this presentation altogether, for
several reasons. Firstly, we want the present chapter to be as self-contained as possible. Secondly,
even if a presentation is of some help in the study of the LCS of a group, there is only so much that
one can deduce directly from it; in fact, not much more than a computation of the abelianisation,
and that Iy, = I3 when it holds. In particular, most of our non-stable results would not be
simplified by using the presentation. Thirdly, and perhaps most importantly, to the best of our
knowledge, nobody has written down a presentation of the other partitioned groups that we study
later on. This could certainly be done using the Reidemeister-Schreier technique (at least when we
have a presentation of the non-partitioned group), but this would require a fair amount of work,
which we intend to avoid. We will do so precisely by generalising proofs that do not depend on
the use of Manfredini’s presentation.

4.3.1 Reminders: braids

We recall that the standard generators o; and A;; of the braid group B, and of the pure braid
group P, respectively, are the braids drawn in Figure 4.1. In Figure 4.2, they also appear in a
“bird’s eye view” as paths of configurations.

4.3.2 Basic theory of partitioned braids

For a partition A = (nq,...,n;) of an integer n, we denote by &, the subgroup &,, x -+ x &,
of the symmetric group &,,. Let us now consider the braid group B,, on n strands, and the usual
projection 7: B,, - &,,.

Definition 4.3.2. Let n > 1 be an integer, and let A = (ny,...,n;) be a partition of n. The
corresponding partitioned braid group (also referred to as the group of A-partitioned braids) is:

By:i=7 (&) =7" (6, x - xG,,) CBy.

Lemma 4.3.3. Let A = (n1,...,n;) be a partition of an integer n > 1. Then By is the subgroup
of B,, generated by:

e The o, for 1 < a < n such that a and oo+ 1 are in the same block of .
o The Ayp for 1 < a < f < n such that o and B do not belong to the same block of \.
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Proof. Consider the subgroup G of B,, generated by these elements. Clearly, G C B, and we need
to show that G contains By. First, we see that G contains B,,, x - - x B,,,, which is generated by
the chosen o,. As a consequence, 7(G) = &, X --- x &,,. Then, G also contains the A3, for all
1 < a < B <n. Indeed, the A,z missing in the list of the statement are the ones with o and 3 in
the same block of A\, which are exactly the ones belonging to B,,, x --- xB,,,. Thus, the pure braid
group P,, is contained in G. Now, if § is any A-partitioned braid, then 7(3) € &,, x -+ x &,,,
hence we can choose g € G such that 7(g) = 7(8). Then g~!f is a pure braid, thus g~'8 € G,
which implies that 5 € G. O

Remark 4.3.4. The generating set of By described in Lemma 4.3.3 is clearly redundant, since
Anp is conjugate to A,s if a (resp. §) is in the same block as « (resp. §). For instance, in Bg o,
we have 01 A1307] 1 = Ays. Since it is more convenient for our purpose, we prefer to keep it that
way. Notice however that it is easy to extract a minimal set of generators: using the computation
of Bib below, it is easy to show that keeping all the o, and choosing only one lift A,z of each a;;
(that is, one A,p for each pair of blocks) does give a minimal set of generators of By. A similar
remark (with a similar method for choosing minimal sets of generators) applies to the generating
sets described later in this chapter for variants of partitioned braid groups.

We now compute Bib, using the above generating set, together with the split projections
corresponding to forgetting blocks of strands. These projections can be seen as particular cases of
the projections from Proposition 4.4.15 below, applied to braids on the disc.

Proposition 4.3.5. Let A = (n1,...,n;) be a partition of an integer n > 1. The abelianisation
B?\b is free abelian on the following basis:

e For each i € {1,...,l} such that n; > 2, one generator s;: this is the common class of the
oq for a and o+ 1 in the i-th block of .

e Foreachi,j € {l,...,l} such thati < j, one generator a;;: this is the common class of the
Anp for o in the i-th block of X and B in the j-th one.

Proof. The abelianisation B3’ is generated by the classes of the generators from Lemma 4.3.3.
Moreover, we note that for any ¢, all the o, with o and a + 1 in the i-th block of A (which exist
only if n; > 2) are conjugate to one another: for instance, if n; > 3, then oo = (0201) 1oy (0207)
is a conjugation relation inside By. Similarly, for each choice of i < j, all the A,3 with « in the
i-th block and S in the j-th one are conjugate to one another. Thus, the family described in the
statement is well-defined and generates B3P. Let us show that it is linearly independent, by using

the projections obtained by forgetting strands.

Suppose that > k;s; + > kija;; = 0 for some integers k; (¢ <) and k;; (1 < j < 1). Let us
fix ¢ such that n; > 2, and let us apply the canonical projection Bf‘\b —» B’;"f = 7 to the above
relation. Since this projection kills all the generators save s;, we get k; = 0. This holds for all 4,
so we are left with the relation Y k;;a;; = 0. To which, for any choice of ¢ < j, we can apply the
morphism B§® — B3> = — B, = 7. This kills all the ay, save a;; (which is sent to 2), hence

ki; = 0, whence the result. O

4.3.3 The lower central series

This section is devoted to the proof of the following result, which states exactly when the LCS of
the partitioned braid group stops. The proof requires different techniques for a number of different
cases. We consider each case in turn and then combine the individual results into a proof of
Theorem 4.3.6 at the very end of this section.

Theorem 4.3.6. Let n > 1 be an integer, let A = (nq,...,n;) be a partition of n. The LCS of the
partitioned braid group By :

e stops at Iy if n; > 3 for all i, save at most two indices for which n; = 1.
e does not stop in all the other cases, except for By = Z.
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Figure 4.2 Choosing representatives with disjoint support for pairs of generators of the abelianisation
of the partitioned braid group. Braces indicate points that lie in the same block of the partition.

The stable case: a disjoint support argument

Proposition 4.3.7. Let n > 1 be an integer, let A\ = (n1,...,n;) be a partition of n. Suppose that
all the n; are at least 3. Then the LCS of By stops at I5.

Proof. Consider the generating set for B'j‘\b described in Corollary 4.3.5. For any pair of such
generators, it is possible to find lifts in By having disjoint support (as mapping classes of the
punctured disc), and thus commuting — see Figure 4.2 for the three cases that may arise. Then,
we can apply Corollary 4.2.6 to prove our claim. O

Blocks of size 1

Lemma 4.3.8. If at least three blocks of the partition A are of size 1, then the LCS of B) does
not stop.

Proof. Under the hypothesis, there is a surjection By — B 1,1 = P3 obtained by forgetting all the
blocks save three blocks of size 1. The LCS of P3 = F5 x Z does not stop, since it is an almost-
direct product, and the LCS of Fy does not stop; see for instance [FR85]. As a consequence, the
one of By does not either by Lemma 4.1.1. O

The cases with one or two blocks of size 1 (and still no blocks of size 2) are more difficult to
handle. In both cases, we will have to use the following observation:

Lemma 4.3.9. The quotient of Py by the relation [A13, Ags] = 1 is P§> = 73,

Proof. Let N be the normal closure of [Aj3, As3] in P3. We want to show that N = I5(P3).
Clearly, N C I'z(P3). To show the converse inclusion, we need to show that P3/N is abelian. We
check that the relations A12A13A;21 = A531A13A23 and AI21A23A12 = A13A23A;31 hold in Pg. Asa
consequence, modulo the relation [A;3, Ap3] = 1 (that is, modulo N), we get Aj9A13A47, = A;3 and
Al_21A23A12 = Agz. Thus Ajs, A3 and Az commute modulo N and therefore P3/N is abelian. D

Proposition 4.3.10. Let n > 1 be an integer, let A = (1,na,...,n;) be a partition of n, with
n; = 3 fori > 2. Then the LCS of By stops at I5.

Proof. The case | = 2 (i.e. A = (1,m) for some integer m > 3) works exactly like the stable case
of Proposition 4.3.7. Namely, the two generators of the abelianisation do have lifts with disjoint
supports, so that I»(By ,,,) = I'3(B1,,,) by Corollary 4.2.6. This however does not work for [ > 2.

Let us denote by p the partition (ng,...,n;) of n — 1, so that A\ = (1, u). We are going to
show that By /I« is abelian, which implies that I',, = I'; for Bj.
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It follows from Proposition 4.3.7 that I'n, = I> for B,. As a consequence, the obvious
morphism B, — B,/I'w factors through B, /I = sz. Given the description of sz from
Proposition 4.3.5, we have that modulo I',, 0, = 0}, and Ay = Ay s if @ and o/ (resp. 8 and
B’) are in the same block of p. Moreover, the corresponding classes s; and a;; commute with one
another. In the same way, we can deduce from the case of By ,, for m > 3 treated above that
the class of a generator A;, depends only on the block of a. More precisely, we use the fact that
the obvious morphism B ,,, — By /I factors through B?})m, where all the A, are identified.
Moreover, the corresponding aq; commutes with all the s, and a,, coming from B,, since they
have lifts in By with disjoint support.

We are left with showing that a;; commutes with a1; when 7 < j. This uses Lemma 4.3.9. Let
us choose any « in the i-th block and any  in the j-th one, and consider the morphism P3 — B
induced by 1 — 1, 2 — « and 3 — . If we compose it with the projection onto B, /I, we get a
morphism f sending Ais to a1, A13 to a1, and Asz to a;;. Since a;; commutes with aq;, f sends
[A13, Ag3] to 1. Lemma 4.3.9 then implies that it factors through P3P, so that all the elements in
its image commute, including a1; and aq;. This finishes the proof that B, /Iy is abelian, whence
equal to By/T5. O

Proposition 4.3.11. Let n > 1 be an integer, let A\ = (1,1,n3,...,n;) be a partition of n, with
n; = 3 fori > 3. Then the LCS of By stops at I5.

Proof. Let u denote the partition (ns,...,n;) of n — 2, so that A = (1,1, ). It follows from
Proposition 4.3.10 that I'x, = I for By, hence both the obvious maps By, — B,/I'w factor
through B*{f’#. From this, we deduce that By /Iy is generated by elements s; (3 < i <) and a;;
(1 <i<j <), and that the ay; (resp. the ag;), the s, (p > 1) and the a,q (¢ > p > 3) commute
with one another. Moreover, for all 4, j > 3, a1; and ag; have lifts with disjoint support in By, so
they commute (even when i = j).

We are left with showing that the class a2 of A15 commutes with all the other generators. A
disjoint support argument shows that it commutes with the s and ag; for [ > k > 3. Now, for
1 > 3, let us choose « in the i-th block, and let us consider the morphism P3 — B, induced by
1+~ 1,2 2and 3 — a. If we compose it with the projection onto By /I'w, we get a morphism
f sending A12 to a2, A13 to aiq, and A23 to ag;. Since ay; commutes with ag;, f sends [Alg, Agg]
to 1. Lemma 4.3.9 then implies that it factors through P&P, so that all the elements in its image
commute, showing that a12 commutes with aq; and with ag;. Thus, we have proved that By /Iy
is abelian, whence ', (B)) = I2(B,). O

Blocks of size 2

When there is exactly one block of size 2 and no block of size 1, we get a complete description of
the quotient of By by its residue:

Proposition 4.3.12. Let n > 1 be an integer, let A\ = (2,n2,...,n;) be a partition of n, with
n; = 3 if i > 2. Then B)/I'w decomposes as a direct product of l(Il — 1)/2 copies of Z with
720=1) Z, where Z acts via the involution exchanging the elements es; and ez;y1 of a basis of
Z720= " In particular, if | > 2, then the LCS of By does not stop.

Proof. Let p denote the partition (na,...,n;) of n — 2, so that A\ = (2, ). Then the canonical
projection By, - &3, — &3 has By 1, as its kernel. Moreover, I, (B ,,) contains I'g(B1,1,,),
which is equal to I3(By,1,,) by Proposition 4.3.11. We show that these are in fact equal. In order
to do this, it is enough to show that By, /I%(B1,1,,) is residually nilpotent. In fact, we are going
to compute it completely.

First, let us remark that it makes sense to consider this quotient: I>(By,1,,) is a characteristic
subgroup of B 1 ,, which is normal (of index 2) in By ,, hence it is a normal subgroup of By ,,.
Next, we can write Bs ,,/I5(B1,1,,) as an extension:

BTH,M —— By, /I5(B11,,) — Ga. (4.1)
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We can use the method from Appendix 4.6 to get a presentation of the group G := Bg ,/I5(B11 ).
Namely, we have a presentation of the kernel: B?H’ ., 18 free abelian on the s; and the a;; indexed
by the blocks of (1,1, ). We also know the action of G5 on B?Pl,u induced by conjugation by o in
B, ,: it exchanges the ay; with the ao; with j > 3 and it acts trivially on all the other generators.
Finally, we can lift the only relation defining &5 to 07 = A5 in B ,. As a consequence, we get

the presentation:

Vi, J, P, q, U, v, [Si’sj] = [3i7apq] = [apq,(lm;] =1,

s, Vi > 1, [s,8:] =1,
G= SZ(3<ZSZ+1), Vi >123, [s,aij]zl,
a;; (1<i<j<i+1). |Vj>3, saljs_l = ag; and sagjs_l = ayj,
2
ST = ay2.

One can deduce from this presentation that G decomposes as ZY x (Z2(=1) x Z) where the first
factor is free abelian on the s; (i > 3) and the a;; (j > ¢ > 3) (hence N = [({ — 1)/2), and the
action of Z (free on s) on 72(=1) (free abelian on the a;; and the ag;) is given by s exchanging the
ay; and the as;. Checking that this holds is a matter of writing the appropriate split projections
from the presentations of GG; and its factors.

Finally, the decomposition of G allows us to apply Proposition 4.5.10 to compute its LCS.
Namely, we apply it to A = (a1;, az;);>3 (which is free abelian on these generators) endowed with
the involution 7 exchanging a;; with ag; for all j. Then V' = Im(7 — 1) is the free abelian subgroup
generated by the aq1; — agj, and for k > 2, we have I';(G;) = 2k=1V . In particular, this LCS does
not stop. However its intersection is trivial: the group Gj is residually nilpotent, which implies
that I'x(B2,,) = I'eo(B1,1,,), and finishes our proof. O

Remark 4.3.13. The Lie ring of G (which identifies with the Lie ring of By ;) can be completely
computed, using Corollary 4.5.11. Namely, it identifies with Z~ x (L x Z), where L = Z'"! @
(Z)2)""1 @ (Z/2)'~' @ --- and the action of the generator ¢ of Z on L is via the degree-one map
77t — (2)2)"1 =2 (z/2)'71 = ... In other words, as a Lie ring, £(Bs ) admits the presentation
via generators t, X1,...,X;_1, Y1,..., YN and relations:

[}/7«7}/3] = DfUXk] = D/’Lat] = [XkaXl] = Oa
20t, Xi] = 0.

Let us now turn our attention to the case when there are two blocks of size 2 in the partition.

Proposition 4.3.14. The LCS of Ba 2 does not stop.

Proof. Since Bg o surjects onto Ba o (S?), this is a direct consequence of Proposition 4.4.76 below,
by an application of Lemma 4.1.1. Alternatively, one can adapt the proof of Proposition 4.4.76 to
this case, getting that:

By o/ (A12, Asy, [2(Py)) = (Z%)%? % (62)?,

where G, acts on Z2 by permutation of the factors. Then the methods of Appendix 4.6 can be
used to compute completely the LCS of this group. O

Corollary 4.3.15. If at least two blocks of the partition \ are of size 2, then the LCS of By does
not stop.

Proof. Under the hypothesis, there is a surjection By — Bgo. Thus, this corollary is obtained
from a direct application of Lemma 4.1.1. O

Blocks of size 1 and 2: study of B »

We use that B o is isomorphic to the Artin group of type Bg, a classical fact of which we give a
proof, for the sake of completeness.
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Lemma 4.3.16. The group B2 is isomorphic to the Artin group of type Ba, that is, to G =
(0,2 | (02)? = (x0)?). As a consequence, it is residually nilpotent, but not nilpotent. In particular,
its LCS does not stop.

Proof. On the one hand, we can re-write the presentation of G as:

2= (z0)?, y=oxzct).

G={o,z,y] (0x)
Then, modulo the second relation (which we conveniently rewrite yo = ox), the first one is
equivalent to (yo)? = z(yo)o, and in turn to oyo~! = y~tay. Thus:

G=(o,zy|oxe™ ' =y, oyo~' =y 'ay).

On the other hand, the projection By o — By = Z splits, and its kernel identifies with the
fundamental group of the disc minus two points, which is free on two generators = and y. In fact,
the corresponding action of By 2 (o) on Fs is the usual Artin action. Which means exactly that
the above relations are true in By 2. Whence a surjection of G onto B 2, which induces a diagram
with (split) short exact rows:

(z,y) G Z
F2 BLQ BQ = 7.

Using the freeness of their target, one sees that the left and right vertical maps must be isomor-
phisms, hence so is the middle map, by the Five Lemma. The rest of the statement is then a
reformulation of Proposition 4.5.21. O

Remark 4.3.17. A more precise result is given by Proposition 4.5.23, which describes the Lie
ring of the group G (hence of By ). Notice, however, that this difficult calculation is not needed
if one only wants to see that its LCS does not stop; see Remarks 4.5.20 and 4.5.22.

Corollary 4.3.18. If the partition A has both a block of size 1 and a block of size 2, then the LCS
of By does not stop.

Proof. Apply Lemma 4.1.1 to a surjection By — B o. O

Proof of Theorem 4.3.6. The first statement consists of Propositions 4.3.7, 4.3.10 and 4.3.11. The
second one consists of the cases where A has at least three blocks of size 1 (Lemma 4.3.8), exactly
one block of size 2 together with blocks of size at least 3 (Proposition 4.3.12), at least two blocks of
size 2 (Corollary 4.3.15) or at least one block of size 1 and one block of size 2 (Corollary 4.3.18). O

4.4 Braids on surfaces

In this chapter, we study the LCS of surface braid groups and their partitioned versions. This may
be seen as a generalisation of results from §4.3, where we studied classical Artin braids, that is,
braids on the disc. Contrary to what is usually done in the literature, we choose to consider braids
on any surface. In particular, our surfaces may be non-compact, and they may have (countably)
infinite genus or boundary components. For braids, which are always compactly supported and
can be pushed away from the boundary, this level of generality does not really complicate things.
We also do not assume that our surfaces are orientable, because the techniques that we use work
very similarly for orientable surfaces and for non-orientable ones.

We first recall what we need from Richards’ classification of surfaces (§4.4.1), then we intro-
duce the tools that we need from the general theory of braids on surfaces (§4.4.2) and we review
presentations of braid groups on compact surfaces (§4.4.3). We then find ourselves ready to tackle
the study of LCS. We do this first for the whole braid group B, (S): we show that the LCS stops
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if n > 3, and we completely compute the Lie ring in this case (§4.4.4). We then generalise these
results to partitioned surface braid groups By (S) in §4.4.5, whose LCS stops if the blocks of the
partition have size at least 3, a stability hypothesis under which we can compute the associated Lie
ring. Finally, we study the unstable cases in §4.4.6. There, four cases stand out from the crowd:
the braid groups on the sphere S2, on the torus T2, on the M&bius strip M2 and on the projective
plane P2.

4.4.1 Surfaces

Recall that a surface is a (second countable) 2-manifold, which we will not suppose compact or
orientable in general. Such manifolds are well-understood: the classification of surfaces without
boundary has been achieved by Richards [Ric63], and the classification of surfaces with boundary,
which is more complicated, was completed more than fifteen years later by Brown and Messer
[BM79].

Remark 4.4.1. By a manifold, we mean a locally Euclidean, Hausdorff space. Moreover, all
our manifolds are assumed second countable. For connected manifolds, this is equivalent to ei-
ther metrisability or paracompactness, and it implies triangulability (see [Rad25] for the latter
implication).

For studying braids, we will in fact only need to consider Richards’ classification. Indeed,
let S be any connected surface (possibly with boundary). If we glue a copy of 95 x [0,00) to
S by identifying 05 x 0 with 95, we obtain a surface S’ without boundary, and it is easy to
show that the canonical injection S < S’ is an isotopy equivalence. Moreover, one can show that
an isotopy equivalence induces homotopy equivalences between configuration spaces and, in turn,
isomorphisms between braid groups. In the sequel, we thus identify braids on S with braids on S’
(or on S —0S). For instance, braids on the closed disc are identified with braids on the plane. This
holds in particular for braids on one strand, that is, for fundamental groups, whose computation
is recalled below in Proposition 4.4.4.

Let us briefly recall Richards’ construction of all surfaces, up to homeomorphism; for a detailed
account, the reader is referred to [Ric63], in particular to §5 and §6, especially Theorem 3, therein.

Proposition 4.4.2. Let S be a connected surface. Then S is homeomorphic to a surface con-
structed in the following way:

e Consider the Cantor set K embedded in the sphere S? in the usual manner. Choose some
closed subset X of K, and remove it from S2.

o Choose a finite or countably infinite sequence of pairwise disjoint closed 2-discs in S? — X,
which has no accumulation point outside of X.

o Along each of these discs, perform a connected sum operation with either T? or P2.

Remark 4.4.3. At the second step, one can in fact choose an explicit sequence of discs depending
only on X together with the subset X, C X of accumulation points of the sequence of discs; see
[Ric63].

As a direct corollary of Richards’ classification, one can compute fundamental groups of sur-
faces:

Proposition 4.4.4. Let S be a connected surface without boundary. Then 71(S) is a free group,
except when S is closed. Moreover, it is of finite type if and only if S is obtained (up to homeo-
morphism) from a closed surface by removing a finite number of points.

Remark 4.4.5. We see that closed surfaces (that is, compact surfaces without boundary) are
singled out here, as will also be the case later in our study of braid groups; see for instance
Proposition 4.4.15 and Theorem 4.4.53.

Fundamental groups are in fact almost all homotopy groups of surfaces:
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Corollary 4.4.6. Let S be a connected surface without boundary. Then mw<o(S) is trivial, except
when S is the sphere or the projective plane.

Proof. The universal covering S of Sis a simply connected surface without boundary. Propo-
sition 4.4.4 implies that such a surface must be of finite type, and the explicit computation of
fundamental groups of surfaces of finite type shows that S must be homeomorphic either to the
sphere or to the plane. If S = S2, then S is compact, and the fibers in the covering must be finite,
so 71(9) is finite, and S is either the sphere itself, or the projective plane. In all the other cases,

T52(S) = 759(8) = 152(R?) = 0. O

Another immediate corollary of Richards’ classification is the following dichotomy:

Proposition 4.4.7. Let S be a connected surface without boundary. Then either S can be embed-
ded into the sphere S?, or it contains the 1-punctured torus or the Mobius strip as an embedded
subsurface.

In our study of braids, this appears as a trichotomy, between the following cases:

e S is planar, i.e. it embeds into the plane;

e S is the sphere S?;

e S contains an embedded 1-punctured torus (a handle) or an embedded Mobius strip (a
crosscap).

In this regard, see in particular Proposition 4.4.19.

Convention 4.4.8. In the usual way, an embedded Mébius strip on a surface will be indicated
in our figures by a crosscap, that is, a circle drawn on the surface, bounding a disc on which is
drawn a cross (see for instance Figure 4.3a). In order to obtain the surface that is meant from the
surface on which the crosscaps are drawn, one must, for each crosscap, remove the interior of the
corresponding disc, and then glue together opposite points of the remaining circle.

The reader not familiar with this classical representation should check, as a good exercise,
that a disc with one crosscap is a Mdbius strip, that a sphere with one crosscap is a projective
plane (so that adding a crosscap on a surface is the same as taking the connected sum with a
projective plane), and that a sphere with two crosscaps is a Klein bottle. They should also keep
in mind Dyck’s theorem: three crosscaps on a surface is the same as a handle and a crosscap (see
for instance [FW99]).

4.4.2 Braids on surfaces: general theory

We gather here some fundamental results in the theory of braids on surfaces. The main tools
that we need are Goldberg’s theorem (§4.4.2), the Fadell-Neuwirth exact sequences (§4.4.2) and a
little calculation showing that the usual pure braid generators become commutators on non-planar
surfaces (§4.4.2). Goldberg’s theorem [Gol73, Th. 1] says that surface braid groups are generated
by braids on the disc, together with braids obtained from loops on the surface; we give a new
simple proof of this result, incidentally extending it to possibly non-compact surfaces. As for
the Fadell-Neuwirth exact sequences, which are traditionally stated for pure braid groups, since
they involve forgetting strands, we generalise them easily to partitioned braid groups on possibly
non-compact surfaces, where the projections forget blocks of strands.

Definitions, notations and conventions

Let S be a connected surface. Let us consider the configuration space
F.(S)={(z1,...,2n) € S" | Vi # j, x; #x;} C S™.

The braid group on the surface S on n strings is the fundamental group B,,(S) of the unordered
configuration space C,(S) = F,,(5)/6,. When S is the 2-disc D, this group is exactly Artin’s
braid group, that is B,, = B, (D).
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Let us fix an embedded closed disc D C S, together with a base configuration ¢ = (c1,...,¢,) €
F,,(S) of points ¢; € D. Since the assignment S — B,,(S) is functorial with respect to embeddings
of surfaces, we have a (not necessarily injective) group morphism:

¢: B, = B, (D) - B,(5).

In the sequel, we omit most mentions of ¢: if 8 € B,,, we still denote by § its image in B, (.5)
(although we should denote it by ¢(5)).

We can also construct surface braids from curves on the surface. Precisely, for any i < n, let
us define ¢;: S — D — F,(5) by sending x to the configuration (c1,...,¢i—1,,¢it1,-..,¢n). This
induces a morphism between fundamental groups:

Remark 4.4.9. The map ¢; cannot preserve basepoints, since the basepoint of F,,(S) is not in
its image. However, the induced map between fundamental groups can easily be defined using a
chosen fixed path between ¢; and a point not in . The choice of such a path (for each ) is implicit
in the sequel, and should be made as simply as possible. For instance, one can fix a segment from
¢; to a point on JD, and extend it slightly outside D, such that these paths are disjoint for different
values of 7.

The canonical projection 7: B, (S) — &,,, corresponding to the covering of F,,(S)/&,, by
F,(5), can be enhanced to a projection:

s Bn(S) H>7T1(S)26n

as follows. Given a braid g € B, (5), let us lift it to a path v = (y1,...,7,) in F,(S) from (¢;);
to (cg-1(s))i where o = (). Then send 3 to ((7y,...,7%,),0), where 7, is the image of 7; in
m1(S/D) = 11 (S). We note that mg is clearly surjective, since its image contains &,, (which is the
image of p(B,,) by 7g), and all the factors m1(S) (which are the images of the 1;(m1(5))).

The kernel of g, which is contained in P,,(S), obviously contains the group P,. We denote
it by P (S) and we call its elements geometrically pure braids.

Generators of surface braid groups

The following result generalises one of Goldberg [Gol73, Th. 1] to any connected surface.

Proposition 4.4.10. The following statements hold for any connected surface S and any integer
n>1:
e For any i < n, the group B, (S) is generated by the images of ¢ and ;.
o [ts subgroup P, (S) is generated by (the image of) P, and the images of 1, ..., ¥p.
o The subgroup P2 (S) of Py, (S) is the normal closure of P,,. Since P2, (S) is normal in B, (S),
it is also the normal closure of Py, in B, (5).

Proof. Let us first remark that the v; are conjugate to each other by elements of the image of (.
Hence, the second statement implies the first one.

We prove both the second and the third statement by induction on n. Both proofs use the
tools that we introduce now. Consider the following commutative diagram of spaces:

S —Qn — F1(S) —2 F,(9)

| I |

L 1 p
S e—r s 8l —— 4 g
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where Q,, = {c1,...,¢n}, t sends z to (c1,...,¢n,2) and p send (z1,...,Zny1) to (z1,...,2,). It
induces a commutative diagram of morphisms between fundamental groups:

7T1(S* Qn) L’ Pn+1(S) L» Pn(s)

Pk ok 42

71'1(5) > 7T1(S)n+1 —> 77'1(5)”,

whose bottom line is obviously exact. The map p is a (locally trivial) fibration by [FN62, Th. 3]
(see also [Bir74, Th. 1.2]), and the first line is part of its exact sequence in homotopy. Thus it is
exact (but ¢, need not be injective in general).

Let us prove our second statement. For n = 1, 4 is the canonical isomorphism 7(S) &
P,(S) = B1(5), and there is nothing to prove.

Let us now suppose that the conclusion holds for some n > 1. By applying the Seifert-van
Kampen theorem, we see that 71 (S — Q) = F,, #z m1(S — D), where F,, = 71 (D — Q,,) is free on
n generators. Then t,: F,, %z m (S — D) — P, (S) identifies with the map induced by F,, — P,
(the kernel of P,, » P,_1) and ¢p41: (S — D) — P, (5).

Now let G be the subgroup of P, 1(S) generated by P,41 and the images of the v; for
1 < n+ 1. It contains the image of ¢, which is the kernel of p,. Moreover, its image by p.
contains the images of 91, ...,1,, and P, hence all of P, (S), by the induction hypothesis. As a
consequence, G = P, 11(S5), which was the desired conclusion.

Let us prove our third statement. For n = 1, mg is the canonical isomorphism B;(S) =
P1(S) = 71 (9) (inverse to ¢1). Then P (S) and P, are trivial, and there is nothing to prove.

Let us now suppose that the conclusion holds for some n > 1. Consider the induced maps
between kernels of the vertical morphisms in (4.2). By definition, the kernels of v and w are
respectively Py, (S) and Py, (S5). Let us denote by K the kernel of u. We get induced maps:

K —75 Po,(8) 25 P2(S)

such that px otz = 1. An easy chase in the diagram (or an application of the Snake Lemma)
shows that we can lift any element in the kernel of p4 to an element of K: the above sequence is
exact.

The morphism v identifies with the projection F,, xz m1(S — D) — {1} *z m1(S — D) = 71(5)
killing the first factor, hence K identifies with the normal closure of F,, in F,, %z m1(.S). Moreover,
L« sends F, = (D — Q) to a subgroup of P,,11, so the image of K in P, 1(S) is contained in
the normal closure of P, 1.

Now, let N be the normal closure of P, ; in P,11(S). Since v(P,41) = {1}, we have
v(N) = {1}, which means that N C P;_,(5). By the induction hypothesis, px(N) = P; (5).
Moreover, N contains the image of i4, which is the kernel of px. Thus N = P;,_,(S), which was
the desired conclusion. O

Remark 4.4.11. For a closed, oriented surface, the group K appearing in the proof is exactly the
group Fy, 11 from [GP04, page 227], where they give a precise description of it in this particular case.
However, in their paper, they were using the very result that we are recovering and generalising
here, quoting [Bir74] for it [GP04, page 225].

The proof of Proposition 4.4.10 also works for manifolds in higher dimension, allowing us to
recover the classical [Bir69, Th. 1]:

Proposition 4.4.12. For any manifold M of dimension at least 3, the morphism myr: By (M) —»
T (M) 16, is an isomorphism.

Proof. One can directly check that the proof of Proposition 4.4.10 works if we replace the surface S
with a connected manifold M of any dimension d > 2 and the disc D with a d-disc D?. Then P,, gets
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replaced with P,,(D?), which is trivial whenever d > 3 (the configuration space F,,(D?%) = F, (R?)
is obtained from R™? by removing subspaces of codimension d > 3, so it is simply connected).
Thus, the normal closure P¢ (M) of P, (D?) is trivial too, and the latter is exactly the kernel of
™M - O

Remark 4.4.13. This means that braid groups on manifolds of dimension at least 3 are exactly
wreath products, whose LCS is studied in Appendix 4.5.4; see in particular Corollaries 4.5.27 and
4.5.29.

The Fadell-Neuwirth exact sequences

The locally trivial fibrations used in the proof of Proposition 4.4.10 are particular instances of the
Fadell-Neuwirth fibrations. These induce exact sequences between pure braid groups, that are in
fact exact sequences between partitioned braid groups. We now recall how these work, and when
these exact sequences split.

Definition 4.4.14. Let S be a surface, let n > 1 be an integer, and let A = (ny,...,n;) be a
partition of n. The corresponding partitioned surface braid group is:

By(S) =1 1(&y) =171 (B, X -+ X Gp,) C Bu(S).

There are canonical surjections between partitioned braid groups, obtained by forgetting
blocks. For most surfaces, these projections behave exactly as they do for the disc. However,
their behaviour for closed surfaces is somewhat trickier, especially when it comes to the sphere and
the projective plane. The latter are in fact the only ones whose braid groups admit non-trivial
torsion elements, a fact that can be seen as a consequence of their second homotopy group being
non-trivial.

Proposition 4.4.15 (Fadell-Neuwirth exact sequences). Let S be a connected surface, let u be a
partition of an integer m = 1, v be a partition of an integer n = 1, and let us denote by pv their
concatenation, which is a partition of m +n. The following sequence of canonical maps is exact:

B, (S — {n pts}) — B, (S) — B,(S) — 1.

Moreover, except when S = S? and n = 1,2 or S = P2 and n = 1, this is in fact a short exact
sequence:
1 —B,(S —{n pts}) — B,,(S) — B,(S) — 1.

Furthermore, if S is not closed, the surjection B, (S) — B,(S) splits.

Remark 4.4.16. Recall that base configurations, hence also the n points removed from S, must
not be on the boundary of S, if S has a non-trivial boundary.

Proof of Proposition 4.4.15. Let us first recall that in considering braid groups, we consider sur-
faces up to isotopy equivalence, so we can remove the boundary of S if it is non-trivial, and assume
that 05 = &. Recall that if A is a partition of N, we denote by C)(S) the configuration space
Fn(S)/6x. Forgetting the first n points induces a map of configuration spaces Cy,,,(S) = C,(5),
which is a locally trivial fibration with fibres homeomorphic to C,, (S — {n pts}), by a slight adap-
tation of [FN62, Th. 3] (or [Bir74, Th. 1.2]), which works for any manifold (without boundary).
Since its fibres are path-connected, part of its long exact sequence of homotopy groups is:

73(Cy(8)) = Bou(S — {n pts}) — B (S) — B,(S) — 1.

The map F,(S) — C,(S5) is a covering, so that m2(C,(S)) = ma(F,(S)), which is trivial except
when S = S? and n = 1,2 or S = P? and n = 1. When S is not the sphere or the projective
plane, this follows from [Bir74, Prop. 1.3], using the fact that higher homotopy groups of surfaces
different from S? and P? are trivial (see Corollary 4.4.6). When S = S? this is [FB62, Cor. p. 244]
and when S = P? it is [Bus66, Cor. p. 82].
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If S is not closed, then there is an isotopy equivalence between S and a proper subsurface S’ of
S. Then one can choose a configuration of m points in § — S’ and add them to each configuration
of n points of ', getting a map F,,(S") = Fppn(S). The induced map 71 (C,(5)) = m(C,(S")) —
71 (Cuv(S)) is the required section. O

Remark 4.4.17. A weaker form of the asphericity statement for mo(F,(S)) used in the above
proof may be found [FN62, Cor. 2.2]. They ask that the surface be compact, but this is only
in order to be able to use the classification of compact surfaces, which we easily replaced by the
classification of all surfaces in our proof.

Remark 4.4.18. When S is not closed, the construction of the splitting in the proof of Propo-
sition 4.4.15 can also be used to get a morphism ¢ from B, (S) to B,4+1(S), corresponding to
adding an (n + 1)-st strand near a boundary or an end of S. The restriction of this morphism
to pure braid groups is a split injection (it is the section in the particular case p = (1) and
v = (1,...,1) in the above proof). Since it also induces an injection from B, (S)/P,(S) =& &,
into Bp4+1(5)/Prnt1(S) = S,,41, the morphism ¢ itself is injective. Notice that, thanks to the
connectedness of S, ¢ depends on the choices made in its construction only up to conjugation. By
contrast, if S is closed, there is no obvious construction of such a map, and in fact it does not exist
in general [GG04a; GG10].

Pure braid generators and commutators.

Some of the results below will hold for all surfaces .S. However, in order to get more precise results,
we need to get more specific and use the classification of surfaces recalled in §4.4.1. Recall that
all the generators o; of B,, are identified in B2 = Z (see Example 4.2.3), hence also in B,,(5)2".
The next proposition deals notably with the order of their common class o. The trichotomy that
appears here, which comes from Proposition 4.4.7, will play an important role in all that follows.

Proposition 4.4.19. Letn > 2. Let us consider the generator A;; of P, as an element of B,,(S).

e If S is planar, then the class A;; € B,,(S)*® has infinite order.

o If S=S2 then the class A;; € B,(S)* has order n — 1. However, its class in P, (S)*" has
infinite order.

o In all the other cases, A;; is the commutator of two elements of P, (S).

Proof. If S is planar: then S can be embedded in a disc. Such an embedding induces a morphism
B,.(S) — B, (D) = By, which in turn induces a morphism from B,.(S)* to B2P. The latter is
infinite cyclic, generated by o. Our element A;; is sent to o, hence it cannot be of finite order.

If S is the sphere: then from the usual presentation of By, (S?) (see for instance Corollary 4.4.27
below), we get that B,,(S?)** = Z/(2(n — 1)), generated by o. Again, 4;; = 02, whose order is
n— 1.

If S cannot be embedded in the sphere: then S contains a handle or a crosscap; see Proposi-
tion 4.4.7 and the remark following it. We can then use the explicit isotopies drawn in Figures 4.3a
and 4.3b to show that A;; is a bracket of two pure braids (which are respectively in the image of
1, and in the image of ;). O

4.4.3 Presentations of surface braid groups

In order to prove some of the results below, in particular to determine completely the Lie rings of
partitioned braid groups in the stable case, we will need to use presentations of braids groups on
compact surfaces. The main tool for determining presentations of surface braid groups (including
braids on the disc, which are usual Artin braids) are the Fadell-Neuwirth exact sequences; see
Proposition 4.4.15. These were already used in the course of the proof of Proposition 4.4.10 to
obtain generators of these groups. Let us now briefly explain how they may be used in order to
determine defining relations on these generators. For S a non-closed surface, these exact sequences
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Y
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a) Pure braid generator as a commutator on a surface with a crosscap.

)
' ZE ; ‘ @ @ A o
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b) Pure braid generator as a commutator on a surface with a handle.
(

Figure 4.3 Explicit isotopies expressing a pure braid generator as a commutator. We use them in many
different guises throughout the chapter, each time with respect to a different embedding of the crosscap
or the handle in our surface, whose image contains exactly two points of the base configuration. For
instance, with the notations from Figure 4.4 below, for any choice of 1 < i< j<mandof 1 <r <g,

the first one gives A;; = [cg.r), (CET))*l] in By, (NVg).

give a decomposition of By ,,—1(S) as a semi-direct product of B,,_1(S) with a free group F. Then
suppose that one has a set of relations satisfied in B,,(5), defining a group G,, and a well-defined
surjection 7: G,, — B, (S). One can consider the subgroup G1,—1 = 7 (B ,-1(5)), use the
relations to show that it is of index at most n in G, (which implies that the induced surjection of
Gr/G1,n-1 onto B,,(S)/B1,-1(S5) is a bijection — but of course not a group morphism, since these
quotients do not bear a group structure), and determine a presentation of Gy ,—1 by using the
Reidemeister-Schreier method. Then one shows that G ,—1 decomposes as a semi-direct product
of a quotient isomorphic to G,,_; with a kernel K generated by a family of elements sent by « to a
basis of the free group F'. The latter fact implies that this family must be a free basis of K, which
means that 7: K — F is an isomorphism. By induction, 7: G,,—1 — B, _1(S) is an isomorphism.
Then 7: G1,,—1 = B1,,-1(S) must be an isomorphism too. And since the induced surjection of
Gr/G1,n-1 onto B, (S)/B1,,-1(S) is a bijection, 7: G,, = B,(S) is an isomorphism (the reader
can easily convince themselves that the latter implication works regardless of the existence of a
group structure on the quotients).

This method can be used to get presentations of the braid groups of every non-closed surface of
finite type; see [Bel04] for instance. It can also be adapted to the case of closed surfaces, replacing
semi-direct product decompositions by non-split extensions, with some care for the exceptional
cases where this is not even an extension. However, we prefer to deduce the case of closed surfaces
from the non-closed one: we give here a direct general argument presenting B,,(.S) as the quotient
of B,,(S—pt) by one explicit relation, by applying the Seifert-van Kampen theorem to configuration
spaces; see Proposition 4.4.26.

Surfaces with one boundary component

Presentations of braid groups of compact surfaces with one boundary component can be found in
[HLO02, §4] and in [Bel04, Th. 1.1 and A.2]. We re-write them with our own conventions, which we
now explain.

Let us denote by ¥, 1 the orientable connected compact surface of genus g with one bound-
ary component, and by N, 1 the non-orientable connected compact surface of genus g with one
boundary component. We draw X, ; as a rectangle with 2¢g handles attached to it, and Ny ; as a
rectangle with ¢ crosscaps (see Convention 4.4.8). Our notations for braid generators are detailed
in Figure 4.4. Our drawings of braids are to be thought of as seen from above, and the left-to-right
direction in products corresponds to the foreground-to-background direction in our drawings. For

(&) -1 i+1)

instance, with the notations of Figure 4.4, we have that o1a,’0; " = al(C . As an illustration of
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(a) Generators of B, (Zg,1). (b) Generators of By (Ng,1).

Figure 4.4 Generators of surface braid groups. For each generator (except for o;, where the points 4
and ¢ + 1 move), only one point of the configuration moves, and the others stay put. We often denote

:rzl) by zg, for z = a, b, c.

()G><o><9

Flgure 4.5 The classical pure braid generator Ajiy1 = 0’

these conventions, we draw different representations of the classical pure braid generator A;;y; in
Figure 4.5.

Notation 4.4.20. For clarity, in group presentations, we write a = b for the relation saying that
a and b commute.

Proposition 4.4.21 ([Bel04, Th. 1.1)). Let g > 0. A presentation of the braid group on X4 1,
generated by oq,...,0n_1, @1,...,04, b1,...,bg, is given by the braid relations for o1,...,0n_1, to
which are added the following four families of relations (where x and y denote either a or b, and
1<rs<yg):

(BS1) o; & a, for allr and all 1 > 2 ;

(BS2) x, &2 o01ys01 —1 forr <s; (4.3)
(BS3) (012,)? = (w,01)%>  forallr; )
(BS4) [o1brort a Y =0} for all r.

Notice that it is easy to check that these relations hold in B, (X,:) by drawing explicit

isotopies. See for instance Figure 4.3b for a drawing of (BS4) (which generalises to [bgj), (a,(nj))_l] =
A, ¢ if r < s). The translation between Bellingeri’s conventions and ours is as follows:

e Our statement is the case p = 1 of [Bel04, Th. 1.1], whence the absence of the zx, and of the
relations involving them.

e Our o; is his 0;1, our a, is his b;l, and our b, is his a,.

e Our (BS1) — (BS4) are his (R1) — (R4), with 2 and 3 exchanged.

Remark 4.4.22. Although [Bel04, Th. 1.1] is stated for g > 1, the proof works equally well if
g = 0. In fact, the case g = 0 of our statement is just the usual presentation of braid groups on
the disc.

Proposition 4.4.23 ([Bel04, Th. A.2]). Let g > 1. A presentation of the braid group on N1,
generated by o1,...,0n_1, C1,...,Cq 1S given by the braid relations for o1,...,0n_1, to which are
added the following three families of relations (where 1 < r,s < g):

1

(BN1) o; & ¢ for allr and alli > 2
(BN2) ¢, 2 oycs0y! forr <s; (4.4)
BN3) [oic,ort, el =02 forallr.

1 1

T

Here again, it is easy to check these relations explicitly. See for instance Figure 4.3a for a
drawing of (BN3) (which generalises to [cg])7 ( 5-]))_1] = A,s if r < s). Also, it is the case p = 1 of
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Bellingeri’s statement so, again, the z; and the corresponding relations are irrelevant. Moreover,
our o; is his Jfl, our ¢; are his avfl, and the indexation of our relations is the same as his.

Remark 4.4.24. The statement of [Bel04, Th. A.2] is for g > 2, but the proof works equally well
ifg=1.

In the case of non-orientable surfaces, we will also need the case p > 1 of [Bel04, Th. A.2],
which will be used twice, in the proofs of Proposition 4.4.59 and Proposition 4.4.85. Let us denote
by Ng.n+1 the non-orientable connected compact surface of genus g with either n + 1 punctures or
n + 1 boundary components (recall that, up to isotopy, removing a point and removing an open
disc are equivalent). The braid group B,,(Ng n+1) may be seen as a subgroup of B, 4+, (N 1); see
Proposition 4.4.15. Namely, this subgroup is generated by o1,...,0n-1,¢1,...,¢cqand z; :== A1 m4;
foralll1<j<n

Proposition 4.4.25 ([Bel04, Th. A.2]). Let g = 0 and m > 1. A presentation of the braid
group By, (Ng nt1), generated by o1,...,0m—1,C1,...,Cq,21,.-.,%n 1S given by the relations from
Proposition 4.4.23, together with the following four families of relations:

(BN4) z; & o forallj<mandallie{2,...,m—1};
(BN5) ¢, = oyzjo;"  forallj<nandalr<g;

(BN6) z = oyzj0;" fori>j;

(BNT) (012;)? = (zj01)* for all j < n.

Once more, these relations are easy to check explicitly. The translation between [Bel04,
Th. A.2] and our statement is the same as above, our z; being the same as Bellingeri’s.

Closed surfaces

When S is a closed surface, one needs to add a single relation to a presentation of B, (S — pt)
to get a presentation of B, (S). In fact, this is a very general fact, which does not require any
hypothesis on the surface.

Proposition 4.4.26. Let S be a connected surface and x € S any point in its interior. The
inclusion of S — x into S induces a surjective homomorphism

B,(S —z) - B,(95)
whose kernel is normally generated by a single element B. Explicitly, B is a braid with n — 1 trivial

strands, whose remaining strand loops once around the puncture x.

Proof. Choose a subdisc D C S containing  in its interior, and a metric on D. Write U,, (S, z) for
the subspace of C,,(S) = F,,(5)/6,, of (unordered) configurations that have a unique closest point
in D to x (which may be z itself). Together with C,,(S — ), this forms an open cover

{Un(S,z),Cr (S — )}

of C,(S), with intersection U, (S, ) NCp (S — ) = U, (S — x, x) the space of n-point configurations
in S — z that have a unique closest point in D — z to x. Note that these subspaces of C,,(5) are
all path-connected. Let us choose a basepoint for C),(.S) that lies in U, (S — x, ). The Seifert-van
Kampen theorem then gives us a pushout square of groups:

T (Un(S — z,2)) —— B, (S —x)

l l (4.5)

T (Un(S,x)) —— B,(9).

There is a well-defined projection U,, (S, z) = D given by remembering just the unique closest
point in D to x, which restricts to a projection U,, (S — z,z) - D — x. These are both locally
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Figure 4.6 The boundary elements in By, (X4,1) and By, (Ng.1).

trivial fibrations with fibres canonically homeomorphic to C,,—1(S — x). (Over a point p € D, the
homeomorphism is induced by the evident homeomorphism between S —z and S —Bd(p@) (), where
B,.(x) denotes the closed ball of radius 7 in D centred at = and d(—, —) is the metric that we chose
on D.) The inclusion of the latter into the former is therefore a map of locally trivial fibrations
which is the identity on fibres. Considering the induced long exact sequences of homotopy groups,
we obtain a map of exact sequences:

1 —— By 1(S—2) —— mUn(S —2,2) — m(D—2) 27 — 1

gy\\ l l (4.6)

The map r obtained from this diagram is a retraction for the upper short exact sequence,
whose existence implies that m1 (U, (S — z,x)) is the direct product of 71 (U, (S, x)) and Z. Then,
the left-hand vertical map in (4.5) identifies with the projection that forgets the Z factor. Together
with the fact that (4.5) is a pushout square, this implies that the right-hand vertical map in (4.5)
is the quotient of B,,(S — ) by (the subgroup normally generated by) the image of the Z factor
of 1 (U (S — z,x)) in B, (S — ). We may choose for a generator of this Z factor any element of
71 (Un (S — z, x)) that projects to a generator of m1(D — x), for example the braid described in the
proposition. O

Let us make this explicit:

Corollary 4.4.27. For all g > 0, the braid group B,(X,) is the quotient of By, (X4,1) by the

relation:
g

2 _ -1
01 Op_905 _10p_g9" 01 = H[ar,br ]
r=1

Similarly, the braid group B, (Ny) is the quotient of B, (Ng 1) by the relation:

o1 O'n—20'72;_10-n—2 0] = C% e Cf].

We note that we recover as a particular case the usual presentations of the braid group on the
sphere (see [FB62] or [Bir74, Th. 1.11]) and of the projective plane (see [Bus66, §III, page 83]).
Not having to treat these as exceptional cases is one of the great advantages of the present method.

Proof of Corollary 4.4.27. This is a direct application of Proposition 4.4.26, using the fact that
the punctured surface ¥, — pt (resp. Ny — pt) is isotopy equivalent to ¥, (resp. to Ny 1). We
note that o1 -+ 0,202 10,201 = A1+ A1, is the (pure) braid obtained by making the first
strand turn once around all the other ones; see Figure 4.6 for the relevant drawings. O
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Partitioned braids on closed surfaces

The above proof of Proposition 4.4.26 generalises to partitioned braid groups without much diffi-
culty; see Remark 4.4.32. However, we prefer to deduce these generalisations directly from Proposi-
tion 4.4.26 itself. We begin with the case of pure braids by describing a direct equivalence between
Proposition 4.4.26 and the following statement:

Proposition 4.4.28. Let S be a connected surface and x € S any point in its interior. The
inclusion of S — x into S induces a surjective homomorphism

P,.(S —x) > P,(9)

whose kernel is normally generated by n elements B1,...,B,. Ezplicitly, B; is a braid whose i-th
strand loops once around the puncture x, the other strands being trivial.

Equivalence between Proposition 4.4.26 and Proposition 4.4.28. Let N be the subgroup of B,,(S —
x) normally generated by the braid 8 from Proposition 4.4.26. Note that § is a pure braid, hence
we have N C P, (S — z). Now, let N’ be the subgroup of P,,(S — x) normally generated by the
Bi. We will show that N = N’. This implies the equivalence of Propositions 4.4.26 and 4.4.28 by
considering the diagram

N’ «—— ker(np) —— P, (S —z) /2% P,(9)

| l [

N —— ker(mg) «—— B, (S —2) —» B,(95)

| |

6, —————=6,

and noting that the two propositions are equivalent, respectively, to the statements N = ker(7p)
and N’ = ker(mp).

Our definitions of 5 and the (; are up to some choices, but all these choices give elements
conjugate to each other (in B, (S —z) or in P, (S — ), respectively) or each other’s inverses, which
does not affect the definition of N and N’. We can make these choices so that:

e the only moving strand of § is the first one,

e 3 commutes with every element of the subgroup By ,_1 = (02, ...,0,-1) of B,,(S—z) (which
consists of braids in a fixed disc D C S — z involving only the strands 2 to n),

e for each i, B; = (01 0i_1) " B(01+ 0i_1).

See Figure 4.7 for an example of such choices. The latter relations imply N’ C N.

We now show that N’ contains all the conjugates of § by elements of B, (S — z), which
implies N’ O N. In order to do this, we need only show that it contains ¢t~'8t for ¢ in a set of
representatives of classes modulo P, (S — x): then every element of B, (S — z) is of the form ta
for some such ¢ and some o € P,,(S — ), and (ta)~!B(ta) = =1 (t71Bt)a must be in N’.

Every element 7 € &,, 2 B,,(S — 2)/P,,(S — ) is the product of an element 7’ fixing 1 with
some cycle 7y - - - 7,1 (precisely, ¢ = 7(1)). Since 8 commutes with every element of the subgroup
(02,...,0n-1) C B, (S — z), and since this subgroup surjects onto permutations fixing 1, we can
choose a lift ¢’ of 7/ commuting with 3, so that the lift t = /oy - - - ;1 of 7 to B, (S — x) satisfies:

t Bt = (o1 04m1) HTIBE (01 0i1)
=(01-+-0i-1) *Blor - 04-1) = Bi € N/,

whence our result. O

It is not difficult to generalise this to any partitioned braid group:
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Figure 4.7 Braids 8 and 1, ..., Bn from the proof of the equivalence of Propositions 4.4.26 and 4.4.28.

Corollary 4.4.29. Let S be a connected surface, x € S any point in its interior and A =
(n1,...,m) be a partition of n of length . The inclusion of S — x into S induces a surjective
homomorphism

BA(S —z) —» B)(5)
whose kernel is normally generated by | elements (1, ...,05;. Explicitly, B; is a braid with n — 1
trivial strands, except one block in the i-th block which loops once around the puncture x.

Proof. We have P,,(S—z) C BA(S—2) C B,(S—2x). As a consequence, if N is a normal subgroup
of P, (S —z) which is normal in B,,(S — ), we have P,,(S —z)/N C Bx(S—x)/N C B,(S—z)/N.
Moreover, normal generators for N in P, (S — x) are also normal generators for N in By (S — )
and, in fact, fewer generators are needed to normally generate N in B (S — z). Namely, using the
notations from the previous proof, we have 411 = 0, a0a, S0 that 3,11 and 3, are conjugate
in B(S — x) whenever o, € BA(S — x), which happens when « and « + 1 are in the same block
of X\. As a consequence, we need to pick only one index « in each block of A in order for the 3, to
normally generate N in By (S — z). O

Remark 4.4.30. This boils down to considering representatives modulo By (S — z) instead of
modulo P, (S — z) (that is, elements of &,,/&) instead of &,) in the previous reasoning. In
fact, one can see that there are straightforward equivalences between all these statements for the
different partitions of n.

Let us make these statements explicit. We use the usual convention A;; = A;; and A;; = 1:

Corollary 4.4.31. For all g > 0 and any partition A = (n1,...,n;), the braid group By(X,) is
the quotient of BA(X41) by the relations:

g
Ay Ay = H[agxx(ng))—l}_
r=1

Similarly, the braid group By(Ny) is the quotient of Bx(Ng1) by the relations:

Aat - Aan = ()2 (cl)2

In both cases, a runs through any set of representatives of the blocks of A.

Remark 4.4.32. Instead of the reasoning above, one could adapt the proof of Proposition 4.4.26 to
partitioned configuration spaces. Precisely, we get an open cover {Ux (S, z), Cx(S —x)} of C5(S) =
F,(S)/G, by an obvious adaptation of the definition of U, (S, z). However, this time U, (S, x) is
disconnected, with one path-component for each block of the partition A. As a consequence, one
needs to apply the Seifert-van Kampen theorem once for each path-component of U (S, ), resulting
in taking the quotient of the fundamental group by one additional relation for each application of
the theorem. In doing so, one needs to be careful about basepoints, since one obviously cannot
choose a common basepoint in the different path-components of U (5, x).
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4.4.4 The lower central series of the whole group

We now turn to the study of the LCS of B,,(.5), which we completely determine for any n > 3 and
any surface S. We begin by computing the abelianisation of this group; see Proposition 4.4.33.
Then we study B, (S)/I, and we show that when n > 3, it is nilpotent of class at most 2,
which means that the LCS of B,,(S) stops at most at I's; see Theorem 4.4.35 and Corollary 4.4.37.
Finally, we compute the Lie ring, generalising a result of [BGGO08]; see Theorem 4.4.43.

The abelianisation

We first compute the abelianisation of B, (5), for any n and any surface S. In order to do this,
recall that the group morphism ¢: B,, — B,,(S) induces a map B2> — B,,(5)?", and that, since
all the o; are identified in B2P = 7Z, they are so also in B,,(S)*”. We denote by ¢ their common
image in B,,(S5)?".

Proposition 4.4.33. In general, for all n > 2, we have:

Moreover, o is:
e of infinite order if S is planar,
e of order 2(n — 1) if S = S?,
e of order 2 in all the other cases.

Proof. Consider the short exact sequence P (S) < B,(S5) = m1(S) 1 6,. By Lemma 4.1.11, it
induces an exact sequence of abelian groups:

(P5(S)*)B,(5) — Bu(9)* — (m1(5)16,)* —— 0.

On the one hand, the quotient (71(S)?&,,)*" is isomorphic to 7 (S)*” x Z/2 (Lemma 4.5.24).
On the other hand, it follows from Proposition 4.4.10 that P (S) is generated by P,, under the
action of B, (S). As a consequence, the map P2> — (Pg(5)*")g,, (s) induced by ¢ is surjective.
Moreover, it factors through (P2")g, = (P2")s, = Z. Thus (P;(S)*")s, (s) is cyclic, and its
image in B,,(S)*" is generated by o2, which is the image of any pure braid generator.

All of this implies that B,,(S)* /(o) = 7m1(5)2P. Moreover, the corresponding projection map
B,.(9)2® — m(S5)?" splits, a splitting being induced by any of the ;. As a consequence, B,,(S)*"
identifies with m;(S)2P x (o), and we can use Proposition 4.4.19 to get a complete calculation. [

The lower central series

Let us now turn to the study of the LCS of B,,(.S). Our main tool for studying it is a decomposition
theorem (Theorem 4.4.35 below), whose proof relies on the following:

Lemma 4.4.34. Let n > 3. The image of B,, in B, (S)/I'w is cyclic, and it is central. Namely,
it is generated by the common class o of the usual generators o; of B,,.

Proof. The morphism ¢ sends I'no(By,) to I'ng(B,(S)). We know that 0i0;1 € I'(B,,) for all
i,j <n,soo; =0; (mod I'x(Brp(S))). Let us denote by o € B,,(S)/I'x the common image of
the o;. Since the o; generate B,,, the image of B,, in B,,(S)/I'w is the cyclic subgroup generated
by o. In particular, its elements commute with o. Moreover, for all v € 71(S — D), the braids o9
and 1 () have disjoint support, hence o also commutes with the image of ¥;. Since the images
of ¢ and v generate B,,(S) by Proposition 4.4.10, this means that o is a central element of
B,.(S)/I%. 0O

We can now state our main decomposition theorem:
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Theorem 4.4.35. For alln > 3, there is a central extension:
(02) —— Bp(9)/Ie — m(5)* x Z/2.

Proof. Since g is surjective, it sends 5 (B, (S)) onto a normal subgroup of m1(S) 1 &,,. This
normal subgroup is contained in I'x(71(S) 1 S,,) and contains the TZ-Tj*l, which are the images of
the aiajfl € I'vo(B(S)). By Lemma 4.5.26, it is equal to I'x(m1(S)16,,). Then, we can apply the

Nine Lemma to the diagram:

I'o(B,(9))NP(S) ———— T'o(Bn(S)) ——» In(m(S) 16,).

l [ l

P2 (S) B,(S) — = —— m(9)16,

P (5)/ I (Bn(5)) N PL(S) ----- > Bu(S)/Log ———-"2== (m1(5)16,)*".

Then recall that (m1(S)16,)* = 7,(5)2> x Z/2. Thus, we are left with analysing the kernel
P2 (9)/I(Byr(S)) NPS(S) of Tg, which is the image of P (S) in B, (5)/[w. Since P2(S) is
the normal closure of P,, in B,,(S) by Proposition 4.4.10, its image in B, (S)/['wx is the normal
closure of the image of P,,. But P, is sent to (0?) which is central (and, in particular, normal) in
B,.(S)/I's, whence the result. (m

Remark 4.4.36. We also have a central extension:
(o) —— Bn(9)/[oe —> wl(S)ab.

This slightly different statement tells us slightly different things: it implies that o is central,
whereas the statement of the theorem says that 7 is not trivial in B,,(S)P.

Corollary 4.4.37. For any n > 3, we have I'3(B,(S)) = I'4(B,(5)).

Proof. Proposition 4.4.35 implies that B,,(S)/I'x is 2-nilpotent, which means exactly that its I's
is trivial. In other words, I's C I’y for B, (.5). O

The remaining cases consist in the cases when n = 1 and when n = 2.

Proposition 4.4.38. For any connected surface S, either B1(S) = m1(S) is abelian, which occurs
precisely when S € {D — pt,D,S?, T? P2, M?} up to isotopy equivalence, or its LCS does not stop.

Proof. If S is closed and not in {S?, P2, T?} then the LCS of 71 (S) does not stop. To see this, note
that it admits a presentation of the form (ai,b1,...,aq,bq | [a1,01] - [ag,bg] = 1) or {c1,...,¢q4 |
¢i---c2 =1) for g > 2, and these both project onto Z/2 * Z/2 = (z,y | 2* = y* = 1) by sending
ai,by,c1 to z and all other generators to y; the LCS of Z/2 x Z/2 does not stop by Proposition
4.5.16. If S is not closed, its fundamental group is free by Proposition 4.4.4. If it is also not in
{D — pt,D,M?} then its fundamental group is moreover non-abelian free, and hence its LCS does
not stop by [Mag35] (see also [MKS04, Chap. 5]). O

Remark 4.4.39. The fundamental group of a surface is known to always be residually nilpotent,
and almost always residually torsion-free nilpotent (the only exceptions to the latter being the
projective plane and the Klein bottle). This follows from [MKS04, Chap. 5] for non-closed surfaces,
whose fundamental group is free. For closed surfaces, it follows from [Baul0] if S contains a handle:
then the Seifert-van Kampen theorem applied to a decomposition S = T?#S’ gives a presentation
of the form of Theorem 1 therein. The remaining surfaces are the sphere, the projective plane and
the Klein bottle, whose LCS are easily computed explicitly (see Proposition 4.5.4 for the last one).

Proposition 4.4.40. When S is not D, S? or P2, up to isotopy equivalence, the LCS of Ba(9)
does not stop.
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Proof. The group B2 (.9) surjects onto 71(S)1Sz. Since 71 ()2 surjects onto Z except in the three
excluded cases of the statement, we can apply Corollary 4.5.29 to see that the LCS of m1(S) ! G2
does not stop. Then the one of B,,(S) does not either by Lemma 4.1.1. O

Remark 4.4.41. For orientable surfaces, B2(S) is residually nilpotent [BB09b, Cor. 10]. This
result can in fact be extended to non-orientable surfaces, with the same method, using the results
quoted in Remark 4.4.39.

Remark 4.4.42. Clearly, the LCS of B2(D) & Z and of B(S?) = Z/2 both stop at 5. The fact
that By(S?) & Z/2 is the case n = 2 and g = 0 of Corollary 4.4.27. On the other hand, the group
B, (P?) is the dicyclic group of order 16 (Corollary 4.4.83), which is 3-nilpotent, so its LCS stops
at F4.

The Lie ring

We can be more precise about our description of the LCS of surface braid groups. In particular,
Corollary 4.4.37 says that, for n > 3, the LCS stops at most at I3, but it does not say when it
stops at I'» (then the associated Lie ring consists only of the abelianisation, which has already been
computed in Proposition 4.4.33), or when it stops at I3 (in which case the Lie ring is 2-nilpotent
but not abelian). We now show that the latter holds only for non-planar orientable surfaces, and
we compute precisely £(B,,(5)), generalising results of [BGGOS].

Theorem 4.4.43. Let n > 3 be an integer and S be a connected surface. The LCS of B, (S):

e stops at I if S is either planar or non-orientable, or if S = S2.
e stops at I in the other cases. Then L2(B,,(S)) is cyclic, generated by the common class o
of the pure braid generators A;j.

2

Moreover, in the second case, 02 is of finite order if and only if S is closed, in which case its order
ism+g— 1, where g is the genus of S.

Proof. Since the LCS of B,,(S) stops at most at Iz, L2(B,(S5)) identifies with I (B, (5)/I'x)
(the latter being I5/Io(Bn(S)) = I:/I3(B,(S))). Moreover, using the central extension of
Theorem 4.4.35, we see that in B, (S)/I, the subgroup I must be contained in (o?), which

implies that it is cyclic, generated by a power of 2.

Planar surfaces: if S is planar, then the common class o of the o; in B,,(S)*” = (B,,(S)/I'x)*®
is of infinite order by Proposition 4.4.33. Hence I2(B,,(S)/I'x) does not contain any power of
o =01. But I(B,,(5)/I%) is contained in (02), so it must be trivial, which means that Iy = ',
for B,,(5).

The sphere: if S = S2, then B,,(S?) is a quotient of B,, (see Corollary 4.4.27), which implies
that its LCS also stops at I5.

Non-orientable surfaces: the surface S is non-orientable if and only if it contains an embedded
Mobius band. Then o7 = [o1cot, ¢!] for some ¢ € B, (S): precisely, ¢ is a braid whose first
strand goes around the Mobius strip once, that is, through the crosscap; see Figure 4.3a. Since o
is sent to the central element o of B,,(S)/Ix, this relation implies that o2 = [¢,¢"!] = 1. Thus
(0?) is trivial, and so is its subgroup I (B,,(S)/I'x) = L2(B,(9)).

Non-planar _orientable surfaces: if S has a handle, then o7 = [a~!, o1boy ] for some a,b €

B,.(9). Precisely, a and b are braids whose first strands go around a handle; see Figure 4.3b.
Hence 02 € I (B,,(S)/I's), which implies that £5(B,,(S)) is generated by o2.

If S is a non-planar compact orientable surface with at least one boundary component, then
S can be embedded in some X, ; for an arbitrary large g, by attaching a disc to each boundary
component save one. The induced map £2(B,,(S)) — £2(B,,(X4,1)) sends 02 to o2, and the latter
is of infinite order (Proposition 4.4.44).

If S is a non-compact non-planar orientable surface, let us suppose that ¢ is a torsion element
in B,,(S)/ s = B, (5)/I3. Then for some integer k, 02* is equal to some product of commutators
of length at least 3 in B,, (). Such a formula involves only a finite number of braids. Let us choose
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a representative of each of these isotopy classes. These involve a finite number of paths on the
surface. If moreover we choose an isotopy realising the aforementioned equality of braids (using
the concatenation of the chosen representatives as a representative of the right-hand side), the
image of this isotopy is contained in a compact subsurface S’ of S. Thus, our formula also holds in
B,.(5): 0?F is equal to some product of commutators of length at least 3 in there. Then o2¥ =1
in B, (5")/I5. However, this contradicts the previous case, since S’ cannot be closed (nor planar).
We conclude that o cannot be a torsion element in B,,(S) /I ; equivalently, £2(B,(S)) = Z.

If S is a closed orientable surface ¥, of genus g > 1, then Lo(B,(X,)) = Z/(n+ g — 1). This
is [BGGO8, Th. 1], which can be deduced from Proposition 4.4.44 below. We will do so in a more
general context later; see Proposition 4.4.57. O

The proof of the following result is inspired from [BGGO08]. In fact, it is equivalent to [BGGOS,
Th. 1] in a quite straightforward way; see Remark 4.4.45.

Proposition 4.4.44. Let g > 1, and let 341 denote the compact surface of genus g with one
boundary component. For every n > 1, L2(B,,(2,1)) = Z, generated by the common class o of
the pure braid generators.

Proof. We compute completely B,,(X,1)/I3. Let us consider the quotient of B, (X,1) by the
relations o; = 0,41, that is, by the normal closure IV of the oia;rll for 1 <7< n—1. We already
know that, modulo I3, the braid generators o; have a common class o. In particular, N C I3,
and we will show that N = I by showing that G := B, (X,,1)/N is 2-nilpotent. Thanks to
Proposition 4.4.21, we can compute a presentation of this quotient. It is generated by o, together
with a, and b, for 1 < r < g. The braid relations on the o; become trivial there. (BS1) says that o
is central. (BS2) says that the a, and the b; commute with one another, except a, and b, (for each
r). Since o is central, (BS3) becomes trivial. Finally, (BS4) can be written as b.a,.b, ! = a,072.
From this presentation, one can see that G = (Z x Z9) x Z9, where the three factors are free
abelian on o, the a, and the b, respectively; the action of each b, is trivial on ¢ and the ag if
s # r, and b, - a, = a, — 20. Since this group is 2-nilpotent, we have N = I3(B,(X,1)), as
announced. Moreover, the Lie ring of G, which is the Lie ring of B,,(X,,1) by Corollary 4.4.37, is
easy to compute. Namely, £1(G) = G* 2 (Z/2)? x Z9, L5(G) = I+(G) = Z is generated by o2,
and the only non-trivial brackets of generators are [a,., b,] = o2. 0O

Remark 4.4.45. Here we choose to recover [BGGO08, Th. 1] from Proposition 4.4.44. However,
one can also deduce Proposition 4.4.44 from [BGGO8, Th. 1]. Namely, one can embed ¥, ; into
Xy for any ¢’ > g, by attaching X, _, 1 along the boundary component. The induced map
Lo(B(X41)) = L2(B,(E,)) sends o2 to o2, and the latter is of order n + ¢’ — 1 by [BGGOS,
Th. 1]. Thus, by varying ¢’, we see that 0% cannot be of finite order inside £2(B,,(X41)).

Remark 4.4.46. The group (Z x Z9) x Z9 appearing in the proof of Proposition 4.4.44, which
is then the maximal nilpotent quotient of B, (¥X,1), has a nice interpretation as a matrix group
resembling the Heisenberg group of a symplectic vector space. Namely, it is the subgroup of

GLg42(Q) given by:

12 Z - Z 3z
1 0 - 0 Z
0 Z

1z

1

Remark 4.4.47 (About the Riemann-Hurwitz formula). The result [BGGOS8, Th. 1] quoted above
and recovered below (Proposition 4.4.57) says that when S is an orientable closed surface, the infor-
mation encoded in £4(B,,(S)) is essentially the genus of S, or its Euler characteristic. In fact, one
can recover the Riemann-Hurwitz formula for (unramified) coverings of closed orientable surfaces
from this computation. Indeed, let p: ¥ — 3, be a k-sheeted covering. It induces a continuous
map p*: Cpn(Xy) = Crn(Xr) between unordered configuration spaces sending a configuration of n
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points to the configuration of the kn preimages of these points by p. The induced map between the
fundamental groups sends the pure braid generator A;s to the product of the A; ;1 for j € p~1(1)
(if the correct conventions are chosen). Thus the induced map from Lo(By,(3,)) to Lo(Brn (X))
sends 02 to ko?. Since o2 is of order n + g — 1 in L5(B,,(2,)), we obtain (n + g — 1)ko? = 0
in Lo(Br,(X1)). However, o2 is of order kn + h — 1 there, implying that kn + h — 1 divides
kn + k(g — 1). This holds for all n. For n big enough, kn + k(g — 1) < 2(kn + h — 1), so the only
possibility is that kn + k(g — 1) = kn+ h — 1, that is, k(g — 1) = h — 1, which is equivalent to the
Riemann-Hurwitz formula for p.

4.4.5 Partitioned braids on surfaces

Let us now study the LCS of partitioned surface braid groups B (S), generalising the results from
§4.4.4, which can be seen as the case of the trivial partition A = (n) of n. We follow the same steps:
we first compute the abelianisations of B (.S) in Proposition 4.4.48, before studying B (S)/Ix
and showing that the LCS of B (S) stops at most at I's when the partition A has only blocks of
size at least 3, in Theorem 4.4.51 and Corollary 4.4.52. Finally, under the latter hypothesis, we
compute the associated Lie rings in Theorem 4.4.53.

The abelianisation

Let A = (ny,...,n;) be a partition of an integer n. A computation of By (S)®P can be obtained by
a quite straightforward generalisation of the computation of B,,(5)2" from Proposition 4.4.33.

Let us first recall that the morphism ¢ from §4.4.2 induces a map B3® — B,(S)*P. Then,
from Proposition 4.3.5, we get that:
e For each ¢ < [ such that n; > 2, all the o, with o and « + 1 in the i-th block of A have a
common image in By (5)?", called s;.
e For each i < j <, all the Ayp with « (resp. 8) in the i-th (resp. the j-th) block of A have a
common image in By (S)*", called a;; (or a;;).

Let us now consider the short exact sequence:
P2(S) —— By(S) — m(S) 16,
We can apply Lemma 4.1.11 to it, and we get an exact sequence of abelian groups:
(P5(9)*)Bs(5) — BaA(S)™ —— (m1(5) 16,)* —— 0.

On the one hand, the quotient (7 (S) &) is isomorphic to the product of the (m1(S) &, )P,
which is (m1(9)?)! x (Z/2)", where I’ is the number of indices i < [ such that n; > 2 (see
Corollary 4.5.25). On the other hand, it follows from Proposition 4.4.10 that P2 (S) is generated
by P, under the action of P,(S), which is a subgroup of B,(S). As a consequence, the map
P2t — (P2(5)™)p, (s) induced by ¢ is surjective. Moreover, it factors through the quotient
(Pab)g, = (P2P)g, = Z!-1/2 5 7" Thus the image of (P2(9)*)B, (s) in BA(S)? is generated
by the images of the pure braid generators, which are the elements 2s; for ¢ < [ such that n; > 2,
and a;; for i < j <L

Now, let H be the subgroup of B (S5)*" generated by the s; and the ai;. From the above, we
get an isomorphism B (S)*?/H = (71 (S)*")!. Moreover, the corresponding projection By (S5)2P —
(m1(9)2P)! splits: a splitting is defined by sending (g;); to > v;(g;) where, for each i, v; is induced
by 1, for any a in the i-th block of A. As a consequence, By (S5)?" identifies with (7 (S)*")! x H,
and we can use Proposition 4.4.19 to get a complete calculation:

Proposition 4.4.48. Letn > 1 and A = (nq,...,n;) be a partition of n. Then:
!
BA(S)* = (m(9)™) x (BY’/R),

where B'j{b is free abelian on the s; and the a;; from Proposition 4.3.5, and R is:
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o trivial if S is planar,
e generated by the relations 2(n; — 1)s; + >, nja:; (i=1,...,n) if S = S?,
e generated by the 2s; and the a;; in all the other cases.

Ezxplicitly, if I denotes the number of indices i <1 such that n; > 2, we have, for S % S?:

B /R = 7V x z=1/2 if S s planar,

A o (z/2)Y if S does not embed into the sphere.
Proof. If S # S?, all the relations are direct consequences of Proposition 4.4.19, and it remains
to prove that they are the only ones. In the first case, we can directly use the result of Propo-
sition 4.3.5: an embedding of S into R? = S? — pt induces a retraction By(9)*® — B3P of the
morphism Bi‘\b — B (5)?" induced by ¢, whence the result in this case. In the third one, the same

proof as the proof of Proposition 4.3.5 works: projections onto the factors are given by projections
onto the &2 = 7/2 for n; > 2.

If S = S?, Corollary 4.4.31 describes B (S?) as the quotient of By by the collection of relations
Aq1Anz -+ Agn = 1 for all 1 < a < n. The abelianisation B (S?)2P is then the quotient of B‘}\b
(described in Proposition 4.3.5) by the classes of the above relations. If « is in the i-th block of A,
then the class of A, is either 2s; if 3 is also in the -th block (which holds for n; — 1 values of ),
or a;; if B is in the j-th block for some j # ¢ (which happens for n; values of 3, for each j # i).
Thus the classes of the A,1 442 - - - Aan are indeed the relations of the statement. (|

Remark 4.4.49. The relation 2(n; — 1)s; + 3, nja;; makes sense even if n; = 1: in this case,
with our conventions, there is no generator s;, but this does not matter since its coefficient is
2(n; — 1) = 0 (alternatively, one could add a generator s; and ask that s; = 0).

The lower central series

The work done above to show that the LCS of B,,(S) stops if n > 3 (see Corollary 4.4.37) generalises
to the partitioned braid group when all the blocks of the partition are of size at least 3. First, here
follows the generalisation of Lemma 4.4.34.

Lemma 4.4.50. Let A = (nq,...,n;) be a partition of n, with n; > 3 for all i. The image of By
in BA(S)/I'w is central. In particular, it is a quotient of B§".

Proof. Tt follows from Theorem 4.3.6 that I'n,(By) = I2(B,). As a consequence, the morphism
¢: By — BA(S)/I'x factors through By /Iy = B3P, Hence its image is abelian, generated by the
images of the s; and the a;; from Proposition 4.3.5.

In order to show that it is central, we need to show that these elements commute with gen-
erators of By(S)/I's. We deduce from Proposition 4.4.10 that B(S) is generated by the images
of ¢ and of the 1,. In fact, we can restrict to taking one a in each block of A, since ¥, and g
are conjugated by elements of By if o and § are in the same block. The s; and the a;; already
commute with each other, so we only need to show that they commute with the images of the
selected 1),. Since the blocks of A have size at least 3, we can find representatives of the s; and
the a;; having disjoint support with elements of all the chosen Im(t),). Thus, the s; and the a;;
commute with a family of generators of By (S) /s, which proves our claim. O

We can now generalise our main decomposition theorem (Theorem 4.4.35) to partitioned
braids:

Theorem 4.4.51. Let A = (nq,...,n;) be a partition of n, with n; > 3 for alli. There is a central
extension:

<sf7aij)i’j<l — B)\(S)/Foo e (Wl(S)ab X Z/Q)l

Proof. The proof is essentially the same as the proof of Theorem 4.4.35, so we only stress what
changes. The element Jaagl is in I'5(Bp(S)) only when o and 8 are in the same block of
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A. However, their images TaTﬂ_l in m1(5) 1 6, still normally generate I'x(m(S) ! Sy), because
71(5) 16, is the product of the m1(5)1S,,,, whose I'; is normally generated by the TaTgl for o and
B in the i-th block of A (Lemma 4.5.26). Thus, arguing exactly as in the proof of Theorem 4.4.35,
we get a short exact sequence:

P (S)/Tos(BA(S)) NPL(S) > BA(S)/Ios —» (m1(S5)16)*".

Recall that (71(S) 1 &,)2P = (7,(S)2P x Z/2)!. Moreover, the kernel is the normal closure of the
image of P,,, but this image is already normal, and even central by Lemma 4.4.50, generated by
the a;; and the squares of the s;. O

Finally, Corollary 4.4.37 adapts readily to this context:

Corollary 4.4.52. If all the blocks of A\ have size at least 3, then:

I3(BA(S)) = I'u(BA(S)).

The Lie ring

Here again, in the stable case (that is, when all the blocks of the partition A have size at least 3),
we can be more precise about the description of the LCS. Namely, our next goal is to show the
following generalisation of Theorem 4.4.43, whose proof occupies the rest of the present section.

Theorem 4.4.53. Let A = (nq,...,n;) be a partition of an integer n with n; > 3 for all i, and let
S be a connected surface. The LCS of Bx(S):

e stops at Iy if S is planar, if S = S? or ifl =1 and S is non-orientable.
e stops at I3 in the other cases.

Remark 4.4.54. In both cases, the Lie ring can be computed completely. Namely, £1(Bx(S)) =
B, (9)?P has already been computed in Proposition 4.4.48. In the first case, no further computation
is required. In the second case, L5(B)(S)) is described completely in Proposition 4.4.56 and
Proposition 4.4.57 for orientable surfaces, and in Corollary 4.4.60 and Corollary 4.4.62 for non-
orientable ones. Moreover, one can easily describe the Lie bracket from the computations given
there. Precisely, the only non-trivial brackets come from the computations depicted in Figure 4.3.

The proof of Theorem 4.4.53 begins with the following observation, which will be of essence
in our study of the Lie ring of B (S):

Fact 4.4.55. Let A\ = (ny,...,n;) be a partition of n with all blocks of size at least 3. Then
L2(BA(9)) identifies with I's (BA(S)/I's), which is included in the subgroup (s?,a;;)i j<i of BA(S)
from Theorem 4.4.51. Furthermore, if S has a handle or a crosscap, then L2(B(S)) = (s?, aij)i j<i-

Proof. We know that I's = I's, for By (S) by Corollary 4.4.52. Then, since Lo = I2/I3, L2(BA(S5))
identifies with Iz (BA(S)/I's). Moreover, in Bx(S)/I's, the subgroup I'; must be contained in
the kernel (s?,a;j); j<i of the central extension of Theorem 4.4.51. Now, if S has a handle or a
crosscap, then the quotient (m;(9)2> x Z/2)! of B)(S)/I» identifies with its abelianisation (see
Proposition 4.4.48). As a consequence, the subgroup I's (B(S)/I'x) is the whole of (s?, a;;)i j<i-

O

Non-planar orientable surfaces. Let us turn our attention to the case where the surface is
not closed.

Proposition 4.4.56. If S is a non-planar orientable surface which is not closed, then Lo(BA(5))
is free abelian on the a;; and the s3.
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Proof. We already know that these elements generate L2(By(S)) by Fact 4.4.55, so we need to
show that they are linearly independent. The argument from the proof of Proposition 4.3.5 works
here, using the maps from Ly(Ba(S)) to L2(By,(S)) = Z and L3(Bp,4n,(S)) = Z instead of
the maps from B3" to B2” and B2P This uses the fact that L3(B,(S)) 2 Z if n > 3, from

Theorem 4.4.43. O

The case of closed orientable surfaces is a bit trickier. In fact, we first need to generalise
[BGGOS8, Th. 1]:

Proposition 4.4.57. Let g > 1. Then L2(Bx (X)) is the quotient of the free abelian group on the
ai; and the 572 by the relations:

(ni+g—1)s§+2njaij=(), foralll1 <i< n.
JFi

Proof. Let us consider the subsurface ¥, 1 of 3, obtained by removing an open disc. The corre-
sponding embedding of ¥, into X, induces the quotient map described in Corollary 4.4.31. In
particular, Bx(X,)/I3 is the quotient of By(X,1)/I3 by the classes of the relations from Corol-
lary 4.4.31. Since the Ayp are in I5(Bx(X,1)), these relations are between elements of I, that is,
elements of (s?,a;;); j<;- In order to write them as relations between the s? and the a;j, we need
to recall that if «v is in the i-th block of A, for any r < g, we have, in Lo(BA(95)):

_ 2
= —s;,

¥

where the third equality comes from Figure 4.3b. Moreover, the class of A,z modulo I'3(Bx(S5))
is either s? if o and 3 are both in the i-th block of \, or a;; if o is in the i-th block and 3 is in the
j-th block for some j # i. Finally, using additive notations in the central subgroup (s?,a;;), the
classes of the relations from Corollary 4.4.31 are:

(n; —1)s2 + anaij = —gs? forall 1 <i<n.
J#i

Moreover, these relators are central in By(X,)/I'x, so their normal closure is only the subgroup
they generate, which implies that I»(Bx(X,)/I3) is the quotient of I5(Bx(X4,1)/I3) by these
relations. By Proposition 4.4.56, the latter is free on the s? and the a;j. Whence our claim. O

Remark 4.4.58. Let us point out that this computation of L2(Bx(X,)) is very similar to the
computation of £1(B(S?)) in the proof of Proposition 4.4.48 (note that s? was equal to 2s; there,
but here s; and s7 do not live in the same part of the Lie ring). The only difference lies in the
degree of our relations with respect to the LCS: if the surface has a handle, then the pure braid
generators A,z belong to the derived subgroup (see Figure 4.3b).

Non-orientable surfaces. For non-orientable surfaces, we already know that the s? vanish in
the quotient by I's, as in the proof of Theorem 4.4.43. As a consequence, I (B,(5)/Iw) is
generated by the a;;. The following proposition is an analogue of [BGG17, Prop. 3.7] in the
non-orientable case:

Proposition 4.4.59. Let g > 0 and m,n > 3. We have:
Bn(Ng1)/lToo = (Z/Z)2 X (Zx79) =79,

where the factors are respectively generated by s1 and sa, aia, . and c¢.. The action is given by
erchet = clayy (for all v < g) and all the other pairs of generators commuting. In particular, this
group is 2-nilpotent, and L2(B, ,(Ng.1)) is infinite cyclic, generated by ai2.
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Proof. Recall that we have a split extension (from Proposition 4.4.15):
B (Ng,14n) = Brmn(Ng,1) = Br(Ng,1).

Thus, we can get a presentation of By, ,(Ng 1) from the presentation of the quotient described in
Proposition 4.4.23 and the presentation of the kernel from Proposition 4.4.25, using the method
of Appendix 4.6. The generators of this presentation are the o; for i # m, the ¢, := cgl), the

e = A and the zj = A1 m+; (where our conventions are those from §4.4.3).

We use this to get a presentation of the quotient of B, ,(Ng,1) by the normal closure N of
the 0'1'0;_11 fori <m+mnandi ¢ {m—1,m}, together with the zjz;_&l for j < n. This quotient
is generated by the common class s; (resp. sa, resp. ajs) of o1,...,0,—1, the common class sa of
Om+1y- -, 0m—1 and the common class ajs of z1,. .., z,, together with the ¢, and the ¢, for r < g.
They are subject to the following relations:

e Relations coming from those of B,,(Ng1): s2 commutes with the ¢, (BN1), the ¢, commute
with one another (BN2) and s3 =1 (BN3).

e Relations coming from those of B,,(Ng 145): s1 commutes with the ¢, (BN1), the ¢, com-
mute with one another (BN2), s3 = 1 (BN3), aj2 commutes with s; (BN4), and with the
¢ (BN5). (BNG6) and (BN7) become trivial.

e Relations describing the action by conjugation of sy and the ¢, on s1, a2 and the ¢,. This
action is easily seen to be trivial in most cases, since most of the pairs of elements involved
come from elements having disjoint support in By, ,(Ng 1), hence they commute. Namely,
this holds for ¢s and ¢, when r < s: using the fact that a1z commutes with cs, we see
that ¢, is the class of zlcg)zf 1 whose support is disjoint from the support of c£m+1) (up to

isotopy). This is again true for a;2 and the ¢}, since s commutes with the ¢..: ¢/. is the class

of c£m+2) = 0m+1c$,m+1)0;11+1, whose support is disjoint from that of z;. Finally, the only
pair of generators under scrutiny for which this does not hold are ¢, and ¢, (for r < g). But

for them, the situation is the one from Figure 4.3a: [(c}.)™!, ¢,] = A1 m11 = aia.

These relations can be summed up as:

e All the generators commute pairwise, except ¢, and ¢, for r < g,

==l
e c.cect =clayy (forr=1,...,9).

This is a presentation of the group described in the statement. Its commutator subgroup is the
factor Z of the decomposition, which is infinite cyclic, generated by a12. It is also central, hence
the group is 2-nilpotent. Since this group is By, »(Ng.1)/N, N contains I'3(B, n(Ng,1)). But the
elements normally generating N are in I (B n(Ng.1)); see Lemma 4.4.50 and its proof. Thus
N = I'(Bmn(Ng,1)), and the Lie ring of the quotient B, ,(Ng.1)/N identifies with the Lie ring
of By, n(Ng1). In particular, since its I's is trivial, its Lo coincides with its I, which is infinite
cyclic, generated by ajs. O

Corollary 4.4.60. Let S be a non-orientable surface that is not closed. Let A = (nq,...,n;) be
a partition whose blocks are of size at least 3. Then L2(BA(S)) is free abelian on the a;j for
1<i<j<l

Proof. We first show that if m,n > 3, L3(B,, »(S5)) is infinite cyclic, generated by ajs. This is
true for S = Ny 1 by Proposition 4.4.59. Then we can follow the same method as in the proof
of Theorem 4.4.43, to which the reader is referred for more details. Namely, we already know
that Lo(By,,n(S)) is generated by ai2, and we need to show that it has infinite order. If S is
compact, we can embed S into some Ny 1, and the image of a2 by the corresponding morphism
from L2(Byy,5(5)) to L2(Byn n(Ng,1)) has infinite order, whence our claim in this case. Then, if S
is not compact, a relation saying that a12 has finite order in B,, ,,(5)/I3 would hold in a compact
subsurface, which is impossible by the previous case.

From this, we can deduce the result for A having more than two blocks, reasoning as in the
proofs of Propositions 4.3.5 and 4.4.56. Indeed, each canonical map L2(BA(S)) — L2(By, n,(5)) =
Z kills all the ay;, except a;j, which is sent to a generator of the target. Thus the a;; must be
linearly independent. O
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Proposition 4.4.61. Let g > 0 and m,n > 3. Then Lo(By, n(Nyg)) is cyclic of order 2, generated
by ai12.

Proof. Let us consider G := By, ,(N,)/I3. This group is the quotient of B,,,,(Ng1)/I3 =
Bin(Ng) /oo = (Z/2)* x (Z x 79) x Z9 described in Proposition 4.4.59 by the images of the
boundary relations from Corollary 4.4.31. Before considering these relations, we can already re-
mark that the commutator subgroup of By, (N, 1)/I3 is cyclic generated by aq2, so the same
holds for G. Since I'5(G) identifies with Lo(B,, n(Ng)), we only need to show that ai2 has order
2 in G to prove our statement.

Recall that A, is sent to s7 = s3 = 1 if @ and 8 are in the same block of the partition (m,n),
and to aqo if they are not. As a consequence, these relations are:

i-ch=aly and (c))*---(c))? =aly.
Since ¢; commutes with all the other generators except ¢}, and [c1,c}] = ai2, by applying the

commutator with ¢; to the second relation, we get a3, = 1. We can thus consider the intermediate
quotient by the central element a?,, and see G as a quotient of (Z/2)? x ((Z/2) x Z9) x Z9. Modulo
a3y, the above relations (hence the structure of G = B,, ,(N,)/I3) depend only on the parity of
m and n. Moreover, we now know that a2, = 1 in G, so we are left with showing that a;2 is not
trivial in G.

Suppose first that m and n are both even. Then the relations become ¢f - - - ¢2 = (¢})?- - - (¢)* =
1. Notice that after the quotient by a?,, all the ¢2 and the (c.)? have become central, so both
¢ ---cgand (¢))?- - - (c,)? are central in (Z/2)? x ((Z/2) x Z9) x Z9. Thus, if A denotes the abelian
group Z9/(2,2,...,2) (which is also 71 (N,)?P), we see that G = (Z/2)? x ((Z/2) x A) x A, whose

commutator subgroup is cyclic of order 2, generated by a1s.

If m and n have different parities, we can assume (by symmetry) that m is even and n is odd.
Then the relations become ¢f - - - ¢2 = 1 and (¢})* - -+ (¢})? = a12. In (Z/2)? x ((Z/2) x Z9) xZ9, both

¢ ---cgand (¢))?- - (C;)Qal_; are central, so they general cyclic normal subgroups. Thus, if we

denote by A the quotient Z9/(4,4, ...,4) of (Z/2)xZ9 by (1,2,...,2), we have G = (Z/2)? x Ax A,
whose commutator subgroup is cyclic of order 2, generated by ai2 (the latter identifies with the
class of (2,2,...,2) in A).

2

If m and n are both odd, then the relations become ¢ ---¢Z = (c})? -+ (¢})? = a12. In this
case, there is no obvious semi-direct product decomposition of G where a5 is clearly non-trivial,
so we need another argument to show that a;s # 1. If g = 1, one can see that G = (Z/2)? x Qs,
where ¢; is sent to i, ¢} is sent to j, and a;2 identifies with the central element —1 of the quaternion
group Qg. Indeed, one can easily check that the above correspondence defines a morphism from G
to (Z/2)? x Qs, and use the presentation Qg = (i,j | i2 = i? = (i5)?) to construct its inverse. For
g > 1, we can find a similar quotient of G, by considering the quotient (Qg)?/H, where H is the
hyperplane of Z((Qg)?) = (Z/2)¢ defined by the vanishing of the sum of the coordinates. Since H
is central in (Qg)Y, it is normal. Moreover, (Qg)? decomposes as a central extension of (Z/2)%9 by

(Z/2)9, which induces a central extension:
(Z/2)9/H = Z/2 — (Qs)?/H — (Z/2)*.

Using the presentation of G, we can see that there is a well-defined projection from G onto (Qs)?/H
sending ¢, to (1,...,1,4,1,...,1), ¢, to (1,...,1,4,1,...,1) (where the non-trivial coordinate is
the r-th one in both cases), and s; and s, to 1. This projection sends a12 = [c1, ¢}] to the generator
of the centre (Z/2)9/H = Z/2. Thus a5 is again not trivial in G, whence our claim. O

Corollary 4.4.62. Let g > 0 and let A = (nq,...,n;) be a partition whose blocks are of size at
least 3. Then Lo(BA(N,)) = (Z/2)/=Y/2 s the free elementary abelian 2-group on the a;; for
1<i<j<gl.

Proof. The proof is again the same as the proofs of Propositions 4.3.5 and 4.4.56, using the canon-
ical maps L2(BA(Ng)) — L2(Bn, 0, (Ng)) = Z/2, where the latter is generated by the image of a;;,
by Proposition 4.4.61. O
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We can now finish the proof of the main result of this section.

Proof of Theorem 4.4.58. Under our hypotheses, L2(B(S)) identifies with I (Bx(S)/I'x), which
is a subgroup of (s?,a;;); j<i (see Fact 4.4.55).

Planar surfaces: if S is planar, then the canonical projection from By (S)/I's to By (S)* sends
the s; and the a;; to their counterparts in B (S )2, The latter is a linearly independent family by
Proposition 4.4.48, so the restriction (s?,a;;): j<i — Ba(S)*” must be injective. But its kernel is
I3(BA(S)/I'ss) = L2(BA(S)), which must then be trivial.

The sphere: if S = S2, then B, (S?) is a quotient of By (see Corollary 4.4.31), which implies
that its LCS also stops at I5.

Non-planar orientable surfaces: Proposition 4.4.56 deals with most of them; the remaining
ones are closed orientable surfaces, for which Proposition 4.4.57 is the relevant statement.

Non-orientable surfaces: these are dealt with in Corollary 4.4.60, except for the closed ones,
whose Lie ring is studied separately, in Corollary 4.4.62. O

4.4.6 Partitions with small blocks

Now that we have a complete description of the LCS of B, (S) in the stable case, that is, when
the blocks of the partition A have size at least 3 (§4.4.5), we turn our attention to the cases where
A does have blocks of size 1 or 2. Then we ask ourselves: under this assumption, when does the
LCS of B, (S5) stop? For most surfaces, it does not; see Proposition 4.4.63. In fact, there are only
six surfaces to which this result does not apply. One of them is the disc, for which an answer has
already been given in Chapter 4.3. Another one is the cylinder, whose case can easily be deduced
from the case of the disc. Four surfaces remain: the torus T? (§4.4.6), the Mobius strip M? (§4.4.6),
the sphere S? (§4.4.6) and the projective plane P? (§4.4.6).

The generic cases

As a direct corollary of Propositions 4.4.38 and 4.4.40, we get the following result:

Proposition 4.4.63. Let A = (nq,...,n;) be a partition of an integer n > 1.

o If \ has at least one block of size 1 and 71(S) is not abelian (that is, if we suppose that
S ¢ {D — pt,D,S?, T2, P2, M?} up to isotopy equivalence), then the LCS of BA(S) does not
stop.

o If )\ has at least one block of size 2 and 71 (S)*P is not finite (that is, if we suppose that
S ¢ {D,S?, P2} up to isotopy equivalence), then the LCS of Bx(S) does not stop.

Proof. In the first case, there is a surjection B)(S) — B1(S) = 71(5), and in the second one, a
surjection By (S) — Ba(S). Propositions 4.4.38 and 4.4.40 say that, under our hypotheses, the
LCS of the quotient does not stop in either case. The result then follows from Lemma 4.1.1. 0O

Thus the question of whether the LCS of B (S) stops has been answered for every partition,
except for the six surfaces D — pt, D, S?, T?, P? and M2. In fact, B)(D) = B, has already been
considered in Chapter 4.3; see Theorem 4.3.6. Also, since B (D) = {1}, we have an isomorphism
B\ (D —pt) = By (D) for every partition A by Proposition 4.4.15, so we can deduce the remaining
answer for D — pt from the answer for the disc. Namely, Lemma 4.3.8 and Proposition 4.3.11 imply:

Lemma 4.4.64. If X has at least two blocks of size 1, then the LCS of B(D — pt) does not stop.
If \ = (1,n9,...,n;) where every n; > 3, then its LCS stops at I'.

Therefore, we are left with four remaining cases: the torus, the Mdébius strip, the sphere and
the projective plane.
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Partitioned braids on the torus

We know that the LCS of By(T?) stops if A has only blocks of size at least 3, and that it does
not if there is at least one block of size 2. The remaining cases are dealt with using the following
generalisation of [BGGO0S8, Lem. 17]:

Proposition 4.4.65. There is an isomorphism By ,(T?) = B,,(T? — pt) x Z2, for any partition p.

Proof. Proposition 4.4.15 gives a short exact sequence:
BH(TQ —pt) — B17H(T2) E— 7T1(T2) ~ 72,

Let n > 2 such that p is a partition of n—1. The centre of B,,(T?) is generated by two braids o and
B3 corresponding to rotating all the punctures along each factor of S! x St [PR00, Prop. 4.2]. These
are pure braids, so they are in the subgroup By ,(T?) of B,,(S). The above projection (forgetting all
strands but one) maps these two elements to a basis of 1 (T?) = Z2. As a consequence, it restricts
to an isomorphism («, 3) = Z2. Thus the above short exact sequence splits, and the corresponding
action of Z? is trivial (o and 8 being central), hence it is in fact a direct product. O

It is then an easy task to finish proving the following summary of our results for partitioned
torus braids:

Theorem 4.4.66. Let \ be a partition of an integer n > 1. The LCS of Bx(T?):

e does not stop if A has at least two blocks of size 1 or one block of size 2.
e stops at Iy in all the other cases, except for B1(T?) = Z2.

Proof. If X has at least two blocks of size 1, then B (T?) surjects onto By 1 (T?), which is isomorphic
to By (T? — pt) x Z? = Fy x Z? by Proposition 4.4.65. The LCS of Fy does not stop, whence the
result in this case, by Lemma 4.1.1.

If X has exactly one block of size 1 and no block of size 2, then Proposition 4.4.65 gives
an isomorphism B, (T?) = B, (T? — pt) x Z*? where p has only blocks of size at least 3. Then
Corollary 4.4.52 implies that the LCS stops at most at I3 in this case. In fact, if y is non-trivial,
then the LCS of B, (T? — pt) stops exactly at I's; see Theorem 4.4.53.

The other cases have already been treated as part of Corollary 4.4.52, Theorem 4.4.53 and
Proposition 4.4.63. O

Partitioned braids on the Mdobius strip

As in the case of the torus, we know that the LCS of B,(M?) stops if A has only blocks of size
at least 3, and that it does not if there is at least one block of size 2. The only remaining cases
are the ones when A has some blocks of size 1, the other ones being of size at least 3. We begin
by showing that the LCS does not stop when there are at least two blocks of size 1. In this case,
B, (M?) surjects onto By 1 (M?) = P5(M?) so, by Lemma 4.1.1, this case follows from the following
study of Po(M?):

Lemma 4.4.67. A presentation of the pure braid group Po(M?) is given by generators v1,7v2 and
A subject to the relations

1Ayt =75 T ATy
Y1y2y; =5 TATIAE.

Recall that M? is the surface Nj ;1 from §4.4.3. Here, we have changed the notations from
()

§4.4.3 to lighter ones, more suited to the case with only one crosscap (y; := ¢;’) and only two
strands (A := Ajs).
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25618

Figure 4.8 Relation in Py(M 'ylAyl = 2

Proof. Proposition 4.4.15 gives a decomposition Py(M?) = 71 (M? — pt) x 71 (M?) & Fy x Z, where
the projection onto m1(M?) = Z is given by forgetting one strand (say, the first one). Then the
factor Z is generated by 71, and a free basis of the factor Fy is given by 75 and A (with the
notations introduced just before the proof). Moreover, the action of v; by conjugation on (A, ~s)
is not difficult to compute. Namely, we have y; Ay, 1 — Yo 1 A=1~,: see Figure 4.8. Then, from
Figure 4.3a, we get that [’yg,yfl] = A, which is equivalent to 'ylfygvfl = ’ylA'yflvg. Using the
previous relation, the latter equals 5 IA_W% These relations determine Py(M?), since the group
G that they define decomposes as (A, v2) % (71), and the obvious projection of G onto P(M?) must
be an isomorphism on both the kernel and the quotient, hence it must be an isomorphism. O

Corollary 4.4.68. The LCS of Po(M?) does not stop.

Proof. Let us consider the quotient of Po(M?) = FoxZ by I'(F3). It is Z2 xZ, where the generator
¥, of Z acts via the involution 7 sending A to —A and 7, to J5 — A. Then V :=Im(7 — 1) is Z- A.
By Proposition 4.5.10, for i > 2, we have I;(Z? x Z) = 2072V, so the LCS of Z? x Z does not stop.
Thus the LCS of P3(M?) does not either. (m

The answer for the remaining cases are consequences of the following result:

Proposition 4.4.69. For every m > 3, the LCS of By, (M?) does not stop.

Proof. We can use Proposition 4.4.15 to get a decomposition:
B1,,(M?) 2 B,,(M? — pt) x m (M?),

where 7T1(M2) Z is identified with the subgroup of By ,,,(M?) generated by 71 (as above, we

denote c1 by 7). We know that I'»(Bq ,,,(M?)) contains (B, (M? — pt)). The latter is fully
invariant in B,, (M? — pt), hence normal in By ,,(M?), and we can consider the quotient

G := By n(M?) /T (B,,(M? — pt)) = (B,,,(M? — pt)/T5,) x Z.

Moreover, Lemma 4.4.34 and Remark 4.4.36 give a central extension:
() —— B, (M? — pt) /I — 71 (M2 — pt)ab

The element o is the common class of the usual generators o, of B,,. Since these commute with
y1 in By, (M?2), o is central not only in B,,(M? — pt)/I's, but in fact in G. In particular, (o) is
normal in G, and the quotient decomposes as:

G/o = [(Bu(M? — pt)/Ix) /0] » w1 (M?) 2 m (M? — pt)*® x 71 (M?) 2 Z* x Z.

A basis of the Z? factor is given by 75 and A = Aj5. Consider the morphism Po(M?) — By, (M?)
corresponding to adding m — 1 trivial strands to the second block (constructed as in the proof of
Proposition 4.4.15). Composing with the projection, we get a morphism from Py(M?) = Fy x Z
to G/o = Z? x Z. From the explicit description of both of these groups, one easily sees that it has
to induce an isomorphism Po(M?)/I%(F3) = G//o. But the LCS of Py(M?)/I(F2) does not stop
(see the proof of Corollary 4.4.68), so we have found a quotient of By ,,,(M?) whose LCS does not
stop, whence the result. O

Let us sum up our results about the LCS of By (M?):
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Theorem 4.4.70. Let A = (nq,...,n;) be a partition of an integer n > 1. The LCS of By(M?):

e does not stop if A has at least one block of size 1 or 2, with the exception of By(M?) = Z.
e stops in all the other cases, at I's if l > 2 and at I if [ = 1.

Proof. The first statement follows from Proposition 4.4.63 (for blocks of size 2) and from Corollary
4.4.68 and Proposition 4.4.69 (for blocks of size 1). The second one is part of the general results
of Corollary 4.4.52 and Theorem 4.4.53. O

Partitioned braids on the sphere

For a partition A = (ny,...,n;), the inclusion of the disc into the sphere induces a surjection
B, — B,(S?) by Corollary 4.4.31. We can thus apply Lemma 4.1.1 to deduce that the LCS of
B, (S?) stops whenever the one of By does. Namely, by Theorem 4.3.6, it stops at I if n; > 3
for all i, save at most two indices for which n; = 1. Since the abelianisation of By (S?) has already
been computed in Proposition 4.4.48, we have a complete description of the LCS in these cases.

The above argument can be extended somewhat if we remark that, because of Proposi-
tion 4.4.15, B1(S?) = m1(S?) = {1} is the cokernel of the canonical morphism B, (D) — By ,(S?)
(for any partition ), which is thus surjective. As a consequence, the LCS of B(S?) also stops at
I'; when X has three blocks of size 1, the other ones being of size at least 3. This proves the first half
of the following theorem. The second half is proven in the remainder of this subsection in several
different cases, which are synthesised into a proof of the theorem at the end of the subsection.

Theorem 4.4.71. Let n > 1 be an integer, let A = (ny,...,n;) be a partition of n. The LCS of
B, (S?):
e stops at Is if n; > 3 for all i, save at most three indices for which n; = 1.
e does not stop in all the other cases, except for Bo(S?) = Z/2, By 1(S?) = Z/4 and the
By (S?) with m > 3, whose LCS stop either at Lyymy+1 o1 at Ty, (m)+2 when m is even,
where vy is the 2-adic valuation, and either at I'y or at I's when m is odd.

In the case of By ,,,(S?) with m > 3, where the answer given above is ambiguous between two
consecutive possibilities, we conjecture that its LCS stops at I, (m)42 for all m > 3; see Remark
4.4.75.

Blocks of size 1. We need to consider the case of the pure braid group on four strands:

Lemma 4.4.72. The LCS of P4(S?) does not stop.

Proof. We sketch a proof of the decomposition of P4(S?) from [GG04c, Th. 4]. Recall that we
have a short exact sequence by Proposition 4.4.15:

P, (S? — {3 pts}) — P4(S?) — P3(S?).

It is known that P3(S?) = Z/2. In fact, an isomorphism between 71(SO3(R)) and P3(S?) is
induced by ¢ — (p(e1), p(ea), (e3)) from SO3(R) to F3(S?). Moreover, a splitting of the above
short exact sequence is given by sending the generator of P3(S?) to the full twist. Since the latter is
central, P4(S?) is the direct product of Z/2 with m;(S? — {3 pts}) = Fy. Thus P4(S?) is residually
nilpotent (but not nilpotent), whence the result. O

Blocks of size 2. Let us begin with the case where the partition has at least three blocks:

Proposition 4.4.73. Let )\ be a partition of n with at least three blocks, and at least one block of
size 2. Then the LCS of BA(S?) does not stop.
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Proof. Let u be any partition. Let us consider the quotient of Bs ,(S?) by I2(B1,1,(S?)), which
is (clearly) an extension:

BLLM(SQ)ab — G = BQ“M(SQ)/FQ(BLLH(SQ)) —_—> 62. (47)

Let us fix (n1,...,m) = (1,1,). From a presentation of the kernel (from Proposition 4.4.33)
and a presentation of the quotient, using the method from Appendix 4.6, we can write down a
presentation of G. Precisely, G admits the presentation with generators s,s; (for 1 < ¢ < 1), and
a;; (for 1 <14 < j < 1), subject to the following relations:

(1) 5% = a2,
(2) s;=1 ifn; =1,
(3)  [si,85] = [80 apg] = [apgs @] =1 Vi, j,p,q,u,v,
(4) [s,s;]=1 Vi =1,
(5) [s,ay]=1 Vji>i>3,
(6) saijsT! =ag; and sagjsTt =ay; Vi >3,
(7) 2(ni —1)si+ > mja;; =0 Vi>1,
J#i

where the last relation uses additive notation in the abelian subgroup generated by the s; and the
Q-

Consider the subgroup H of G generated by s? together with the s; and the a;; for i,5 = 3.
One can easily see that it is central in G. Moreover, we can deduce from the presentation of
G a presentation of G/H, which turns out to be very simple. Indeed, it is generated by s, the
ay; and the ao; for ¢ > 3. Moreover, since ny = ny = 1, for i > 3 the last relation becomes
a1; + ag; = 0, which means that ay; and ag; are inverse to each other. For ¢ € {1,2}, we find the
relations > nja1; = 0 and )" njag; = 0, which are equivalent to each other modulo the previous
relations. Thus, if we denote by a; the element ay; = a;il of G/H, we get that G/H is generated
by as,aq,...,a; and s, subject to the relations:

)

) laisai] =1 Vi, j,
6) sajst= a;l Vi >3,

)

Finally, G/H = A x (Z/2), where A is the quotient of the free abelian group on as, a4, ..., a; by
the single relation )" nja; = 0, and Z/2 acts on A via —id. We can use Corollary 4.5.8 to compute
the LCS of G/H. Namely, since A = Z!=3 x 7/ gcd(n;), it does not stop whenever [ > 3. Thus,
we have found a quotient of Bs ,(S?) having a non-stopping LCS whenever y has at least two
blocks. O

If A has only two blocks, we first assume that the other block is large enough:

Proposition 4.4.74. Let m > 3 be an integer. The LCS of Ba ,m(S?) stops at Lyy(my41 or at
Lyy(m)+2 when m is even, where vy is the 2-adic valuation, and at I or at I's when m is odd.

Proof. We have seen above that the LCS of By 1,,(S?) (which is a quotient of By 1 ,,) stops
at Iy if m > 3. Then, as in the proof of Proposition 4.3.12, we have that I's, (B2, (S?)) con-
tains oo (B1.1.m(S?)) = Ia(B11.m(S?)). Thus it is enough to understand when the LCS of
G = B2, (S?)/I2(B1.1,m(S?)) stops. In order to do this, we use the calculations already done in
the course of the proof of Proposition 4.4.73: the group G is a central extension of (Z/m) x (Z/2),
where Z/2 acts via —id. Thanks to Corollary 4.5.8, we know that the LCS of the latter is given
by Iy = 2°"'Z/m for i > 2. Hence it stops at I if m is odd and at I, ()41 if m is even. Thus,
the result will follow from Corollary 4.1.6, if we show that the kernel H of the central extension
H < G — (Z/m) % (Z/2) injects into G*®. We can compute G*" using the presentation of G from
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the proof of Proposition 4.4.73, or using Proposition 4.4.48 and the fact that G®> = B, (S?)2P
(by definition of G). Either way, we find that it is generated by three elements s (= s1), s3 and a
(the latter being the common image of a13 and as; = sajzs~t in Gab)7 subject to the relations:

25 4+ ma = 0;

2(m —1)s3+2a =0.
In other words, G®P = Z3 /R where, if (s, s3,a) denotes a basis of Z3, R is generated by 2s+ma and
2(m—1)s3+2a. The image Q of H in G is generated by 2s and s3. An easy calculation shows that,
in Z3, (2s, s3) N R is generated by 7, := 2s+m(m — 1)s3 if m is even, and ry, := 4s+2m(m —1)s3
if m is odd. This means that, as an abelian group, @ is presented as the quotient of the free abelian
group Z2 over 2s and s3 by the relation r,, = 0. But this relation already holds in H. Indeed, in
B1 1., (S?)2P C G, we have s = a12 —majz = —mass (see the proof of Proposition 4.4.73), so if we
multiply the relation 2(m — 1)ss + a13 + a3 = 0 by m/2 if m is even (resp. by m if m is odd), we
obtain m(m—1)s3 = s? (resp. 2m(m—1)s3 = 2s?), hence r,, = 0in H C G. Finally, the projection
H — @ must be an isomorphism (one can construct an inverse to it using the presentation of Q),
whence our conclusion. O

Remark 4.4.75. It seems difficult to decide theoretically between the two possibilities, although
our experimental calculations [DPS22a] using GAP [GAP] and the package NQ [Nic96] suggest
that the LCS of G (and hence also the one of By, (S?)) always stops at I, (m)+2 (for both even
and odd m); we conjecture that this is the case.

Finally, let us show that the LCS of B 2(S?) does not stop, using Lemma 4.1.1. Namely, we
are looking for a quotient of By 2(S?) whose LCS does not stop. As a manageable non-abelian
quotient, one can think of By 2(S?)/I»(P4(S?)), which is an extension of Gy x &5 by P4(S?)?P. In
fact, in order to make it even more manageable, we take a further quotient, turning it into a split
extension to which the methods of Appendix 4.5 apply.

Proposition 4.4.76. The LCS of By 2(S?) does not stop.

Proof. Recall that I (P4(S?)) is fully invariant in P4(S?), hence normal in Bs 2(S?), so the quotient
G = B2 2(S?)/I2(P4(S?)) is a well-defined extension of &y x &5 by P4(S?)2P. The latter it is the
abelian group generated by a;; for 1 < ¢ < j < 4, subject to the four relations Zj# a;; = 0 (for
each i < 4); this classical computation is part of Proposition 4.4.33.

The action of Bz 2(S?) on P4(S?)" induced by conjugation factors through B o(S?)/P4(S?) =
Gy x &y. This action is by permutation of the indices of the generators a;; of P4(S?)*P. In
particular, it fixes a;2 and asq, which then generate a central subgroup H of G. Let us consider
the quotient by this central subgroup, that is, the quotient of B 2(S?) by its subgroup H =
(Aa, Azq, I5(P4(S?))). This quotient is an extension:

Py(S*)*/H «—— G/H — &3 x &o.

By definition of H, we have 32 = 2 = 1 in Byo(S?)/H = G/H, so this short exact sequence
splits. Moreover, P4(S?)*"/H is the quotient of P4(S?)*" by the relations a2 = az4 = 0, modulo
which the relations defining P4(S?)*” become a3 = —aj4 = a13 = —ag3. Thus P4(S?)*/H = 7,
and G/H = 7 x (&3)?, where both transpositions act via a sign. This action factors through the
signature ¢: Gy X Gy —» Z/2, so that ['°2%S2(Z) = rr? (Z); see §4.5.1 for the definition of relative
LCS. From Lemma 4.5.4 (whose proof could alternatively be repeated in this situation), we get
that I5(Z x (Gy)?) = 2i17Z for i > 2, so the LCS of By o/H = G/H does not stop. (m

Proof of Theorem 4.4.71. The first point of the theorem was proven just before its statement. We
explain how to deduce the second point from the results above.

If A has at least four blocks of size 1, then B (S?) surjects onto the pure braid group P4(S?) (by
forgetting the other blocks). Using Lemma 4.1.1, the result in this case follows from Lemma 4.4.72.
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The remaining cases are the ones where there is at least one block of size 2. If the partition
has at least three blocks, the result follows from Proposition 4.4.73. If the partition has exactly two
blocks, and if the size of the other block is at least 2, then we can apply either Proposition 4.4.74
or Proposition 4.4.76.

Finally, let us compute Bo1(S?) and Ba(S?). As recalled in the proof of Lemma 4.4.72,
P3(S?) = m1(SO3(R)) = Z/2, so that By 1(S?) is an extension of &3 = Z/2 by Z/2. Thus, it
must be isomorphic to (Z/2)? or to Z/4. In order to decide between the two, one can use the
computation of B3" from Proposition 4.4.33, and find that By 1(S?) = Z/4. As for By(S?), we use
Proposition 4.4.15 to get an exact sequence 71(S? — {pt}) — P2(S?) — m1(S?), which implies that
P,(S?) = 1, whence B (S?) = G.. (]

Partitioned braids on the projective plane

As in §4.4.3, we see the projective plane P? = Nj as a sphere with one crosscap, which is the
quotient of the Mébius strip M? = Nj ;1 by its boundary. This allows us to use the conventions of
Figure 4.4b (with g = 1) to describe braids on the projective plane. We only modify slightly our
notation, as we did before for braids on the Md&bius strip:

Notation 4.4.77. We use the notation of §4.4.3 for braids on non-orientable surfaces, but since
there is only one crosscap, we denote cga) by Ya-

We now prove the following theorem, which describes when the LCS of By (P?) stops, except
for By, (P?) with m > 3 (for this case, see Conjecture 4.4.95):

Theorem 4.4.78. Let n > 1 be an integer, let A = (ny,...,n;) be a partition of n. The LCS of
B)\(]P’Q).'

e stops at I if | = 1, except for Bo(P?), which is (strictly) 3-nilpotent.

e stops at I3 if I > 2 and n; > 3 for all i.

e does not stop in all the other cases where | > 3.

Moreover, the LCS of Ba 2(P?) and of By 2(P?) do not stop, the LCS of By 1(P?) stops at I's and,
form >3, the LCS of By ,,,(P?) stops at Lo (my+2 0T at Iy, (my43 when m is even, where vo is the
2-adic valuation, and at I's or Iy when m is odd.

In the case of By ,,(P?) with m > 3, where the answer given above is ambiguous between two
consecutive possibilities, we conjecture that its LCS stops at I, (m)43 for all m > 3; see Remark
4.4.82.

The proof splits into many different cases, which we consider individually below; they are
synthesised into a proof of Theorem 4.4.78 immediately after Remark 4.4.94.

Blocks of size 1. In order to study partitioned braids with blocks of size 1 on the projective
plane, we need to know what the Fadell-Neuwirth exact sequence becomes in the exceptional case
n = 1 of Proposition 4.4.15.

Proposition 4.4.79. For any partition u of an integer m, we have a short exact sequence:
B.(M?)/€* —— By ,(P?) — m(P?) = Z/2,
where & is the central element of B, (M?) given by all the strands going once along OM?.

Sketch of proof. One needs to show that ¢2 is the image of a generator of 72 (IP?) by the connecting
morphism in the long exact sequence of the proof of Proposition 4.4.15. A generator of 2 (P?) is
given by the canonical projection S — P2, which can be lifted to a map from the disc D to F},, ;1 (P?)
as follows. Let 7 denote the projection of D onto S? = /9D sending D to the south pole P = —N.
Let p: D — SO3(R) be the unique continuous function sending each x € Int(D) to the rotation
of axis N x 7(x) and angle (N, m(z)) (so that p(x)(N) = n(z)). Let ev: SO3(R) — Fp,.1(P?)
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be evaluation at a base configuration whose first element is £N. Then ev o p is the required lift.
Moreover, when x goes once around 9D, then p(x) goes twice around the circle of rotations of angle
7 with axis orthogonal to N. Since P? is to be thought of as the quotient of the Mobius strip by
its boundary (which goes to +N), this circle of rotations evaluates to the element ¢ described in
the statement. O

Proposition 4.4.80. Let u be a partition having at least two blocks. Then the LCS of By ,,(P?)
does not stop.

Proof. We use the extension from Proposition 4.4.79:
B, (M?)/¢? —— By, (P?) — m(P?) = Z/2.

We denote the partition A := (1, u) of the integer n by (ny,...,n;), and we denote by I’ the number
of indices 4 such that n; > 2. Using notations from the §4.4.3 (changed to v; := cgl)), we have that
the quotient in the previous extension is generated by the class of 71, and we can write £ as the

following product of commuting braids:
£= H’Y?(Ai,i—}-l s Aia) Tl
i=2

Let us consider the quotient G' of By ,(P?) by I3(B,(M?)/£%). It is an extension of Z/2 by
B, (M?2)2P /2€. Recall from Proposition 4.4.48 that:

B, (M2)*P >~ 7= x (z,/2)".

A basis of the first factor is given by co, ..., ¢, where each ¢; is the common class of the v, with
a in the i-th block of A. A (Z/2)-basis of the second factor is given by the elements s; described
in Proposition 4.3.5. The images of the s; in G commute with the class ¢; of 1, since they have
lifts with disjoint support. As a consequence, they are central not only in B, (M?)*/2¢, but in G.
Let them generate the subgroup A of G, and consider G/A. There is an extension:

7126 —— GJA — Z)2,

where £ = 221-22 n;c;. This extension is not split, but we can quotient further to get a split

extension of abelian groups. Namely, we need to kill the element ¢? of G. In order to understand
it, we use the relations from Corollary 4.4.31: 72 = Ay1 -+ Aap in By ,(P?). In G/A, where the
Aqnp are killed if «, 8 > 2, these relations give A, = %2 if « > 2 and

C% = %2 — A12"‘A1n = %2772:227%01 = g

i>2

In particular, & commutes with ¢;, which implies that it is central in G/A. The quotient H of G/A
by £ is thus a semi-direct product:

H = (71 6) x 7)2.

Finally, we need to compute the action of ¢; by conjugation on the other ¢;. Recall that [va, v, 1} =
Ay o in By ,(P?) (see Figure 4.3a), and A, = .2 in H, so that [c;,c;'] = ¢? in H, whence

cyte;ter = ¢, which implies that ¢; acts via —id on (co,...,¢) = Z'71/€ = 7172 x (Z/2).
Since we have assumed that [ > 3, the LCS of H = (Z'=2 x (Z/2)) x (Z/2) does not stop; see
Corollary 4.5.6. O

Proposition 4.4.81. For m > 3, the LCS of By, (P?) stops either at Lyy(my+2 01 at yy(m)+3
when m is even, where vy is the 2-adic valuation, and either at I3 or at I'y when m is odd.
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Proof. Again, we use the extension from Proposition 4.4.79:
B, (M?)/€2 —— By, (P?) — m(P?) 2 Z/2.

Recall that, since m > 3, the LCS of B,,(M?) stops at I%; see Theorem 4.4.43. Moreover,
B,,(M?)/I s = B,,(M?)? = Z x Z/2, where the first factor is generated by the common class y
of ¥2,...,¥m+1 and the second factor is generated by the common class o of the o;; see Proposi-
tion 4.4.33. The image of the central element ¢ of B,,(M?)2P is then:

m(m + 1)

=2
5 o my,

B m+1
€= (Aiig1-Aimi1) =2my—2-
i—2

so that B,,(M?)/(£21%) =2 Z/4m x Z/2. Let us consider the quotient G of By ,,(P?) by the image
of I'y(B,,,(M?)). The image of I'3(B,,(M?)) = I'x(B,,(M?)) is inside I'» (B, (P?)), so that G
and By p, (IP’Q) have the same associated Lie ring. Now, G is an extension:

Z/Adm X L]2 —— G —» 7 /2.

We can already see that G is finite, and deduce that its LCS stops, so that I'y(B1,,(P?)) stops
too. In order to be more precise, let us recall that G = (v, 0,71), where the class of v; generates
the quotient in the previous extension. Notice that 42 is in the kernel, so it commutes with v and
0. Since it obviously commutes with ~1, it is central in G. Moreover, as in the previous proof, the
boundary relations in By ,,, (P?) give:

7:72'2:Ai,1"'14i,m+1 :Ai7l fOI'Z>2 and 712:A1)2"'A17m+1:72m25.

Thus, the quotient of G by its central subgroup A = (y?™) is an extension of Z/2 by (Z/2m) x Z/2.
Since 42 = 1 in G/A, this extension splits as a semi-direct product:

G/A= ((Z/2m) x Z]2) x Z/2.

The element v; of G/A commutes with o, and, using once again the isotopy from Figure 4.3a:

o] = [r2sr ] = Az =2,

which implies that v 'y~'y; = 4. This means that Z/2 acts trivially on the Z/2 factor and via
—id on the Z/2m factor. This explicit description allows us to compute completely the LCS of
G/A 2 7/2 x (Z/2m x Z/2) using Corollary 4.5.8. Precisely, I;(G/A) = 2¢71Z/(2m) for i > 2.
Hence it stops at I3 if m is odd and at I, ()42 if m is even. Finally, since A is cyclic of order
2, we can apply Lemma 4.1.2 (with | = 1) to conclude that the LCS of G (whence the one of
B1,m(P?)) stops at I, (m)+2 or at Iy, ()13 when m is even and at I's or Iy when m is odd. O

Remark 4.4.82. Similarly to the situation of Ba,,(S?) (see Remark 4.4.75), it seems difficult
to decide theoretically between the two possibilities in Proposition 4.4.81. However, based on
experimental calculations [DPS22a] using GAP [GAP] and the package NQ [Nic96], we conjecture
that the LCS of By, (P?) always stops at I, (,,)+3 (for both even and odd m).

We are left with two cases to consider where there is a block of size 1, namely By 1(P?)
and Bj2(P?). The group By 1(P?) = P(P?) is isomorphic to the quaternion group Qs (see
Corollary 4.4.83 below), which is 2-nilpotent, so its LCS stops at I'3. Notice that this means that the
conclusion of Proposition 4.4.81 is correct also for m = 1, since that proposition would assert that
the LCS of B1,1(1P>2) stops at I3 or I'y. This fact is also compatible with our conjecture in Remark
4.4.82. In contrast, we will show that the LCS of B 2(P?) does not stop (Proposition 4.4.89).
The study of this latter case is postponed, and will be part of our study of Bag ,(P?), of which a
presentation will be computed in Proposition 4.4.85 for every m > 1.
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Blocks of size 2. We now study the case where there is at least one block with exactly two
strands.

Proposition 4.4.79 can be used to recover the following classical calculations from [Bus66,
p. 87]:

Corollary 4.4.83. The pure braid group Py(IP?) is isomorphic to the quaternion group Qg (which
is 2-nilpotent), and Bo(P?) to the dicyclic group of order 16 (which is 3-nilpotent). Precisely, a
presentation of the latter is:

By(P?) = (o1,m | 71 = [o1moy T =01),

where o1 and 7y, are the elements of Bo(P2) defined above (Notation 4.4.77).

Proof. Recall that the dicyclic group of order 16 can be defined by the presentation:
Dicig = (s,z,y | st =ys, 2 =y* = (zy)? = 82>,

and that it contains the subgroup g of quaternions as the index-2 subgroup generated by x and
y. Notice that, modulo the other relations, (zy)? = s? is equivalent to s>z~ lyxs? = s2, which is
equivalent to [y, 771] = s? by passing to the inverses. We can also use the first relation to eliminate

y = szs~!. As a consequence, we also have:
: 2 -1 -1 2
Dicig = (s,x | ° = [szs™', a7 = %),

It is easy to check that the elements 01,7, and v, of Bg(]P’Q) satisfy the above relations, so that
s+ o1 and o — 7 define a morphism ¢ from Dicig to B2(PP?). Indeed, the relation v = o?
is one of the boundary relations from Corollary 4.4.27, and an isotopy witnessing the last one is

drawn in Figure 4.3a. Note that ¢ sends the element y = szs~! to leofl = 2.

By taking m = n =1, the short exact sequence of Proposition 4.4.79 specialises to:
1 (M?)/€2 2 Z/4 —— Po(P?) — m1(P?) 2 Z/2.

Indeed, B;(M?) = 71(M?) is isomorphic to Z, and the element &, which is a loop parallel to the
boundary of the Mé&bius strip, is the square of a generator. From this, we deduce that Po(P?)
has eight elements, and that it is generated by v; (the image of a generator of 71 (M?)) and o
(a lift of the generator of m;(P?)). As a consequence, ¢ must induce an isomorphism between
Qs = (z,y) C Dicig and Py(P?). Then, we can use the usual extension

PQ(Pz) —> B2(IP2) e 62

to deduce that 01,71 and v, generate Bo(P?), and that Bo(PP?) has sixteen elements. Hence ¢ is

an isomorphism. O
We first deal with the case where there are at least three blocks:

Proposition 4.4.84. Let u be a partition having at least two blocks. Then the LCS of B ,,(P?)

does not stop.

Proof. We are looking for a quotient whose LCS can be computed, and does not stop. Let us
consider the Fadell-Neuwirth extension from Proposition 4.4.15:

B, (M? — {pt}) — Ba,(P?) —> Ba(P?).
We use notations similar to the ones from the proof of Proposition 4.4.80: we denote the partition

A := (1,1, u) of the integer n by (n1,...,n;), and we denote by I’ the number of indices ¢ such that
n; > 2. We also use Notation 4.4.77 for braids on the projective plane.
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In order to get a more manageable extension, we first take the quotient G of B27#(]P)2) by
(B, (M? — {pt})), getting an extension:

B, (M2 — {pt})** —— G —» By(P?).

The kernel B, (M? — {pt})*" is computed in Proposition 4.4.48: it is the product (m(M? —
{pt})*P)I=2 x (Z/2)l/7 where the first factor is generated by the classes ¢; of 74, a1; of A1, and as;
of Ay, (for av in the é-th block, with ¢ > 3), subject to the relations ai; + ag; = 2¢; (for each i, we
get a copy of 71 (M2 — {pt})2P = Z2), and the second one is generated by the classes s; of the o,
(for o and a4 1 in the i-th block of A, which is possible only if n; > 2). The group G is generated
by these elements, together with the classes of oy and ; (whose images generate By (IP?)).

The elements s; commute with the other elements of B, (M2 — {pt})*> (which is abelian), but
also with o7 and ~; (for reasons of support). Hence they are central elements of G. Let us denote
by A = (Z/2)" the central subgroup they generate, and let us consider the extension:

7%(1-2) G/A B, (P?).

Corollary 4.4.83 gives a presentation of the quotient, namely:

By(P?) = (o1,m | 7% = lormor Ly T =oi).

We now compute a presentation of G/A, using the method from Appendix 4.6. Generators are c;,
ay; and ag; (for 3 < @ < 1), together with o7 and ;. Relations defining the kernel are the ones
saying that the ¢;, the a1; and the ag; commute with each other, together with ay; + ag; = 2¢; (for
each i > 3). The latter could be used to eliminate as; = 2¢; — a1;. However, we will choose not to
do so here, and to give a redundant, but more tractable presentation of G/A. Relations lifting the
above presentation of the quotient are:

7 =0t -afs - -aj,
lo1yor Y] = ot
Indeed, these hold in Bs ,(P?) C B, (P?): the first one is one of the boundary relations from
Corollary 4.4.27 and the second one is the one pictured in Figure 4.3a. Moreover, these are clearly
lifts of the relations defining By (P?).

We are left with understanding how o7 and 7, (whence also v, = 017107 1) act by conjugation
on the ¢;, the ay; and the as;. We claim that the following relations hold in G/A:

{Ulali = Q2;01, 0102 = 41401 and o1 = Ci

—1 F) —1
MoKy, = (—1) *kag; and Y16y, = G — A4,

where we use additive notations in the (abelian) subgroup generated by the ¢;, the a;; and the ay;.
These are images of relations holding in By , (P2), which can be proved by drawing explicit isotopies.
Precisely, the first one comes from alAliafl = As;, the second one from alAgiofl = A;,LleliAQi
and the third one from the commutation of o1 with all the =y, if o > 3. The other relation comes
from v, commuting with As;, and from [vy;,v; '] = Ay (Figure 4.3a), that is, v, vy = AL v
Notice that the relation involving vy1a1,v; ! can be deduced from the other two, using a1; = 2¢; —az;.

We now have a presentation of G/A. In order to get a simpler quotient, we quotient further
by 07 and v7. That is, we add the relations 07 = 4? = 1 to the previous presentation. The result

is a split extension:
l l
Zz(Z_Q)/ (Z n;ay; = Zniagi = 0> X WQ.
=3

=3

If we quotient further by > n;c; (which is central in the above semi-direct product, since it is fixed
by the action of W5), we obtain a semi-direct product M x Ws, where M has an explicit workable
description. In fact, as a Wh-representation, M = A ® B, where A is the canonical representation
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of Wy defined in §4.5.2 and B is the quotient of Z!~2 by the vector (ns,...,n;), seen as a trivial
Wo-representation. Precisely, if e; (i = 3,...,1) is the generating family of B obtained from the
canonical basis of Z2, an isomorphism A ® B = M is given, with the notations from Remark 4.5.15,
by a ® e; — ag;, b® e; — ay; and ¢ ® e; — ¢; (with notations from Remark 4.5.15).

We finally use our hypothesis: since [ > 4, the rank of B is not 0, so it surjects onto Z. Thus,
M surjects onto A ® Z = A (as a Wa-representation), and M x Wy surjects onto A x Ws, whose
LCS (computed in Proposition 4.5.12) does not stop. O

Now, we are left with the case where there are precisely two blocks, one of which has exactly
two strands. First of all, we give an explicit presentation of the associated group:

Proposition 4.4.85. Let m > 1 be an integer. The group Ba ,,(P?) admits the presentation with

generators 01,03,04,...,0m+1, Y1, V3 and Ass, subject to the following relations:
(PR1) o04,...,0m+1 & 73, A2s;
(PR2) Asz & 037303 '
(PR3) (03A23)2 = (A23(73)2;
(PRA) [oiyio; ',y Y =0f forie{1,3};
m—+1
#r5) 2t =or (T (on-+-on)duslon - o0) " ) o
k=2
(PR6) g1 = 03,04, ...50m+1,73)
(PR7) y1 & 03,04,--.,0m41,As3;
m—+1
(PRS) 73 = (07 ' Az301)Ags - [[ (0% 04)oF(oh -+ 04) 7]
k=3
(PR9) [y3,771 '] = o7 'Agson.

As above, the choice of names for the generators is coherent with their geometric interpretation
(see Notation 4.4.77 and Figure 4.4b).

Remark 4.4.86. This set of generators is not minimal, although it is close to being minimal.
Indeed, we can eliminate Aoz using (PR9). The set of generators thus obtained is then minimal,
at least for m = 1,2, since the classes of the generators are a Z/2-basis of the abelianisation in this
case. However, this elimination would render the relations much less tractable; the above seems a
better compromise between the number of generators and readability of the relations.

Proof of Proposition 4.4.85. Let us begin by checking that these relations hold for the usual
elements 01,03,04,...,0m+1, 71, 73 and Asg of By, (P?). Let us first remark that we can
express other usual elements in terms of these elements. Namely, A13 = o] ! Aggoq and, if
ke {3,...,m+ 2}, v (resp. A, A1) is obtained from ~; (resp. Aas, Aj3) by conjugation
by o) -- 04 on the left (by convention, this product equals 1 if ¥ = 3). Then one can see that
(PR5) and (PR8) are the boundary relations from Corollary 4.4.27, corresponding to the strands
1 and 3 (recall that A2 = 02 and that o; commutes with o3,...,0,,41). All the other relations
can be checked by drawing explicit isotopies. Precisely, the relations (PR1), (PR2), (PR6) and
(PRT) are commutation relations between elements having disjoint support; (PR4) and (PR9) are
instances of the relation drawn in Figure 4.3a; (PR3) can either be proved by drawing an explicit
isotopy, or it can be deduced from the similar relation in By o (see Lemma 4.3.16), by considering
the morphism from B 5 to By, (P?) induced by a well-chosen embedding of I into P2,

In order to show that these relations describe the group, we now apply the methods of Ap-
pendix 4.6 to the Fadell-Neuwirth extension from Proposition 4.4.15:

B, (P2 — {2 pts}) —— By, (P2) ——» By(P2).
Since P? — {2 pts} = Ny 2, a presentation of the kernel is given by Proposition 4.4.25, for n = 1. In

order for it to identify with the right subgroup of Ba ,,, (P?) (corresponding to braids on the strands
3,...,m+2), indices are shifted by 2 (so that, for instance, ¢; becomes v3), and we take z; = Aag;
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this last choice changes the presentation a little bit, but one can easily figure out the necessary
modifications. Thus, (BN1) and (BN4) give (PR1); (BN2) and (BN6) are empty; (BN3) is the
case i = 3 of (PR4); (BN5) is (PR2); finally, (BNT) is the case i = 3 of (PR3).

A presentation of the quotient is given by Corollary 4.4.83 and its proof:

B3 (P?) = (o1,71,72 | Vi = [loimor vy ) =071).

The elements v1,01 € Ba,,,(P?) are lifts of the elements ;1,01 € By(P?). The second relation
holds without change for these lifts, giving the case i = 1 of (PR4). The relation v = o? lifts to
the boundary relation associated with the first strand, which is (PR5).

We are left with finding relations describing the action of oy and 41 (or of o7 ' and ;!
— see Remark 4.6.4) by conjugation on the other generators. The commutation relations (PR6)
and (PRT7) describe most of this action. Only two elements still need to be expressed in terms
of the generators os,...,0m11, v3 and Asz of the kernel, namely aflAggol and 'yfl'yg'yl. The
boundary relation (PRS8) deals with o7 ' Agso1. Finally, (PR9) deals with Y Lygyi: it says that
Y1 Lygyy = Y301 ! Ay301, and the right-hand side can be expressed in terms of the generators of the
kernel using the previous relation (PR8). This finishes the proof that the above relations are the
ones obtained using the method of Appendix 4.6, whence the result. O

Let us now consider the case m = 1. In this case, there is no o; for i > 3, so the presentation
is much simpler; in fact, in the extension of the proof, the kernel is just 71 (P? — {2 pts}), which is
free on 3 and Ass. Thus, (PR1), (PR2) and (PR3) are empty in this case, and there is no case
i =3 in (PR4). The other relations reduce to:

Corollary 4.4.87. The group Bs 1(P?) has a presentation with 4 generators o1, y1, v3 and Asz
and 6 relations (indexed as above):

(4) [oimort, iyt =0 (7) m &2 Asgs;
(5) 7f = o01da301; (8) 73 =07 ' Ags01 As;
(6) o1 = s; 9) [y3,71 '] = 07 ' Agsor.

Remark 4.4.88. This presentation is smaller than van Buskirk’s presentation [Bus66, Lem. p. 84],
which has 6 generators and 13 relations. Note that in our language, his generators are as follows,
where the right-hand side of each equation uses our notation and the left-hand side uses his:

02 =01, P1 =73,
—1 —14-1
az = oy Assor, p2 =m0y Ayz o1,
-1
az = Aos, p3 =0y 71071.

Proposition 4.4.89. The LCS of By 1(IP?) does not stop.

Proof. Let G be the quotient of Ba 1(P?) by the single relation Jlfylafl = 7{1. Let us consider
the presentation of G given by the presentation of Corollary 4.4.87, to which this relation is added.
Then relation (4) becomes o7 = 1, that is, o7 * = o;. Relation (5) becomes Aaz = 017301 = 77 2,
hence (7) becomes redundant. Relation (8) is then equivalent to v = 1. Relation (9) becomes
7371_173_1 = ;. If we add to this relation (6), which says that o7 commutes with -3, we get a
presentation of Z x (Z/2)? (where both elements of a basis of (Z/2)? act via —id). Thus, G =
Z % (Z/2)*, whose LCS does not stop (one can either compute it with the method of Appendix 4.5,
or quotient further by o1 = 3 to get Z x (Z/2) as a quotient and apply Corollary 4.5.8). O

Remark 4.4.90. Even if the imposed relation looks very much like a relation defining the infinite
dihedral group Z x (Z/2), it is not at all clear a priori why adding this one relation should work.
Much experimentation has been needed before ending up here.

Next, let us consider the case mm = 2. In this case, there is no o; for ¢ > 4. Thus, (PR1) is
empty, and the boundary relations (PR5) and (PR8) become much simpler. Let us spell out the
result in this case:
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Corollary 4.4.91. The group B272(]P)2) has a presentation with 5 generators o1, y1, v3 and Asg
and 8 relations (indezed as above):

(2) Aoz 2 037303 Y (6) o1 = 03,73;
(3) (03A23)* = (Azs03)?; (1) m 2 o3, A9s;
(4) [oivioy ',y =02 forie{1,3} (8) 73

(5) 9)

_ -1 2.
Y3 =0y A2301A23037
2 _ 1 1 -1
5) 7 = 014230342303 01; [v3,71 '] = o7 " Agson.

Proposition 4.4.92. The LCS of By 2(IP?) does not stop.

Proof. Let us consider, as above, the projection p: By »(P?) — Bo(P?) 2 Dicyg induced by forget-
ting the last two strands. Recall that Corollary 4.4.83 gives a presentation of this quotient:

By(P?) = (01,7 | 7% = [oimor '] = o).
Since the second relation is already true in By o(P?) (it is the case i = 1 of relation (4) in Corol-
lary 4.4.91), the projection p becomes split if we impose the relation 02 = vZ. We will in fact
consider the quotient G' of By 5(IP?) by the two relations:

(Q1) of =17;
(Q2) o3v305 ' =3 .

Since the second relator also sits in the kernel of p, we get an induced split projection p: G —
B, (P?).

Let us consider the presentation of G given by the presentation of Corollary 4.4.91, together
with the two relations (Q1) and (Q2). Modulo (Q1), relation (5) becomes o3Asz05' = Ay
Modulo (Q2), relation (2) says that As3 commutes with 73, and the case i = 3 of relation (4)
gives 02 = 1. At this point, let us remark that the relations obtained so far say that the subgroup
(v3, A2z, 03) is a quotient of Z? x (Z/2), where the action of Z/2 is by —id.

Continuing our investigation, we remark that relation (3) is a consequence of the previous
relation (both sides of it are killed modulo these). Relation (8) becomes o7 ' Agzoy = v A55 and
(remembering that o2 = 1) relation (9) becomes 7, 'v371 = Aazy; ' If we add relations (6) and
(7) without change, we get a presentation of G, which will allow us to describe it in an explicit
way.

Let us first consider the subgroup A := (v3, A23) (which is abelian by relation (2)). Relations
(Q2) and (2) imply that it is stable under conjugation by o3 (which equals =1, by (4)). Relations
(6) and (8) imply that it is stable under conjugation by o, ! and also by o; (as one sees by
conjugating (8) by o;, taking (6) into account). In the same way, relations (7) and (9) imply that
it is stable under conjugation by vlﬂ. Finally, all this implies that it is normal in G. Moreover, the
presentation of G/A that we get from the one of G clearly gives G/A = Dicig X (Z/2) and, in fact,
the relations defining G/A were already true in G for the generators o1, v and o3, so G - G/A
splits, and finally:

G = A x (Dicig X (Z)2)).

We are left with understanding A (which is a quotient of Z?) and the action of K := Dici % (Z/2)
on it. In order to do this, let us consider the relations describing the action of K on A, namely:

(Q2) o3vs05 ' =75
(5) 03dsz05 " = Ay
(6) o1ys0r" =3

(8) o1dsz0y " = Ayyv3;
(9) Myt =3 Ao
(7) Ayt = Ags.

9
7

oo
—_ — O D T

We remark that these already define an action of K on Z2, which is exactly the action on Z? =T'
considered at the end of §4.5.2. Precisely, with the identifications o1 — o, 71 — v and o3 — T
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for generators of K, we get an equivariant map I' - A sending a to Az and ¢ to 3 (with the
notations of Remark 4.5.15). This induces a surjective morphism from I' x K onto A x K = G.
It is then easy to check that all the relations defining G are in fact already true in I' x K, which
allows us to define a converse isomorphism G = Z? x K.

Finally, Proposition 4.5.12, together with the equality I'(A) = I'"Y2(A) from the end of
§4.5.2, gives us a complete description of the LCS of G which, in particular, does not stop. O

Remark 4.4.93. The projection onto Dicig X (Z/2) in the proof can be seen as coming from the
geometry. Precisely, it is the factorisation through G of the projection

q: B2 o(P?) — Bo(P?) x Gy = Dicig x (Z/2)

whose first factor forgets the last two strands and whose second factor forgets the first two strands
and then applies the usual projection 7: By (P?) — Gs.

Remark 4.4.94. This quotient looks very much like the one from the proof of Proposition 4.4.89,
and the same remark applies (see Remark 4.4.90). Namely, (Q1) is a natural relation to impose
(making the extension split), whereas it is much less clear why quotienting by (@Q2) (which is the
same relation as in the aforementioned proof, up to re-indexing the strands) should work.

We may now complete the proof of Theorem 4.4.78.

Proof of Theorem 4.4.78. The first two statements are part of the general results of Corollary 4.4.52
and Theorem 4.4.53, except for B1(P?) = Z/2 and B (P?), which is the dicyclic group of order 16
(Corollary 4.4.83). The third statement combines Propositions 4.4.80 (if A has blocks of size 1)
and 4.4.84 (if A has blocks of size 2). The fourth statement combines Propositions 4.4.81, 4.4.89
and 4.4.92, together with the fact that By ;(P?) = P2(P?) is the quaternion group Qg (Corollary
4.4.83). O

The remaining cases to consider are Bs,,(P?) for m > 3. These are the only examples of
partitioned surface braid groups for which we have not been able to answer the question of whether
their LCS stop. We can still say something about these LCS, using the proof of Proposition 4.4.84.
Recall that in this proof, the hypothesis on the number of blocks of © was not used until the end.
Moreover, in the case g = (m) and m > 3, Proposition 4.4.43 applies, implying that the first
quotient G is the quotient by ' (B,,(M? —{pt})). The latter must be contained in I'», (B2, (P?))
s0, in order to understand the LCS of B, (P?), we only need to understand the LCS of G. Then,
since the central subgroup A = (s3) (where s3 is the class of o3) is cyclic of order 2, we can apply
Lemma 4.1.2 to see that the LCS of G stops if and only if the one of G/A does (with possibly one
more step). We have the same presentation of G/A as in the proof of Proposition 4.4.84, from its
decomposition as an extension of Bg (Pz) = Dicig by Z?. Note that the action of Dicig on the
(abelian) kernel in this extension is exactly the one on A from §4.5.2; which is through the quotient
Dicig — Wa. Precisely, as in the previous proof, a = a3 and ¢ = c3 identify with the basis of A
from Remark 4.5.15. However, this extension is not split, so computing its LCS seems tricky. We
can try to make it split, by considering the quotient by the relation o2 = 4? (which is equivalent
to a™ = 1), but then we also kill ¢>™, getting the finite quotient:

(G/A) /oy = (A/(ma,2mc)) x Dicig = (Z/m x Z/2m) x Dicye.

In fact, using the notation of Proposition 4.5.12, we have (ma,2mc) = mV C A. Thus we can
deduce from Proposition 4.5.12 a computation of

rbPics(z,/m x 7./2m) = TV2(A/mV).

Namely, if m = 2“m/, with m’ odd, we have that 2V contains mV, and that 2tV equals 2"V
modulo mV, so I'Y2(A/mV) stops at F;ZiQ(A/mV) = 2"V/mV. Finally, the LCS of the above
quotient stops at Iy, where k = 2v9(m) 4 2 if m is even and k = 4 is m is odd (in the latter case,
note that the relative LCS stops at the second step, but Dicig is 3-nilpotent).
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This gives a lower bound for the step at which the LCS of B27m(]P’2) stops: it cannot stop before
Iy, for k = max{4, 2va(m) + 2}. However, this lower bound is far from optimal: our experimental
calculations [DPS22a] using GAP [GAP] and the package NQ [Nic96] show that, for all m < 1024,
the LCS of G/A, and hence those of G and of Ba ,,(P?), do not stop before g9 (we also verified
this for all m = 2¥ with v < 23). We thus conjecture:

Conjecture 4.4.95. If m > 3, the LCS of By, (P?) does not stop.

4.5 Appendix: Some calculations of lower central series

This appendix is devoted to computing the LCS of some combinatorially-defined groups. These
include notably the Klein group Z x Z, the free products Z/2*7Z/2 and Z*Z/2, the Artin group of
type Bs and wreath products. Our main tool here is the decomposition of the LCS of a semi-direct
product into a semi-direct product of filtrations, which we recall first.

4.5.1 Relative lower central series

In order to obtain actual computations, we need to recall some material from [Dar21, §3] about
the LCS of a semi-direct product.

Definition 4.5.1. Let G be a group, of which H is a normal subgroup. We define the relative
lower central series I'°(H) by:

{FF (H) = H,
re(H) =[G, I¢(H)).

If G is the semi-direct product of H with a group K, we write I'X (H) for I'F*¥(H) (which
does not cause any confusion: if H is a normal subgroup of a group G, then I'S (H) = I'"*%(H),
for the semi-direct product associated to the conjugation action of G on H). It was shown in
[Dar21] that in this case:

I(HxK)=TEKH)xT(K).

Moreover, the filtration I (H) = H N I'.(H x K) does have the property that [I7/(H), '’ (H)] C
Fﬁj(H ) (for all 4,5 > 1), which allows one to define an associated graded Lie ring £LX(H) (with
brackets induced by commutators, as in §4.1.2). Then, the Lie ring of H x K decomposes into a

semi-direct product of Lie rings:

LHxK)=LN(H) x L(K).
This is in fact a generalisation of Lemma 4.1.12, which is the degree-one part (one can check that
LI(H) = (H™)k).

We can devise an analogue of Lemma 4.2.6 in this context, which gives a criterion for the
relative LCS to stop:

Lemma 4.5.2. Let a group K act on a group H. Let the set Sk generate K*® and let the set Sy
generate (H*P) . Suppose that, for each pair (s,t) € S% (resp. each pair (s,t) € Sy x Sk ), we
can find representatives §,t € H (resp. 5€ H andt € K) of s and t such that 5 and t commute in
H (resp. in H x K). Then I'f*(H) = I'f(H), which means that ['X(H) stops at I'¥(H), and:

L(HxK)=(H™)g x L(K),
where the first factor is concentrated in degree one.

Proof. On the one hand, by definition of the relative LCS, an element of ££(H) is a sum of
brackets in £L(G x K), either of two elements of L& (H), or of an element of £;(K) with an
element of £X(H). On the other hand, the relation [3,7] = 1 in H x K readily implies that
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[s,t] = 01in L(H x K) = LX(H) x L(K). Since Sy linearly generates L& (H) = (H**)x and
S linearly generates £1(K) = K?P, we infer that under our hypothesis, all elements of £LX(H)
are trivial, which means that I')$(H) = I'(H). Moreover, from the definition of I'’X (H), this
obviously implies that I (H) = I (H) for all ¢ > 2. The statement about Lie rings is then
just a reformulation of the decomposition £(H x K) = LX(H) x £L(K) taking into account these
conclusions. O

4.5.2 Semi-direct products of abelian groups

Let a group G act on an abelian group A. Then the LCS of A x G can be computed using linear
algebra. Indeed, we have:

IS (A)=[AxG, TF(A)] =[G, I'FA)].
These are commutators in A x G, given, for g € G and a € A, by:

[9,a] =g a—a=(g—id)(a).

As a consequence, I'C | (A) is the subgroup of A generated by the (g — id)(I'C(A)) (for g € G),
which can be computed by studying the endomorphisms g — id of A.

We now study several instances of this situation. We begin by computing the LCS of the
Klein group Z x Z (which is the fundamental group of the Klein bottle). We then generalise
this calculation to any semi-direct product of an abelian group by Z acting by —id. This can be
generalised again, to the case of an action of Z by an involution. Finally, we compute the LCS of
A x Wy, where Wy = (Z/2) 1 G4 is the Coxeter group of type B (or C3), acting on the lattice A
generated by its root system.

The Klein group

There are two distinct automorphisms of Z (that is, £id), whence only one non-trivial action of Z
on Z. Thus the following definition makes sense:

Definition 4.5.3. The Klein group is the semi-direct product K = 7Z x Z.

Let us denote by x (resp. by ¢) the element (1,0) (resp. (0,1)) of Z x Z. A presentation of K
is given by
K = (z,t|tet™' =271),

The LCS of K decomposes as I'.(K) = I'*(Z) x I'.(Z). Thus, in order to understand it, we need
to understand the filtration I'Z(Z).

Proposition 4.5.4. The LCS of the Klein group is [;(Z x Z) = (2071Z) x {1} fori > 2. In other
words, I'*(Z) = 21~ Z. In particular, 7 x 7. is residually nilpotent.

7

Proof. This follows from the formula [xzj = 2? (tx*Qj t71) = 2%, by induction on i. (m

Corollary 4.5.5. The (graded) Lie ring of the Klein group identifies with (Z/2)[X] % Z, where the
polynomial ring (Z/2)[X] is seen as a graded abelian Lie ring (where X' is of degree i), and the
generator T of Z (of degree 1) acts via [X*,T] = X*+1.

Proof. From Proposition 4.5.4, we get a decomposition £(K) = L(2*7'Z) x L(Z). Since Z is
abelian, the two factors are abelian Lie rings. The result follows, by calling X* the class of 22!

and T the class of t. The formula for brackets comes from [$2j b = 22" O
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Generalised Klein groups

Let A be any abelian group and let Z act on A via the powers of —id4. The corresponding semi-
direct product K4 = A x Z is a generalisation of the Klein group K = K. We can generalise the
above results to this context:

Proposition 4.5.6. The LCS of K4 is given by I';(A x Z) = (2171 A) x {1} fori > 2. In other
words, for all i > 2, I'*(A) = 2" A. In particular, for any free abelian group A, K, is residually
nilpotent.

Proof. Let t denote the generator of Z. For all a in A, we have [a,t] = a—t-a = 2a in A x Z.
Hence [27A,t] = 291 A, from which the calculation of the LCS follows. Then K4 is residually
nilpotent if and only if the intersection of the 27 A is trivial, which is true for instance when A is
finitely generated or when A is free abelian. O

Corollary 4.5.7. Let us consider the graded abelian Lie ring L(2*71A) = @271 A/2°A (where
the sum is taken over i = 1). The (graded) Lie ring of K 4 identifies with L£(2*A) x Z, where the
generator T of Z acts via the degree-one map induced by a — 2a.

Proof. From Proposition 4.5.6, we get a decomposition £(K) = L£(2*"*A) x L(Z). Since Z and A
are abelian, the two factors are abelian Lie rings. The result follows, since brackets with 1" come
from commutators with ¢, given by [a,t] = 2a in A x Z. O

Since t? acts trivially on A, it is a central element of K (in fact, one easily sees that it
generates the centre of K4 if A is not trivial). Thus we can consider A x (Z/2) (where Z/2 acts
on A via —ida) as a quotient of K4, which behaves in much the same way:

Corollary 4.5.8. Consider the group Ax (Z/2), where Z/2 acts on the abelian group A via —id 4.
We have [i(A x (Z)2)) = (2171 A) x {1} for all i > 2. In particular, for any finitely generated
abelian group A, A x (Z/2) is residually nilpotent. Moreover, the (graded) Lie ring of this group
identifies with £(2* 71 A) % (Z/2), where the generator T of Z./2 acts via the degree-one map induced
by a — 2a.

Finally, let us spell out the particular case where A = 7Z" is free abelian on some basis
Z1,...,Ty. We then denote K4 by K, for short.

Corollary 4.5.9. The (graded) Lie ring of K,, identifies with (Z/2)"[X] X Z, where the polynomial
ring (Z/2)"[X] is seen as an abelian Lie ring (where X* is of degree i), and the generator T of Z
(of degree 1) acts via [v- X', T] =v- X", forv e (Z/2)".

Proof. This is just a matter of identifying £(2*~1Z") with (Z/2)"[X], by calling v - X* the class
of the sum of the 2!z, such that vy = 1. (m

A further generalisation

Let A be an abelian group and let Z act on A via the powers of some involution 7 (for instance,
7 could exchange two isomorphic direct factors of A). Let us denote by K, the corresponding
semi-direct product A x Z. We have:

(r=1)+2)(r-1)=71>-1=0,
which means that 7 — 1 acts via multiplication by —2 on V := Im(7 — 1).

Proposition 4.5.10. The LCS of K, is given by [;(A x Z) = (2072V) x {1} for i > 2. In other
words, for all i > 2, I'E(A) = 2172V In particular, for any free abelian group A, K, is residually
nilpotent.
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Proof. For all a € A, we have [a,t] =a—7(a) = (1— )( ). This implies that I'Z(A) = Im(7—1) =
V. Then for all v in V, we have [v,{] = v — 7(v) = 2v in A x Z, and the rest of the proof is similar
to that of Proposition 4.5.6. O

Corollary 4.5.7 generalises immediately to this context:

Corollary 4.5.11. The (graded) Lie ring of K, identifies with (A/V @ V/2V @2V/4V @---) X Z,
where AJV and Z are in degree 1, 272V /2= s in degree i and the generator T of Z acts via
the degree-one map induced by 1 — 7 (which coincides with v — 2v on V).

The reader can also easily write a generalisation of Corollary 4.5.8 to this context, by factoring
the action of Z through Z/2.

More actions on abelian groups

Let us consider the group defined by the presentation (0,7 | 02 = 42 = (0)* = 1), which is
the Coxeter group of type Bs, also denoted by Wo = (Z/2) 1 G2 in the rest of the chapter. It

acts on R? in the usual way: 7 acts by (*01 ?) and o by (0 1) This action preserves the lattice

A:=7-(0,1)®Z-(3,%) (which is generated by roots). It also preserves the lattice V = Z?, which
is of index 2 in A.

Proposition 4.5.12. The filtration I'V2(A) on A is given by:
ADVDO2AD2VD4AD ---.

In particular, A x Wy is residually nilpotent, but not nilpotent.

Proof. One can easily write down explicitly the eight matrices for the actions of elements of W5
(which are the invertible monomial matrices in GL2(Z)). Recall that, for every g € Wa, g —id is
the commutator by g in A x Ws. It is then easy to check that the g —id send A to V' (resp. V' to
2A) and that the (g —id)(A) (resp. the (g —id)(V)) generate V' (resp. 2A), whence the result. O

Remark 4.5.13. One can look at the proof in a geometric way, by seeing each element g -v — v
as the difference between two vertices of a square centred at 0.

Remark 4.5.14. One can compute completely the associated Lie ring, which is a semi-direct
product of the abelian Lie ring (Z/2)[X] by the mod 2 Heisenberg Lie ring £(W3) = n3(Z/2).

Remark 4.5.15. Let us use the notations a := (0,1), b := (1,0) and ¢ := (3, 1). Then A can be
described abstractly as the abelian group generated by a, b and ¢, modulo the relation a + b = 2c.
Moreover, the action of o fixes ¢ and exchanges a and b, and the action of v is via a — a, b +— —b
and ¢ — ¢ — b. In particular, since b = 2¢ — a and ¢ — b = a — ¢, in the basis (a,c) of A, o acts by
(T; ‘f) and v by <$ j,). Notice that, in this basis, V is just the subgroup of elements whose second
coordinate is even.

In the course of the proof of Proposition 4.4.92, we encounter a slight variation on the above
action of Wy on A = Z2. Namely, we can construct an action of the group K = Dicig x (Z/2)
(where Dicyg is the dicyclic group of order 16, cf. Corollary 4.4.83, which is an index-2 central
extension of W5) on A by making Dicig = (0, v) act through its quotient W (which is the quotient
by 0?) and making Z/2 = (1) act by —id. Notice that there is already an element in Wy acting
by —id, namely the central element (0y)? of W5, so this action is in fact through the quotient
K — W, sending respectively o, v and 7 to o, v and (0y)%. In particular, this implies that we
have:

[E(A) = I (1),
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4.5.3 Free products

Two examples

Consider the simplest free product of two groups, which is the infinite dihedral group Z/2xZ/2 =
(w,y | 2> = y?> = 1). We can determine its LCS from its description as a semi-direct product:

Proposition 4.5.16. There is an isomorphism:
Z)2x7)2 2 7 x(Z]2).

As a consequence, this group is residually nilpotent, and its Lie ring is (Z/2)[X] % (Z/2), where
both factors are abelian Lie rings, and the generator T of Z./2 acts by [X*,T] = X*1.

Proof. We know a presentation of each of these groups, namely Z/2 x Z/2 = (z,y | 2% = y*> = 1)
and Z x (Z/2) = {a,t | tat=* = a~!, t> = 1). It is then easy to check that the assignments x — ¢,
y — ta and t — x, a — xy define morphisms inverse to each other. The rest is an application of
Corollary 4.5.8 with A = Z. O

Consider now the free product Z * (Z/2) = (x,y | y*> = 1). We have a similar decomposition
into a semi-direct product:

Proposition 4.5.17. There is an isomorphism:
Zx(Z)2) = Fyx(Z/2),

where the action of the generator t of Z/2 is given by exchanging the two elements a and b of a
basis of the free group Fs.

Proof. Again, we know a presentation of each these groups, namely Z * (Z/2) = (x,y | y*> = 1) and
Fo x (Z/2) = (a,b,t | tat™! = b, tht~1 = a, t> = 1). It is then easy to check that the assignments
x> thyy — tand t — y, a — xy, b — yx define morphisms inverse to each other. One may
alternatively observe that the Tietze transformation removing the generator a turns the second
presentation into the first. O

Remark 4.5.18. The group Z  (Z/2) is isomorphic to wBy (or vBs) and the above isomorphism
can be identified with wBs = wPy x &9, together with wPy = Fo (with basis (x12, x21))-

The LCS of Z * (Z/2) is much more difficult to compute than the one of Z/2 x Z/2 above.
The reader can find a presentation of the associated Lie ring in [Lab77], where the methods used
are somewhat different from ours. Our methods could be adapted to recover this result, together
with the residual nilpotence of the group, but we will not do so here. We only give a proof of the
following:

Proposition 4.5.19. The group Z = (Z/2) is residually nilpotent, but not nilpotent. Its Lie ring
has only 2-torsion elements, except in degree one.

Proof. Note that the group Z x (Z/2) surjects onto Z/2 x Z/2, whose LCS does not stop, by
Proposition 4.5.16. Notice also that the statement about torsion has already been proven in
Example 4.2.9. As a consequence, we only need to prove that Z * (Z/2) is residually nilpotent,
which is the difficult part of the statement. We can prove it using a kind of Magnus expansion.
Namely, let us consider the associative algebra of non-commutative formal power series A :=
Fo(X,Y)/(Y? = 1). We get a morphism ® from Z  (Z/2) to the group A* of units of A by
sending x to 1 + X and y to 1 + Y. It is injective, by the usual argument: if x%1yct - .. g%y g+
is a non-trivial reduced expression of some non-trivial element g € Z * (Z/2) (with ¢; = +1, a; € Z,
and a; and a;;1 possibly trivial), then, by writing a; = 2% (2¢; + 1), using (1 + X)Qk =1+ x2"
and (1+7)* =1+aT+---, we see that the coefficient of the monomial Xy x??y...yx2"
in ®(g) is not trivial, hence ®(g) # 1.
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Now let us denote by (X,Y") the ideal generated by X and Y in A, and by A, the subgroup
1+ (X,Y)* of A% (for k > 1). It is easy to see that [A],AS] C Ay, forall k > 1. As a
consequence, for all k > 1, we have I';(A]) C A). Since the intersection of the 1 + (X,Y)* is
obviously trivial, A} is residually nilpotent, whence also Z * (Z/2), which is isomorphic to one of
its subgroups. O

Remark 4.5.20. As mentioned at the beginning of the proof above, if one wishes only to see that
the LCS of Z * (Z/2) does not stop, one need only apply Lemma 4.1.1 to the obvious projection
Z* (Z)2) — (Z/2) * (Z/2) and one can then deduce the required result from the much simpler
explicit computation of the LCS of the infinite dihedral group (Z/2) % (Z/2) = Z x (Z/2) done in
Proposition 4.5.16.

An Artin group
Consider the Artin group of type By (which is also By 2 — see Lemma 4.3.16), that is:
G :=(o,z | (02)* = (z0)?).
Let § := ox. Then (0x)? = (z0)? is equivalent to 62 = 0~ 1620, so that:
G = (0,6 | 6% = 00?).

The element 62 commutes with the generators § and o, hence it is central in G. Since G? is free
on the classes of § and o (as is obvious from the presentation), §2 is of infinite order. Moreover,
the above relation clearly becomes trivial when 62 is killed, so that:

G/6* = (0,6 |6*=1)=7Zx*(Z/2).
We thus have a central extension:

Z— G —> Zx(Z/2).

Proposition 4.5.21. The group G = (0, | (0x)? = (x0)?) is residually nilpotent (but not nilpo-
tent).

Proof. We have observed above that the central subgroup (§2) injects into G2P, i.e., we have
(6%) N Iy(G) = {1}. Thus, we can deduce the (strict) residual nilpotence of G' from the fact that
Zx(Z/2) is (strictly) residually nilpotent (see Proposition 4.5.19) by applying Proposition 4.1.5. O

Remark 4.5.22. The weaker fact that the LCS of G does not stop can also be deduced more
directly from the reasoning of Remark 4.5.20.

The decomposition of G into a central extension can also be used to describe its Lie ring.
Namely, it can be obtained from the Lie ring of Z % (Z/2) described in [Lab77]; see §4.5.3.

Proposition 4.5.23. The Lie ring of G = {0,z | (0z)? = (z0)?) is a central extension of L(Z *
(Z/2)) by Z, concentrated in degree one. Precisely, 26% is central in L(G), and L(G)/(26Z) =
L(Z(Z]2)).

Proof. We have seen that (02) injects into G®P, which means that (62) N I%(G) = {1}. As a
consequence, the projections m: I'y(G) — I,(G/6?) have trivial kernels for k& > 2, which means that
they are isomorphisms. Thus, the canonical morphism from £(G) to £(G/§?) is an isomorphism
in degree at least 2. In degree one, it identifies with the projection of G&> = Z?2 onto (G/§?)*> =
Z x (Z]2), whose kernel is generated by 02 = 25. Moreover, since 62 is central in G, its class in
L(G) must be central, whence our result. (m
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4.5.4 Wreath products

This section is devoted to the study of the LCS of G1 &), = G™ x G, where G is any group,
A= (ny,...,n;) is a partition of the integer n and &, C &,, acts on G™ by permuting the factors.
By Proposition 4.4.12, wreath products of this form are precisely the (partitioned) braid groups
on manifolds of dimensions at least 3. We first compute the abelianisation (Corollary 4.5.25), then
we show that the LCS stops under some stability condition (Corollary 4.5.27). Finally, we look at
the unstable cases, whose LCS we compute if G is abelian (§4.5.4).

Let us remark that, in order to understand the LCS of G1 &), we only need to study the LCS
of G16,,. Indeed:

l
Gy x[[Gcre.,.

=1

Abelianisations

Lemma 4.1.12 allows us to compute abelianisations of wreath products:

Lemma 4.5.24. For any integer n > 2, we have (G16,,)* = G* x (Z/2).

Proof. Tt is a direct consequence of Lemma 4.1.12, applied to G1 &, = G" x Gy: (G16,)*P =
(G")*)e, x &5 = ((G*")")s, x (Z/2) = G™ x (Z/2). O

Corollary 4.5.25. For any partition A = (ny,...,n;) of n, if I’ denotes the number of indices
i <1 such that n; > 2, we have (G1&,)*P = (G2P)! x (Z/2)".

Proof. G1& decomposes as the direct product of the G1&,,,, and (G1&,,)* identifies with G*P
when n; = 1, and with G* x (Z/2) if n; > 2. O

The stable case

We now use a disjoint support argument to show that there is a stable behaviour for the LCS of
G 1 G, occurring as soon as n; > 3 for every ¢ < [.

Recall that the usual generators 7; of &, are conjugate to each other, hence G2 = 7/2 is
generated by their common class 7, and Iy = Iy, for &,,.

Proposition 4.5.26. Let G be a group. If n > 3, the TiTj_l normally generate I'5(G16,,), and
(G16,)* = G2 x Z/2. Moreover, the LCS of G16,, stops at I'y.

Proof. Let N be the subgroup of G &,, normally generated by the Tiijl. These are in I5(6,,),
whence also in I'5(G16,,), hence the latter contains N. In order to show the converse inclusion,
we need to show that (G 16,,)/N is abelian. For any g € G, let us denote by g the class of
(g,1,...,1) € G™ modulo N. We now show that the g, together with 7, generate (G16,,)/N, and
we use a disjoint support argument to show that they commute with one another.

First, let us remark that g commutes with 7. This comes from the fact that 7 acts trivially
on (g,1,...,1), thus commutes with it in G &,,. From this, we deduce that g is also the class of
o(g,1,...,1)07t =(1,...,1,9,1,...,1) for any o € &,, (whose class modulo N is a power of 7).
In particular, for all g,h € G, (g,1,...,1) commutes with (1,h,...,1), hence g commutes with h.

Now, every (g1,...,9,) € G™ is the product of the (1,...,1,¢9;,1,...,1), so that all the
elements (1,...,1,¢,1,...,1) (for all ¢ € G and any choice of position), together with the 7;,
generate G S,,. This implies that their classes g, together with 7, generate (G &,,)/N. Since
these generators commute with one another, this ends the proof that N = I5(G16,,).

The rest of the statement is a direct application of Lemmas 4.5.24 and 4.5.2. O
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Corollary 4.5.27. Let G be a group, n > 3 be an integer and A = (ni,...,n;) be a partition of
n with n; > 3 for all i. Then the TaTgl for a and B in the same block of A normally generate

I(G16y), and (G16,)2P = (G* x Z/2)!. Moreover, the LCS of G1 &) stops at Iy.

!
Proof. Apply Proposition 4.5.26 to each factor of G1 6y = [[ G16,,. O
i=1

Unstable cases

Since G161 = G, the only case left in our study of G &) is the case of G1 S5, which can be quite
complicated. We treat the case where G is an abelian group, which we denote by A.

Proposition 4.5.28. Let us denote by §A the subgroup {(a,—a) | a € A} of A>. For alli > 2, we
have I';(A1&9) = 20=2(5A). Moreover, the Lie algebra decomposes as:

LAVG) = (ADA2AD2A/4A @ ---) % (Z)2),
where A and 7Z/2 are in degree 1 and each factor of the form 2=2A /271 A is in degree i. The Lie
ring A® AJ2A® --- is abelian and the generator T of Z/2 acts on it via the degree-one map:

a—a in degree 1,
a+— 2a in degree at least 2.

Proof. This is a straightforward application of Proposition 4.5.10 and Corollary 4.5.11 (adapted
to an action of Gy = Z/2 instead of Z). Namely, V = §A is the subspace of A? on which &, acts
by —id. Moreover, A%2/V = A (via (a,0) <+ a) and the map induced by 1 — 7 identifies with the
one described in our statement. O

Corollary 4.5.29. Let G be a group and X be a partition with at least one block of size 2. Suppose
that the filtration 2*G®" of G2 does not stop. Then the LCS of G 1 &y does not stop.

Proof. The group G*” &, is a quotient of G1 &), whose LCS does not stop by Proposition 4.5.28.
Thus, our statement follows from Lemma 4.1.1. O

Remark 4.5.30. If G?" is finitely generated, the condition in Corollary 4.5.29 holds if and only
if it is infinite. In general, the condition is equivalent to 2¢A4 # {0} for all i > 1, where A is the
quotient of G by its maximal 2-divisible subgroup.

4.6 Appendix: Presentation of an extension

Here we recall the classical construction of a presentation of a group extension from a presentation
of the quotient and a presentation of the kernel, together with some knowledge of the structure of
the extension (see also [HEOO05, §2.4.3]). We then apply this construction to show that 2-nilpotent
groups whose abelianisation is free are determined by their Lie ring.

Let G be a group, which is an extension of a quotient K by a normal subgroup H. Suppose
that presentations of H and K are known, namely H = (X|R) and K = (Y|S), where R is a subset
of the free group F[X] (resp. S C F[Y]). For each y in Y, let us fix a lift § of the corresponding
generator of K to an element of G. Then a presentation of G is given by

G=(XUY|RUSUT),

where S and T are obtained as follows:
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e Each s € S is a word in the elements of Y and their inverses. If we replace each y in s by
its chosen lift §, we get an element § of GG, which is in fact in H, since its projection to K
is trivial by construction. Each element of H is represented by a word on the elements of X
and their inverses, so we can choose some wy € F[X] representing 5. Then S is the following
set of relations: B

S:={sw;'|secS}CFXuY].

1

e For each y € Y and each x € X, the element gz~ is an element of H, which can be

represented by a word w, , € F[X]. Then we define:
Ti={yey 'w;} |z € X, ye Y} C FIXUY].

Remark 4.6.1. If the presentations of H and K are finite, this construction gives a finite presen-
tation of G.

Remark 4.6.2 (Split extensions). When the extension splits (that is, when G is a semi-direct
product of K by H), one usually chooses the lifts of generators of K to be their images under a
fixed section. Then the presentation obtained is somewhat simpler, since the relations in S hold

in G (that is, S = 9).

Proposition 4.6.3. The above presentation is indeed a presentation of the extension G.

Proof. Let Gy be the group defined by the above presentation. By construction, the assignments
x+— x € HC G and y — ¢ induce a well-defined morphism 7 from Gy to G. Let Hy be the
subgroup of Gy generated by X. The morphism 7 restricts to a morphism 7g: Hy — H. Since
the relations R are satisfied in Hy, we can construct an inverse to mg: it is an isomorphism.

The relations T ensure that Hj is stable under left conjugation by the y € Gy. Moreover, for
all h € H, mg(yhy™1) = w(y)m(h)w(y)~! = gru(h)§ 1. Since H is normal in G, left conjugation
by ¢ is an automorphism of H. Since 7y is an isomorphism, left conjugation by y € Gy must be
an automorphism of Hy, which implies that Hj is stable under left conjugation by y~!. Finally,
Hy is stable under left conjugation by y*!, and also (clearly) by 2*!, so it is normal in Gj.

As a consequence, 7 induces a morphism of extensions:

HO — GO —> Go/H()

PN

H G K.

The relations R and T' become trivial in Go/Hy, and S reduces to S there, so this quotient admits
the presentation (Y'|S). This implies that 7 is an isomorphism. Since we already know that mg is
an isomorphism, the Five Lemma allows us to conclude that 7 is an isomorphism. O

Remark 4.6.4. We can replace some of the generators y by their inverses before doing this
construction, so we can choose T to encode either left conjugation by y, or right conjugation by v,
for each y.

Corollary 4.6.5. If G is a 2-nilpotent group whose abelianisation is free abelian, then G is deter-
mined (up to isomorphism) by its associated Lie ring.

Proof. We construct a presentation of G which depends only on the structure of £(G) (and on
some choices not involving elements of ). The group G is an extension of G** = L;(G) by
Iy(G) = L3(G), to which we can apply the previous construction. Since G? is free abelian on
some set Y, a presentation of this group is given by generators Y and relations {[y, 2] | y,z € Y}.
Let (X|R) be a presentation of the group L£5(G). Then G admits the presentation with generators
X UY and relations R U S U T, constructed as above. We need to show that S and T can be
recovered from calculations in £(G) alone.

e Let s € 5, that is, s = [y, 2] for some y,z € Y. Then, by definition of £(G), § = [g, Z] is the
element of I5(G) = L2(G) given by the bracket of y, z € £1(G).
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e Since [G, I'z(G)] = {1}, the set T consists of the relations [y, z], for x € R and y € S.
Thus the above presentation of G can be obtained from the data of £L(G), as claimed. O

Remark 4.6.6. Corollary 4.6.5 is not true in general if the abelianisation of G is not free. For
example, the dihedral group Dg of order 8 and the quaternion group Qg are not isomorphic,
but they are 2-nilpotent groups whose Lie rings are isomorphic. Indeed, in both cases, we have
L£1G = (Z/2)* and LG = Z/2 and the Lie structure is fully determined by saying that whenever
a and b are two distinct non-trivial elements of £1G, then [a, b] is non-trivial in £2G.



Chapter 5

The Burau representations of loop
braid groups

The results of this chapter have been published as [PS22a] in joint work with Arthur Soulié.

Introduction

Loop braid groups appear in many guises in topology and group theory. They may be seen geo-
metrically as fundamental groups of trivial links in R3, diagrammatically as equivalence classes of
welded braids (closely related to virtual braids and virtual knot theory), algebraically as subgroups
of automorphism groups of free groups or combinatorially via explicit group presentations.

Loop braid groups have been studied, from the topological viewpoint of motions of trivial links
in R?, by Dahm [Dah62], Goldsmith [Gol81], Brownstein and Lee [BL93] and Jensen, McCammond
and Meier [JMMO06]. In parallel, the symmetric automorphism groups and the braid-permutation
groups (subgroups of Aut(F,,), which may also be interpreted in terms of welded braids) were
studied by McCool [McC86], Collins [Col89] and Fenn, Riményi and Rourke [FRR97]. In particular,
Fenn, Rimanyi and Rourke found a finite presentation of the braid-permutation groups. Later,
Baez, Wise and Crans [BWC07, Theorem 2.2] showed that their presentation is also a presentation
of the group of motions of a trivial link, thus bringing together the two different points of view.
Loop braid groups, as well as related groups of “wickets”, have also been studied more recently
by Brendle and Hatcher [BH13]. For a detailed survey of the many different facets of loop braid
groups, see Damiani’s survey [Dam17].

The definition that we shall use is the following.

Definition 5.0.1. Let D3 denote the closed unit ball in R and choose a trivial n-component
link U,, in its interior. Let Emb(Un,]D)3) denote the set of all smooth embeddings of U, into
the interior of D?, equipped with the smooth Whitney topology, and write Emb"(U,,, D?) for the
path-component containing the inclusion (the superscript “ stands for “unknotted and unlinked”).
There is a natural action of the diffeomorphism group Diff(U,,) = Diff(S!) 1 &,, on this space, and
we define

E(U,,D?) == Emb“(U,,D?)/Diff(U,).

The n-th extended loop braid group is the fundamental group LB, := 71 (£(U,,,D?)). Similarly, we
define

ET(U,,D?) == Emb*(U,,,D*)/Diff * (U,,),

where Difft denotes orientation-preserving diffeomorphisms, and the n-th (non-extended) loop
braid group is the fundamental group LB,, == 71 (€7 (U,,, D?)).

147
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S O S > <
T; 0; Pi

Figure 5.1 The loop braid group LB,, is generated by the loops of loops 71, ..., Tn—1 and &1, ...,0n_1.
Together with p1, ..., pn, these generate the extended loop braid group LB/,.

Thus elements of LB/, are thought of as loops of n-component unlinks in R?, and elements
of LB,, are thought of as loops of oriented n-component unlinks in R3. Since Diff+(Un) is an
index-2" subgroup of Diff (U,,), the natural quotient map

EN(U,, D?) — £(U,,,D?)
is a 2"-sheeted covering map, and thus induces an injection
LB, — LB, (5.1)

of fundamental groups. Thus we view the (non-extended) loop braid group LB,, as a subgroup (of
index 2") of the extended loop braid group LB,.

Generators. We fix a basepoint for £¥(U,,, D) where the n circles are arranged on the zy-plane
in a row from left to right, as pictured in Figure 5.4. With respect to this basepoint, the loop braid
group LB,, is generated by the elements 7y,...,7,—1 and o01,...,0,—1 illustrated in Figure 5.1.
The elements 7; and o; involve only the i-th and (i 4+ 1)-st loops, which are exchanged; for 7;, no
loop passes through the other; for o;, the i-th loop passes through the (i+1)-st loop. The extended
loop braid group LB, is generated by these elements together with the elements p1,. .., p,, also
illustrated in Figure 5.1. For finite presentations of LB, and LB, using these generators, see
Fenn, Rimanyi and Rourke [FRR97, §1] and Brendle and Hatcher [BH13, Propositions 3.3 and
3.7]. We note that there are many conflicting conventions for the names of these generators in the
literature; in particular, our notation is consistent with [FRR97] but inconsistent with [BH13].

Burau representations of classical braid groups. The classical braid groups B, are the
fundamental groups of the configuration spaces C,,(R?) of points in the plane. One of the oldest
interesting representations of B,, is the Burau representation [Bur35)

B, — GL,(Z[t*]), (5.2)

which was defined originally by assigning explicit matrices to the standard generators of B,,, but
which is most naturally understood as a homological representation, as follows. The braid group
B,, is naturally isomorphic to the mapping class group MCG(D?) = 7o(Diff5(D?, Q,,)), the group
of isotopy classes of diffeomorphisms of the 2-disc that act by the identity on its boundary and
that preserve a subset @, of n points in its interior. In this way, B,, acts (up to homotopy)
on the complement D? = D? \ Q,,. There is a projection 71(D?) — Z sending a loop to the
sum of its winding numbers around each of the points @, and it turns out that the B, action
on D? lifts to the corresponding regular covering space m: D2 — D2 and commutes with the
deck transformations. The induced B,, action on the first homology H; (ﬁ)i) therefore respects its
structure as a module over the group-ring of the deck transformation group, Z[Z] = Z[t*!], so we
obtain a representation B
B, — Autz[tiq (H1 (Di))

The homology group Hi(D?) is in fact a free Z[t¥!]-module of rank n — 1, so choosing a free basis
we may rewrite this as

B, — GL,_1(Z[t*]). (5.3)
This is the reduced Burau representation. To obtain the unreduced Burau representation (5.2), we
consider instead the induced B, action on the relative first homology H;(D?,7~1(x)), where * is
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Figure 5.2 Given a configuration of (blue) points in the right-hand xz-plane, we rotate about the
z-axis as shown to produce a configuration of unlinked circles in R3.

a basepoint in the boundary of the disc. This is now a free Z[t*!]
a free basis we obtain (5.2). The canonical map Hy(D2) — H;(D?,771(x)) is injective, so the

reduced Burau representation (5.3) is a subrepresentation of the Burau representation (5.2).

-module of rank n, so choosing

Choosing appropriate ordered free generating sets for Hy (D2) and Hy (D2, 7~ (x)) over Z[t+1],
the representations (5.2) and (5.3) may be written explicitly as

1-¢t 1

0'7;'—>L;1@|: " 0

] D L1 and oi— I _o® t —t 1 D L_i_o (54)
0 0 1

respectively. We note that the Burau representation is sometimes defined using the transposes of
these matrices, such as in [KT08], but this is not an essential difference, since the Burau represen-
tation is equivalent to its transpose. For more details of these representations, see [KT08].

From classical braids to loop braids. There is an obvious map
t: Cp(R?) — £7(U,,D?) (5.5)

given by replacing each point in the given configuration with a small circle, oriented positively
in R?, and then including this unlinked configuration of circles into R3. On fundamental groups,
this induces a homomorphism B,, — LB,, sending the standard generators of B,, to the elements
Tiy...,Tn—1 of LB,. In particular, this map factors through the projection B,, — &,, onto the
symmetric group on n letters. There is also a more interesting map

5: Cp(R?) — £7(U,,,D?) (5.6)

defined as follows. Let us identify R? with the right-hand zz-plane (the half where the z-coordinate
is positive) and the interior of D3 with R3. Given a configuration of n points in the right-hand z2-
plane, we produce an n-component unlink by rotating the configuration about the z-axis, tracing
out n circles while doing so, which all lie in planes parallel to the zy-plane; see Figure 5.2. We
orient these circles positively with respect to the parallel copy of the xy-plane in which they lie.

To see that the induced homomorphism on fundamental groups is injective, let us take a
basepoint in C,,(R?) where the configuration points are arranged in a line along the r-axis; this
corresponds to a basepoint of £¥(U,,,D3) with n concentric circles in the xy-plane, centred at the
origin. The standard generators of B,, are sent to loops of the form illustrated on the left-hand side
of Figure 5.3. Changing the basepoint of £ (U,,,D?) to the one chosen earlier, with non-concentric
circles on the xy-plane, this corresponds to the loop on the right-hand side of Figure 5.3, which
is the generator o; of LB,,. By [BH13, Proposition 4.3], the group homomorphism B,, — LB,
sending the standard generators of B,, to the elements o1,...,0,_1 € LB, is injective. As we
have just seen, the map (5.6) realises this homomorphism at the space level, and so:

Proposition 5.0.2. The map (5.6) induces an injection on 1.



150 Chapter 5. The Burau representations of loop braid groups

)~ DS

Figure 5.3 The image of the i-th standard generator of B, under the map s, (left) corresponds, by
a change of basepoint, to the element o; of LB, (right).

Remark 5.0.3. The map (5.6) has also been described in §6 of [BB16], where its image is called
the configuration space of linear necklaces. In particular, [BB16, Theorem 6.1] is equivalent to
Proposition 5.0.2 under this interpretation. A small difference is that the map of [BB16] has the
space UR,, as target (see [BH13] for this notation), whereas (5.6) has £¥(U,,,D3) as target. But
(5.6) factors as

Cn(R?) — UR,, — RS — £7(U,,D?),

where the left-hand arrow is the map of [BB16]. The middle map is a 7y-isomorphism by [BH13,
Proposition 2.3] and the right-hand map is a homotopy equivalence by [BH13, Theorem 1].

Burau representations of loop braid groups. A natural question is whether, and how, one
may extend the Burau representations (5.2) and (5.3) along the inclusions

(5.6), 5.1
B, LB, © 61 LB/,

(5.7)

The unreduced Burau representation (5.2) has been extended to LB, by Vershinin [Ver01], using a
presentation of LB,, and by assigning explicit matrices to generators. (More precisely, Vershinin’s
representation of LB,, restricts to the transpose of the unreduced Burau representation of B,,,
according to our conventions.)

Our approach will instead be topological, analogous to the description above of the classical
Burau representations of B,,, via the homology of covering spaces. In each case, we will find a
natural generating set of the relevant homology group, and calculate the matrix that each standard
generator of the loop braid group is sent to.

Notation 5.0.4. We write R = Z[Z] = Z[t*] and S = Z[Z/2] = Z[t*']/(t* — 1).

In this notation, the unreduced and reduced Burau representations are R-linear actions B,, ~
R®" and B,, ~ R®"~! respectively. The case of the non-extended loop braid groups is straight-
forward:

Theorem 5.A. These R-linear actions extend to R-linear actions LB, ~ R®" and LB, ~
R®"=1 Explicit matrices are given in equations (5.15) and (5.17) respectively.

To extend further to the extended loop braid groups is a little more subtle. We must first
reduce modulo t? — 1, in other words tensor — ®g S to obtain S-linear actions LB, ~ S®" and
LB, ~ S®"~!. The unreduced Burau representation then extends directly:

Theorem 5.B. The S-linear action LB,, ~ S®" extends to an S-linear action LB!, ~ S®".
Ezplicit matrices are given in equations (5.15) and (5.21).

The reduced Burau representation does not extend directly; instead:

Theorem 5.C. The S-linear action LB, ~ S®"~! is a subrepresentation of an S-linear action
LB, ~ S®"1 @ S/(t — 1), and this extends to an S-linear action LB], ~ S®"~1 @ S/(t — 1).
Ezxplicit matrices are given in Table 5.1 on page 158.

We emphasise that these extensions of the Burau representations to LB,, and LB/, are precisely
those that arise naturally via actions on first homology groups of covering spaces, mirroring the
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topological construction of the classical Burau representations. As a partial summary, we have

LlyeveyTn—1 LlyeeeyTn—1 LlyereyTn—1,Y al,...,0n

RO oy Ol s §91L 6§ (1 1) s 0 (5.8)
5.8
I I Il Il

H(D:2)  H(DLZ)ens H1(D}:2) Dy, o, 10} 2),

where from left to right we have (1) the reduced Burau representation of LB,, over R = Z[t*1]
(Theorem 5.A), (2) its reduction modulo t>—1 over S = Z[t*!]/(t?>—1), (3) the inclusion of (2) into
the reduced Burau representation of LB!, over S (Theorem 5.C) and (4) its further inclusion into
the unreduced Burau representation of LB/, (Theorem 5.B). In each case, an ordered generating
set corresponding to the direct sum decomposition is given in blue.

Remark 5.0.5. The matrices of the representations in Theorems 5.A and 5.B are the “obvious”
matrices that one may guess by analogy with the matrices for the classical (reduced and unre-
duced) Burau representations. However, the matrices for the reduced Burau representation of the
extended loop braid groups, from Theorem 5.C, do not seem combinatorially or algebraically ob-
vious. However, they arise very naturally topologically. Two additional subtleties in this case are
the appearance of torsion in the S/(t — 1) summand and the non-locality of the matrices for the
pi generators.

Remark 5.0.6. It is stated in Theorem 5.C that the LB, -representation S®"~! is a subrepre-
sentation of an LB,,-representation S®"~1 @ S/(t — 1). We remark that it is however not a direct
summand of the LB,,-representation S®"~1 @ S/(t — 1).

See §5.4 for further remarks on reducibility, kernel and other properties of these representa-
tions.

Remark 5.0.7. The Burau representations of the classical braid groups B,, form the first of an
infinite family of Lawrence-Bigelow representations [Law90; Big04], and the Burau representations
of the loop braid groups LB,, (or extended loop braid groups LB/,) may be extended, in more
than one way, to an analogous infinite family of representations; see [PS19].

These representations are particularly interesting as the representation theory of the loop braid
groups is in the early stages: so far, few other results are known on extensions of representations of
the braid groups to loop braid groups and some of their particular subgroups; see Kadar, Martin,
Rowell and Wang [Kad " 17] and Bellingeri and the second author [BS20]. Furthermore, Damiani,
Martin and Rowell [DMR23] have recently studied a finite dimensional quotient LH,, of the group
algebra of LB,,, mimicking the braid group/Iwahori-Hecke algebra paradigm. In particular, the
unreduced Burau representation of LB,, (Theorem 5.A) factors through this quotient algebra LH,,;
see [DMR23, §3.2].

5.1 Action on the homology of covering spaces

Let ¢ be a diffeomorphism of the 3-ball D? that restricts to the identity near the boundary. We
may restrict ¢ to our chosen unlink U,, in the interior of D? to obtain a new embedding U,, — D?3.
Since ¢ is isotopic to a diffeomorphism that acts by the identity on U, (it may be isotoped to
act by the identity on a larger and larger collar neighbourhood of the boundary, until this collar
neighbourhood contains U, ), this new embedding is isotopic to the inclusion, hence an element of
Emb"(U,,,D3). We therefore have a restriction map

Diff5(D*) — Emb"(U,,D?), (5.9)

where Diff5(D?) denotes the topological group of diffeomorphisms that are the identity on a neigh-
bourhood of the boundary, equipped with the smooth Whitney topology. The map (5.9) is a locally
trivial fibration [Pal60; Cer61; Lim63] and the quotient map

Emb"*(U,,D?) —» Emb*(U,,, D?)/Diff(U,) = £(U,,D?) (5.10)
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Figure 5.4 The unlink-complement D3 with free generators az, ..., an, for 1 (D3) = Fp,.

is also a locally trivial fibration [BF81] (see also [Pal21, §4] for both of these). Putting together
(5.9) and (5.10), we have a locally trivial fibration

Diff5(D?) — £(U,,,D?). (5.11)

If we modify (5.10) to quotient only by Diff ™ (U,), it remains a locally trivial fibration, and together
with (5.9) we obtain a locally trivial fibration

Diff5(D?*) — £1(U,,,D?). (5.12)

Together with Hatcher’s proof [Hat83] of the Smale conjecture, this implies the following, where
Diff5(D?,U,,) < Diff(D?) is the subgroup of diffeomorphisms that preserve U,, (setwise) and
Diff5(D?, U,5) < Diff5(D?) is the subgroup of diffeomorphisms that preserve U,, and its orientation.

Lemma 5.1.1. There are isomorphisms
LB, = m (E(U,,D?))
LB, = m(£7(U,,D%)

12

7o (Diffo (D%, Uy))
mo(Diffo(D?, U)).

12

Proof. The topological group Diff5(ID?) is contractible, in particular simply-connected, by [Hat83],
and these isomorphisms then follow from the long exact sequences associated to (5.11) and (5.12).
O

Notation 5.1.2. We will abbreviate D3 = D3 \ U,,, where U, is the n-component unlink in the
interior of D? chosen previously. See Figure 5.4 for an illustration of a particular choice.

By the mapping class group interpretation of loop braid groups (Lemma 5.1.1), the group
LB/, (and hence also its subgroup LB,,) acts, up to homotopy, on the unlink-complement D? by
diffeomorphisms (in particular, homeomorphisms).

Remark 5.1.3. We will speak of actions of mapping class groups up to homotopy, which induce
(strict) actions on homology. An alternative, equivalent viewpoint would be that the corresponding
diffeomorphism group acts (strictly) at the level of spaces, and then observing that its induced
action on homology factors through the mapping class group, since homology groups are discrete.

Note that the fundamental group of D3 is the free group F,, on n generators. This is easy to
see: the unlink-complement D3 C D? deformation retracts onto a wedge of n circles and n copies
of the 2-sphere. The n circles a1, ..., a, are shown in Figure 5.4. Now let

¢:m(D3) — 7Z
be the surjective homomorphism defined by ¢(a;) =1 for all i = 1,...,7n and let
¢ m(DP) — Z/27

be the composition of ¢ with the unique surjection Z — Z/27Z.
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Definition 5.1.4. We denote by ﬁ)i the regular covering space corresponding to ker(¢) and by
D3 the regular covering space corresponding to ker(¢’). We therefore have regular coverings

n:D3 — D> and  y:DP — D3
whose deck transformations groups are Z and Z/27Z respectively.

In general, if a group G acts (up to homotopy) on a based space X and we choose a surjection
¢ m(X) — @ that is invariant under the induced action of G on 71(X), then the G-action on X
lifts uniquely to the regular covering space corresponding to v and commutes with the action of
Q@ by deck transformations.

Let us first take G = LB,, and X = D3 with basepoint * € dD* = 9D3. We note that the
quotient ¢ is invariant under the action of LB,,: for this it suffices to check that each generator
7;,0; of LB, sends each generator a; of 71(D3) to an element in ¢~'(1), and this follows since, up
to conjugation, 7; and o; simply permute the generators a;. We therefore have an induced action
(up to homotopy) of LB,, on ]f))i commuting with the deck transformation action of Z. Thus the
first integral homology groups

Hi(D3;2)  and  Hy(D,n '(x);Z) (5.13)

are Z[Z)-modules via the deck transformation action, and are LB, -representations over Z[Z] via
the lifted LB,,-action on D3.

Definition 5.1.5. The LB,,-representations (5.13) are the reduced and the unreduced Burau rep-
resentations of loop braid groups over Z[Z] = R.

Let us now take G = LB, and again X = D3 with basepoint * € D = 9D2. This time
¢ is not invariant under the induced action of LB/, since, for example, the generator p; sends
a; € ¢~ 1(1) to a;l € ¢~1(—1). However, the deeper quotient ¢’ (namely ¢ reduced mod 2) is
clearly invariant under the action of LB!,. We therefore have an induced action (up to homotopy)
of LB/, on ]ﬁ)f’l commuting with the deck transformation action of Z/2Z. Thus the first integral
homology groups

Hi(D3;Z)  and  Hy (D3, (i)~ (%); Z) (5.14)

are Z[Z/27)-modules via the deck transformation action, and are LB, -representations over Z[Z/27Z]
via the lifted LB/,-action on D?.

Definition 5.1.6. The LB/ -representations (5.14) are the reduced and the unreduced Burau rep-
resentations of extended loop braid groups over Z[Z/2Z] = S.

Let us make these covering spaces more concrete by building explicit models for each of them.
We embed n pairwise disjoint closed 3-discs into the interior of the unit 3-disc D? as pictured in
Figure 5.5, so that each little 3-disc looks like a “lens shape” and the union of their equators is
precisely the n-component unlink that we fixed earlier. Let D? denote D2 minus the interiors of
these n little 3-discs, equivalently, D® minus the interiors and equators of the n little 3-discs. Also,
write N; for the open northern hemisphere of the boundary of the i-th little 3-disc, and write S;
for the open southern hemisphere of the boundary of the i-th little 3-disc. Now consider

Z x D3

and glue {j} x N; to {j — 1} x S; via the homeomorphism N; = S; given by reflection in the plane
passing through the equator. This is an explicit model for D3. Similarly, we may consider

727 x D}

and glue as before, where j is now considered mod 2. This is an explicit model for Iﬁ)i
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Figure 5.5 The complement ]D)fl of the interiors and equators of n closed little 3-discs (“lens shapes”)
in the interior of the closed unit 3-disc D3. The boundary of ]D)?L decomposes as the disjoint union of
2n 4+ 1 components: 8]]])2 =oD3UN;U...UN, LS U...USp.

Figure 5.6 The deformation retract X of the Z-covering ﬁi

5.2 Matrices for non-extended loop braid groups

We first consider the LB,,-representations (5.13). The calculations of these representations are
unsurprising, but they are a useful warm-up to the slightly more subtle ones in the next section,
for the LB/ -representations (5.14).

The modules. As noted above, the unlink-complement D3 deformation retracts onto a wedge of
n circles and n copies of the 2-sphere. This deformation retraction lifts to a deformation retraction
of the covering space D3 onto the space pictured in Figure 5.6. This is an infinite 2-dimensional
cell complex X with vertices indexed by Z, with exactly n edges between consecutive vertices (and
none between non-consecutive vertices) and with exactly n copies of the 2-sphere wedged onto each
vertex. Its fundamental group is freely generated by t*.(asa;),... ... A* (anGpn_1) for all k € 7Z,
where @ denotes the reverse of a path a. Abelianising and writing Z[Z] = Z[tT!], we see that its
first homology is freely generated, as a Z[t*!]-module, by z; = asay,...... STl = Aplp_1-

The relative homology group Hi(D3,n~1(x):;Z) is isomorphic to the first homology of X
relative to its set of vertices (since these vertices are fixed by the deformation retraction described
above), which is freely generated, as a Z[t*']-module, by a1, ... ,a,. Summarising, we have natural
isomorphisms

Hy (D5, 0! () 2) = Z[t* " {ar, .., an}
H1 (]ﬁ)i’w Z) = Z[til]{mla cee axnfl}a

and the canonical homomorphism Hy (D3;Z) — Hy (D2, 7 (%); Z) is given under these identifica-
tions by x; — a;11 — a;.
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4= - 4p

Figure 5.7 The action of o; € LB, on the homological generator a;. The right-hand loop may be
decomposed (writing from the left to right) as a; - ta;+1 - ta;.

The unreduced representation. It is easy to calculate visually how the LB, generators 7;
and o; act on the homological generators a;. Clearly 7; simply interchanges a; and a;4+1. On the
other hand, o; acts by

O'Z‘((li) = (1 — t).ai +t.ait1 O’Z‘(ai+1) = a; oi(aj) =ay (fOT jé {i,i + 1}),

where the first formula comes from the fact that, at the fundamental group level, o; sends the loop
a; to the loop a; - ta;41 - ta;, which may be read off from Figure 5.7. Thus we see that the matrices
for the unreduced Burau representation LB,, — GL, (Z[t*!]) are given by

01
1 0

1-¢ 1

Ti’_>IiIEB|: ¢ 0

:| DIl and o— 1, 1 |: :| DIl 1. (515)

Remark 5.2.1. These are precisely the transposes of the matrices used in [Ver01]. Related to
this, we note that, as observed in [Ibr21, Theorem 3.2], one may extend the (transpose of the)
unreduced Burau representation to the virtual braid group VB,, — GL, (Z[t*!,u*!]) by

0 w?

t
Ti'—>Ii—1@[u 0

} DLnio1 and o= 11 D [ 1It 0

} ®I—i—1. (5.16)
This factors through the projection VB,, = LB,, if one sets w = 1, but in general it does not. It
would be interesting to find a topological construction of this representation, in the sense of the
present chapter, although it is unclear how this could be done, as we are unaware of a topological
interpretation of the virtual braid group as a motion group, analogous to the realisation of the
loop braid group as the group of motions of an oriented trivial link in R3.

The reduced representation. Using this computation of the unreduced representation, and
the explicit formula (x; — a;41 — a;) for the inclusion of the reduced representation into the
unreduced one, it is an easy exercise to read off the following explicit formulas for the reduced
Burau representation LB,, — GL,_1(Z[t*']):

1 0 0 1 0 0
T L o P 1 -1 1 DL, o and ogi— 1 2@ t —t 1 Sl o (517)
0 0 1 0 0 1

If i =1 ori=n—1, one should ignore the “I_;” on the left or right, and instead remove the left
column and top row, respectively the right column and bottom row, from the displayed matrix.

Observe that, when restricted to the o; generators, the formulas (5.15) and (5.17) are precisely
the matrices (5.4) defining the unreduced and reduced Burau representations of the classical braid
groups. This concludes the proof of Theorem 5.A.

Action on the second homology. The other non-trivial homology group of the covering space
D3 ~ X is in degree two, where we have Ho(D3;7Z) = Z[t*1]{b1, ..., b, }, where b; are illustrated in
blue in Figure 5.6. The generator 7; € LB,, clearly acts by swapping the homological generators b;
and b;+1. The generator o; € LB,, acts as illustrated in Figures 5.8 and 5.9. It sends b;, considered
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é@ s <i>

Figure 5.8 The action of o; € LB,, on the element b; € w2 (ﬁfl) The right-hand side is homotopic to
a; - bj1, where - denotes the action of 71 on mo.

5. @

Flgure 5.9 The action of o; € LB,, on the element bit1 € m2( ]D)3 The right-hand side is homotopic
to b; + bi+1 — a; - bi+1, where - denotes the action of 71 on ma.

as an element of mo(ID3), to a; - bir1, where - denotes the canonical action of 1 (D3) on mo(ID3).
Inspecting Figure 5.6, we see that, viewed as an element of Hg(ﬁ)i; 7), this is tb;y1. Similarly, o;
sends b;1 1, considered as an element of 7o (f))?l), to b; + bit1 — a; - biy1, which is b; + (1 — t).b;+1 as
an element of Hy(D?;7Z). Thus, with respect to the ordered basis (by,...,b,) of Hy(D3;Z), this
representation LB,, — G L, (Z[t*']) is given by

T 11D 01 DIl and oi—I,_1® 0 1 DIl 1. (5.18)
10 t 1-—t
Reversing the ordering, i.e. using instead the ordered basis (by, ..., b1), we obtain
Ti— L1 ® [ (1) é } ®In_i1 and oj— L1 ® [ 1 I t 8 ] ®In_i—1, (5.19)

which is the transpose of the unreduced Burau representation (5.15) of LB,,, and agrees with the
matrices used in [Ver01].

5.3 Matrices for extended loop braid groups

The modules. As in §5.2, the deformation retraction of the unlink-complement D3 onto a wedge
of circles and 2-spheres lifts to a deformation retraction of its covering HA)E’L onto the space pictured
in Figure 5.10. This is a finite 2-dimensional cell complex with two vertices {v,tv}, 2n edges
between them and with n copies of the 2-sphere wedged onto each vertex. Its fundamental group
is freely generated by the 2n — 1 loops

xr1 = (lgzll, ...... yIp—1 = andn,l
txl = tag t&l, ...... ,tzn—l = tan tC_Ln_l
Y = Qp tay.

Hence its first homology H; (]ﬁ)i, Z) is generated, as an abelian group, by the same 2n — 1 loops,
viewed as homology classes. The first 2n — 2 of these classes generate a free module of rank n — 1
over S = Z[Z/2] = Z[t*']/(t* — 1), whereas the last element y generates a summand isomorphic
to Z viewed as a trivial Z|Z/2Z)-module, in other words S/(t — 1).

The relative homology group Hl(ﬁi,(n’ )~1(x);Z) is isomorphic to the first homology of
this complex relative to its vertices {¢,tv}. This is much simpler: it is a free module over
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Figure 5.10 The deformation retract of the double covering ﬁf’l corresponding to quotienting Figure
5.6 by the action of ¢2.

%&Q

Figure 5.11 The action of p; € LB/, on the homological generator a;. The right-hand loop is ta;.
Note that it is not simply a;, since this is a path from tv to v, whereas p;(a;) is a path from v = t2v
to tv.

S = Z[tT1]/(t?>—1) of rank n, generated by ay, ..., a,. Summarising, we have natural isomorphisms

Hi (D2, () (+):Z) = S{as, ..., an)
Hy (ﬁ)i;Z) = S{x,...,en_1} ®S/(t — 1){y}.

The canonical homomorphism Hy(D3;7Z) — Hy (D3, () ~1(%): Z) is given under these identifica-
tions by x; — a;+1 — a; and y — (1 + t)a,. As a matrix, this is:

(5.20)

-1 0
1 1+t

Note that this matrix describes an injective homomorphism. (Viewed as an endomorphism of S®"
it is of course not injective, since 1 + ¢ is a zero-divisor. But its kernel is precisely the submodule
09"=1 @ (t—1) of S® so once we replace the domain with S®"~1 @ S/(t — 1) it becomes injective.)

The unreduced representation. The action of the LB/, generators 7; and o; on the homolog-
ical generators a; is exactly as in §5.2, and given by the matrices (5.15), considered now over the
ring S = Z[t*1]/(t> — 1) instead of R = Z[t*!]. The LB, generator p; acts trivially on a; for j # i
and sends a; to —ta,;. This last formula comes from the fact that, at the fundamental group level,
p; sends the loop a; to the loop ta;, which may be read off from Figure 5.11. Thus we see that the
matrices for the unreduced Burau representation LB, — GL,,(S) are given by

(5.15)  and  pir— L ®[ —t | B, (5.21)

In particular, the restriction of this representation of LB/, to the generators 7; and o; (i.e. to LB,,)
is the reduction modulo #? of the representation (5.15) of Theorem 5.A. This concludes the proof
of Theorem 5.B.
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The reduced representation. It is now a purely algebraic exercise, using the formulas (5.15)
and (5.21) for the unreduced Burau representation, together with the explicit description (5.20) of
the inclusion, to deduce explicit formulas for the reduced Burau representation

LB/, — Autg(S®" '@ S/(t —1)).

These are given in Table 5.1, where we abbreviate 6 := 1 + ¢t. Note that the matrices for the
extended generators p; are, in a sense, “non-local”.

Remark 5.3.1. Since these matrices describe automorphisms of S®"~1 @ S/(t — 1), each entry
above the bottom row should be considered as an element of S, whereas each element of the bottom
row should be considered as an element of S/(t — 1) = Z. In other words, we set ¢t = 1 on the
bottom row.

More precisely, the entries in the bottom row lie in Homg(S,S/(t — 1)) = S/(t — 1), except
the bottom-right entry, which lies in Homg(S/(t — 1), S/(t — 1)) = S/(¢t — 1). The entries in the
right-hand column (except the bottom-right entry) lie in Homg(S/(t —1),5) = (1+¢)S =465 C S.
(The S-modules S/(t — 1) and §.S are abstractly isomorphic, but they are related differently to S.)

In particular, the restriction of this representation of LB to the group generators 7; and
o; and to the homological generators z1,...,2,_1 is equal to the reduction modulo t2 of the
representation (5.17) of Theorem 5.A. This concludes the proof of Theorem 5.C.

Remark 5.3.2. It is an amusing exercise to verify explicitly that the matrices in Table 5.1 indeed
satisfy all of the relations of the extended loop braid group LB/, as described for example in
[BH13, §3] or [Dam17, §3]. (Warning: the papers [BH13], [Dam17] and the present chapter pairwise
disagree on notation for the three families of generators of LB!.) One should bear in mind that
braid words are written from left to right in [BH13] and [Daml7] (as is usual for composition of
loops), whereas matrix multiplication goes from right to left (as is usual for function composition),
so in fact the matrices in Table 5.1 satisfy the opposite of the relations of LB!, described in [BH13;
Dam17]. (Technically, this means that we have constructed a representation of the opposite group
(LB/,)°P, but, except for computations, we ignore this subtlety, since this is abstractly isomorphic
to LB!,.) For an explicit verification, using Sage, that the matrices in Table 5.1 satisfy the 40
relations of the extended loop braid group LB/, in the case n = 4, see the supplementary materials
[PS22¢]|.

=1 25iSn—2 t=n-—1
-1 1 L0 0 1 0 0
Ti |: 0 1 :| EBIn—2 Ii—2 S 1 -1 1 @In_i_l In—3 ® 1 —1 —§
—t 1 L 0 0 I 0 0
i |: 0 1 :| S lnz Li2® t -t 1 S L—i—1 I, 3 t —t —0
i=1 2<i<n—1 i=n
1 0 O 0]
B ’ —t 0 0
o =0 1 0
: (5 et e Lni -2 ® [ -1 -1 ]
B PR
-1 1

Table 5.1 Explicit matrices for the reduced Burau representation of the extended loop braid group
LB/,. Notation: § = 1 +t. All entries lie in S = Z[tF1]/(t> — 1), except for the bottom row, where
they lie in S/(¢t — 1) & Z, in other words we set ¢ = 1 on the bottom row.
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5.4 Properties

Irreducibility. The unreduced Burau representations (5.15) of LB,, and (5.21) of LB, are
clearly reducible, since they contain the reduced Burau representations (5.17) and (Table 5.1)
respectively. The reduced Burau representation (5.17) of LB,, becomes irreducible when we pass
to the field of fractions Q(t) of Z[t*']. This follows because its restriction to the symmetric group
S, C LB, is the standard (n — 1)-dimensional representation of &,,, which is irreducible over any
field.

On the other hand, for the reduced Burau representation (Table 5.1) of LB/, we cannot
directly pass to a field of fractions, since its ground ring S = Z[t*!]/(t> — 1) is not an integral
domain. Instead, we may tensor over S with Q, setting either t = —1 or ¢ = 1. In the first case,
the additional S/(t — 1) summand is killed and we obtain an (n — 1)-dimensional representation
of LB/, over Q, which is irreducible, again because its restriction to &,, C LB, is the standard

representation of &,,. In the second case, we obtain an n-dimensional representation:

LB/, — GL,(Q). (5.22)

Lemma 5.4.1. The representation (5.22) of LB!, is irreducible.

Proof. Suppose that V' C Q" is a non-trivial subrepresentation; we will show that V' = Q™. Write
v=o1x1+ -+ 1T + BY.

Step 1. It suffices to find v € V with v # 0 and 8 = 0.
First note that spang{x1,...,2,_1} is an irreducible subrepresentation (it is irreducible since its
restriction to &, is the standard representation of &,,). Thus V must contain spang{w1,..., T, 1}
But then it must also contain x,,—1 — pp(2z,—1) =y, and so V = Q™.

Step 2. It suffices to find v € V with v # 0 and ap_o — 20,1 — 28 # 0.

For such a v, we have 7,,_1(v) — v = (@p_2 — 20,1 — 28)x,_1, and we are done by Step 1.
Step 3. It suffices to find v € V with v # 0 and o, —1 + 26 # 0.

For such a v, we have p,(v) —v = —(ap—1 + 28)y, and we are done by Step 2.

Step 4. Let v € V be a non-zero vector. By the previous steps, we may assume that its
coefficients satisfy ay,—o = a,—1 = —208 and 8 # 0. We then have 7,,_2(v) —v = (ap—3 + 28)n_2,

so we are done by Step 1 unless a,,—3 = —25. On the other hand, if o,_3 = —28, we have
Tn—3(v) — v = (@p—4a + 28)x—3, so again we are done by Step 1 unless a,,—4 = —25. Repeating
this a further n — 5 times, we see that we are done unless a3 = ag = --- = a1 = —25. But in
this case we have 71(v) — v = 281, and we are done by Step 1. O

Remark 5.4.2. The restriction of the representation (5.22) to &,, C LB, is isomorphic to the
regular representation of &,,. To see this, note that spang{z1,...,2,_1} is a subrepresentation
isomorphic to the standard representation of &,,, and the quotient is a trivial 1-dimensional rep-
resentation. Thus, by Maschke’s theorem, (5.22)|s, is isomorphic to the sum of the standard
representation and a trivial 1-dimensional representation, which is isomorphic to the regular rep-
resentation of &,,.

Kernel. The classical (unreduced) Burau representation B,, — GL, (Z[t*!]) is known to be
faithful for n < 3 and unfaithful for n > 5 [Moo091; LP93; Big99]. By contrast, the unreduced Burau
representation (5.15): LB,, — GL,, (Z[t*]) is unfaithful for all n > 2, by [Bar05, Lemmas 4 and 5].
The unreduced Burau representations for LB,, and LB, fit together in the commutative square

indi J“X’RS (5.23)
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(recall that R = Z[t*!] and S = R/(t?> —1)) so the unreduced Burau representation (5.21): LB/, —
GL,(9) is also unfaithful for all n > 2. In fact, the kernel of the composition LB,, — GL,(S)
across the diagonal of (5.23) is larger than the kernel of (5.15): LB,, — GL, (R) since, for example,
(1101)? is sent to [¢ 9] ® L_o.

The transpose of the Burau representation. As mentioned in the introduction, the (unre-
duced) Burau representation of the classical braid group B,, is equivalent to its transpose. Explic-
itly, conjugation by the diagonal matrix Diag(1,t,...,t" 1) passes between the Burau representa-
tion and its transpose. On the other hand:

Lemma 5.4.3. The unreduced Burau representation (5.15) of the loop braid group LB, is not
equivalent to its transpose.

Proof. Let (5.15) = Bur. The aim is to show that there is no invertible matrix M € GL,,(Z[t*1])
such that Bur(g)M = MBur(g)t for all g € LB,,, where (—)® denotes the transpose of a matrix.
For n = 2, the equations Bur(c;)M = MBur(o1)* and Bur(r)M = MBur(r;)* imply that M is of
the form [_Z - ] , which is not invertible. For n > 3, we will prove by induction on n the statement
that the only matrix M satisfying Bur(¢g)M = MBur(g)® for all g € LB,, is the zero matrix. We
begin with the base case n = 3. Applying the argument for n = 2 to the top-left and bottom-right

b
2 x 2 blocks of M, we deduce that M must be of the form [—a a —a:|. Given this, the equation

c —a a
Bur(r)M = MBur(71)" then implies that b = ¢ = —a, and the equation Bur(oy)M = MBur(oy)*
implies that a = at, thus a = 0 and M is the zero matrix. For the inductive step, we may apply
the inductive hypothesis to the top-left and bottom right (n — 1) x (n — 1) blocks of M to see that
the entries of M are all zero except possibly the top-right and bottom-left entries. But then the
equation Bur(ry)M = MBur(7;)" implies that these are zero too. (m

Thus the representations (5.15) and (5.15)" are non-equivalent representations of LB,,. How-
ever, we have constructed both of these topologically: (5.15) is the action of LB,, on the first
homology group Hi(D3,n~1(x);Z) and (5.15)"" is the action of LB, on the second homology
group Hs(D3;7Z), as shown at the end of §5.2.

n’



Chapter 6

Actions of subgroups of MCGs on
Heisenberg homology

The results of this chapter are accepted for publication as [BPS23] in joint work with Christian
Blanchet and Awais Shaukat.

Introduction

In recent work [BPS21], we constructed a twisted action of the mapping class group of any compact,
connected, oriented surface ¥ with one boundary component on the homology of configuration
spaces with local coefficients determined by a representation V' of the discrete Heisenberg group
H = H(X). The details of this construction are recalled briefly in §6.1. For specific representations
V of ‘H we were able to untwist and obtain genuine, untwisted linear representations of the mapping
class group (for the linearisation H @ Z of the affine translation action of H on itself) or linear
representations of central extensions of the mapping class group (for the Schrédinger representation
of H).

Our goal here is to complete the study of this action on Heisenberg homology. In §6.2 we
identify the kernel of the action of the mapping class group on the Heisenberg group as the Chill-
ingworth subgroup (Proposition 6.2.6); hence we obtain a linear representation of this subgroup for
any representation V' of H (Theorem 6.2.12). We also identify the projective kernel of this action
(i.e. the subgroup of elements that act by inner automorphisms) with the Torelli group (Proposi-
tion 6.2.7) and use this fact in §6.3 to obtain untwisted linear representations of the Torelli group
for any V' (Theorem 6.3.3). In the special case where V is the Schrodinger representation — where
in [BPS21] we obtained an action of the stably universal central extension of the mapping class
group — we show in §6.4 that, restricting to a so-called Farle-Morita subgroup defined in Definition
6.2.1, we obtain linear representations without passing to any extension (Theorem 6.4.14).

Using the local system given by the Schrodinger representation at an odd root of 1, De Renzi
and Martel [DM22] produced a homological model for TQFT representations derived from quantum
sl(2). Our results shed light on a few points in their paper. First, Proposition 6.2.6 identifies a
certain subgroup of the mapping class group denoted by J\/EH;I in [DM22, Proposition 2.21] with the
Chillingworth subgroup. Second, the construction of [DM22, §6.2] depends on the identification
(Proposition 6.2.7) of the projective kernel of the action of the mapping class group on H with the
Torelli group.

161



162 Chapter 6. Actions of subgroups of MCGs on Heisenberg homology

Figure 6.1 Model for %.

6.1 Twisted representations of the mapping class group

6.1.1 A review of Heisenberg homology

Let ¥ = ¥, 1, for g > 1, be a compact, connected, oriented surface of genus g with one boundary
component. For n > 2, the unordered configuration space of n points in 3, ; is

Cn(ng) = {{Cl, .. .,Cn} C 2971 | C; 7é Cj for i 79 j}

The surface braid group is then defined as B, (X) = m1(C,,(2),*). A presentation for this group
was first obtained by G. P. Scott [Sco70] and subsequently revisited by Gonzalez-Meneses [Gon01]
and Bellingeri [Bel04]. We fix a collection of based loops, au,..., a4, B1,..., 08y, as depicted in
Figure 6.1. The base point *; belongs to the base configuration *. We will use the same notation
ar, Bs for the corresponding braids where only the first point is moving.

The braid group B, (X) has generators ai,...,aq, B1,..., By, together with the classical gen-
erators oq,...,0,_1, and relations:

(BR1) [o,04] =1 for |i — j| > 2,
(BR2) 00,0, = 0j0;0, for |i — j| =1,
(CR1) [(,04] =1 for i > 1 and all ¢ among the «., 85,
(CR2) [¢,01(01] =1 for all ¢ among the «,, 3, (6.1)
(CR3) [¢,07 o] =1 for all ¢ # n among the «,., Bs, with
{¢n} # {an, B},
(SCR) 01f8,010001 = .01 8, for all r.

Composition of loops is written from right to left.

We will use the notation z.y for the standard intersection form on H;(X;Z). The Heisenberg
group H(X) is the central extension of the homology group H;(X;Z) defined using the 2-cocycle
(z,y) — x.y. As a set, it is equal to Z x H;(X;Z), and the operation is given by

(k,x)(Ly) = (k+1+ zy,x +y). (6.2)

We will often denote the Heisenberg group simply by H = H(X) when the surface ¥ under
consideration is clear. We will use the notation a,, bs, for the homology classes of a.., Bs. From
the presentation (6.1) we deduced the following in [BPS21, §1].

Proposition 6.1.1. For each g > 1 and n > 2, the quotient of the braid group B, (X) by the
subgroup [o1,B,(2)]Y normally generated by the commutators [0y, ], x € B, (%), is isomorphic to
the Heisenberg group H(X). An isomorphism

B, (2)/[01,Ba(2)]Y = H(Z) (6.3)
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is represented by the surjective homomorphism
¢: Bn(X) — H(X)
sending each o; to u = (1,0), a, to a, = (0,a,) and Bs to by = (0, bs).

From the homomorphism ¢ we obtain a regular covering 5n(2) of the configuration space
Cn(2). The homology of this covering space is the homology of C,(X) with local coefficients
defined by ¢, which we call Heisenberg homology and denote by H,(C,(X),Z[H]). It is equipped
with a right Z[H]-module structure defined by deck transformations.

Let us denote by S, (C,,()) the singular chain complex of the Heisenberg covering C,, (X); this is
a complex of right Z[H]-modules. Given a (left) representation p: H — GL(V'), the corresponding
twisted homology is that of the complex

Su(Cn(2); V) = 8u(Cn(X)) @zpy V (6.4)
This will be called the Heisenberg homology of surface configurations with coefficients in V.

We also consider the Borel-Moore homology

HEM(Cn(E)v V)= lng*(Cn(Z)7Cn(E) \T;V), (6.5)
T

where the inverse limit is taken over all compact subsets T' C C,,(X). We denote by C, (3,0~ (
the closed subspace of configurations containing at least one point in a fixed closed interval 9~ (2
0%.. The relative Borel-Moore homology is defined similarly as
HEM(Cn(E)7Cn(Z> 0~ (%));V)
= lim H,.(Co(2),Ca(3,07(2)) U (Ca(2) \ T); V). (6.6)
T

%))
)

C

The following theorem computes the relative Borel-Moore homology as a module.

Theorem 6.1.2 ([BPS21, §2]). Let V' be any representation of the discrete Heisenberg group H(X).
Then, for n > 2, there is an isomorphism of modules

HPM(Co(T),Ca(Z,07(D);V) = PV
ke

Furthermore, this is the only non-vanishing module in HPM (C,,(X),Cn (2,07 (2)); V).

There is also an explicit geometric description of the indexing set K of the direct sum decom-
position of Theorem 6.1.2, which is explained in [BPS21, §2]; however, it will not be essential for
the present chapter.

6.1.2 An action of the mapping class group on the Heisenberg group

The mapping class group of X, denoted by IM(X), is the group of orientation-preserving diffeo-
morphisms of ¥ fixing the boundary pointwise, modulo isotopies relative to the boundary. The
isotopy class of a diffeomorphism f is denoted by [f]. An orientation-preserving self-diffeomorphism
f: ¥ — ¥ fixing the boundary pointwise gives a homeomorphism C,,(f): C,(X) — C,(X), defined
by {z1,xa,..., 25} = {f(z1), f(z2),..., f(zn)}. If we ensure that the basepoint configuration of
Cn(X) is contained in 9%, then it is fixed by C,(f) and this in turn induces an automorphism
fe. () = T1(Cn(f)): Bn(X) — B, (¥), which depends only on the isotopy class [f] of f. In [BPS21,
§3] we proved:

Proposition 6.1.3. There exists a unique automorphism fy: H — H such that the following

square commutes:

B, () — =@, B (%)

. l l . (6.7)

H*’H
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Thus, there is an action of M(X) on the Heisenberg group H given by

Ui for fo: M) — Aut(H). (6.8)

6.1.3 Twisted representations of the mapping class group

In [BPS21] we explained how to use the action (6.8) to obtain twisted representations of 9t(X) for
each representation V of H over a ring R and each integer n > 2. We recall this briefly here.

For a (left) representation p: H — Autg(V) and an automorphism 7 € Aut(H), the T-twisted
representation p o7 is denoted by V. Also, for any representation V of ‘H, we denote the induced
local system

Z[Cn(E)] ®Z[H] 1%
on the configuration space C,,(X) simply by V', by abuse of notation. We then write

Va(V) = H7Y (Ca(2),Ca(2,07(2)); V) (6.9)

for the relative Borel-Moore homology with coefficients in this local system. In this notation,
[BPS21, §4.1] explains that each mapping class f € 9(32) induces an automorphism of C,(X)
covered by an isomorphism

TOf’HV — TV

of local systems for each 7 € Aut(H). Taking relative Borel-Moore homology, we therefore obtain
isomorphisms
Vi (rofV) — V() (6.10)

of R-modules. This may be described succinctly as a representation of the action groupoid associ-
ated to the action (6.8) of M(X) on H.

Definition 6.1.4. For a group G with a left action a: G — Sym(X) on a set X, the action
groupoid Ac(G ~ X) is the groupoid whose set of objects is a(G), whose set of morphisms o — 7
is the subset a~!(77!o) C G and whose composition is given by multiplication in G.

Theorem 6.1.5 ([BPS21, Theorem A(b)]). Associated to any representation V- of H over R and
any integer n = 2, there is a functor

Ac(M(X) ~H) — Modg (6.11)

sending each object T: H — H to the R-module V,,(;V) and sending each morphism f: 7o fy — T
to the R-linear isomorphism (6.10).

Remark 6.1.6. The basic strategy to upgrade this to an untwisted representation is to try to
construct coefficient isomorphisms V' = ; V for each f. Given this, one may then pre-compose
(6.10) with the induced isomorphism of twisted homology groups to obtain automorphisms of
Vi (V). We explained how to do this in [BPS21, §4.2] when V is the linearisation L = H & Z of
the (affine) translation action of H on itself. We also explained in [BPS21, §5] how to do this —
after passing to a certain central extension of 9(X) — when V' is the Schrodinger representation of
‘H (this is recalled briefly in §6.4.1). The goal of the present chapter is to explain how to untwist
on the Torelli group T(X) C M(X) for any representation V' of H, as well as how to untwist on
Earle-Morita subgroups of 9t(X) when V is the Schrodinger representation of H (without passing
to any central extension).

6.2 Action on the Heisenberg group

The goal of this section is to study the action (6.8) of the mapping class group 2(X) on the
Heisenberg group H = H(X), as well as the crossed homomorphism naturally associated to this
action.
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6.2.1 Automorphisms of the Heisenberg group

As a first step, we recall a semi-direct product decomposition of an index-2 subgroup of the
automorphism group Aut(#).

Since the element u = (1,0) of H generates its centre, which is infinite cyclic, any automor-
phism of H must send it either to itself or its inverse. We denote the group of automorphisms
of H that fix u by Aut™(#). The structure of this group was studied in [BPS21, §3]. There is a
natural homomorphism £: Aut™(H) — Sp(H), where we write H = H;(X;Z), and a split short
exact sequence

1 —— HY(S;Z) —2 Autt(H) —£— Sp(H) —— 1 (6.12)

where j(c) = [(k,x) — (k + c¢(x),z)]. The splitting gives a decomposition Aut™(H) = Sp(H) x
HY(%;Z), where the semi-direct product structure on the right-hand side is induced by the natural
action of Sp(H) on Hom(H,Z) = H'(X;Z). The projection onto the right-hand factor of this
decomposition is a function (—)°: Aut™(H) — H'(%;Z) = Hom(H,Z) (which is not a group
homomorphism) given by the assignment ¢ — ¢° = pry(¢(0, —)).

For a mapping class f € (X)), the map fy of (6.7) is represented as follows:

fru: (k) = (k465 (2), fu(2)), (6.13)

where 8¢ = (f»)® € H(3;Z) = Hom(H,Z). We proved in [BPS21, §3] that the map 4: M(T) —
H'(%;Z) given by f + dy is a crossed homomorphism, meaning that

Sgor () = 05(x) + 7 (84) () -

We also identified this crossed homomorphism explicitly, by showing that it coincides with the
combinatorially-defined crossed homomorphism 9 constructed by Morita [Mor89a], who proved
that it represents a generator of H*(9(X); H'(3;7Z)), which is infinite cyclic. In fact, a different
crossed homomorphism 1) had been constructed somewhat earlier by Earle [Ear78], and turned out,
in light of [Mor89a], also to represent a generator of H'(9(X); H'(3;Z)). The precise relationship
between the crossed homomorphisms 0 and ¢ was elucidated in [Kun09]. In §6.2.3 below, we
discuss the relationship of 0 = § to the Trapp representation [Tra92] (see Proposition 6.2.10).

Definition 6.2.1. The Earle-Morita subgroup Mor(X) C 9(X) is defined to be the kernel of .

Remark 6.2.2. The Earle-Morita subgroup is not a normal subgroup of 9M(X), despite being a
kernel; this is because it is a kernel of a crossed homomorphism. We remark also that there are
many Earle-Morita subgroups, since the definition of ® (or, equivalently, the definition of §) depends
on a choice. The definition of § above uses the splitting of the short exact sequence (6.12). Note
that it depends on the choice of isomorphism (6.3) in Proposition 6.1.1, identifying the relevant
quotient of the surface braid group with (an explicit model for) the Heisenberg group.

6.2.2 The Chillingworth subgroup

Recall that the Torelli subgroup T(X) C 9MM(X) consists of those elements of the mapping class
group whose natural action on Hy(X;Z) is trivial. The restriction of the crossed homomorphism
0: f = 07 to the Torelli group is a homomorphism. We will first describe this homomorphism in
relation with the action of the Torelli group on homotopy classes of vector fields. Recall that the set
(%) of homotopy classes of non-vanishing vector fields on ¥ supports a natural simply transitive
action of H'(X;Z) (in other words, an affine structure over Z with associated Z-module H'(%; Z)),
and the action of M(X) is compatible with this action. It follows that the Torelli group acts by
translation on Z(X), which defines a homomorphism e: T(X) — H'(3;Z). A formula for e(f)([7]),
where v is a regular curve, is given by the variation of the winding number. For convenience we
recall some details about the winding number below.

Fix a Riemannian metric on 3. A non-vanishing vector field X gives a trivialisation of the
unit tangent bundle 73 (¥) = ¥ x S'. The winding number wx (y) of a regular oriented curve y
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sgn(p sgn(p sgn(p sgn(p

Figure 6.2 The sign of a point on « that is tangent to X.

is the degree of the second component of the unit tangent vector. It can be computed as follows.
Assuming that v is transverse to X except at a finite set v th X of points, where it looks locally as
in Figure 6.2, then

wx(y)= ) sen(p),

peyMX

where sgn(p) is defined in Figure 6.2. Notice that only the points p where the tangent vector of ~y
is parallel to X count towards this sum; those that point in the opposite direction to X do not.

Definition 6.2.3. The Chillingworth homomorphism e: T(X) — H'(X;Z), studied in [Chi72;
Joh80], is defined by

e(N)h]) =wx(feoy) —wx(7) - (6.14)
Its kernel is the Chillingworth subgroup Chill(¥). We note that e does not depend on the choice

of non-vanishing vector field X, but extends to a crossed homomorphism ex : M(T) — H(Z;Z)
that does, as we shall discuss in §6.2.3 (see Definition 6.2.9).

Remark 6.2.4. Since we have § = 0 (as recalled in §6.2.1 above) and e = ¢ on the Torelli group
(Lemma 6.2.5 below), we have:

Chill(X) = ker(e) = () Nker(d) = T(X) N Mor(%).

Equivalently, we may say that Chill(X) is the intersection of the kernels of s and 9, in other words
it is the kernel of (s,0): 9M(X) — Sp(H) x H. Notice in particular that, although the Earle-Morita
subgroup Mor(X) depends on a non-canonical choice (see Remark 6.2.2), its intersection with the
Torelli group does not.

The following lemma is Proposition 3.7 of [Bre02]. The proof there uses a result of [Mor93].
We give an independent proof below.

Lemma 6.2.5. The homomorphisms § and e coincide on the Torelli group and have image given
by 6(T(X)) = 2.HL(2;Z).
From formula (6.13) it follows that the kernel of the action ¥: M(X) — Aut™t(H) is contained

in the Torelli group; we may therefore identify this kernel as a corollary of Lemma 6.2.5.

Proposition 6.2.6. For any genus g > 1, we have ker(¥) = Chill(X).

Proof. From formula (6.13) we see that ker(¥) = T(X) Nker(d); by Lemma 6.2.5 this is equal to
ker(e) = Chill(%). O

Denote by Inn(H) the group of inner automorphisms of the Heisenberg group H. From Lemma
6.2.5, we may also identify the projective kernel of the action ¥, namely the subgroup ¥~ (Inn(#))
that acts by inner automorphisms.
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Proposition 6.2.7. For any genus g > 1, we have ¥~} (Inn(H)) = T(X).

Proof. Conjugation in the Heisenberg group H is given by the formula
(L) (ky) (=1, —z) = (Ly)(k, z) (=1, —z) = (k + 22.y,9) (6.15)

First, if U(f) = f3 is an inner automorphism, then its induced action on H must be trivial.
This means that f lies in the Torelli group. Conversely, if f € T(X3), we have from Lemma 6.2.5
that &¢ is in 2.H'(3;Z). Using Poincaré duality, we obtain z € H such that d¢(y) = 2z.y for every
y € H. Comparing formulas (6.13) and (6.15), we deduce that f3 is inner. O

We will use the following basic lemma about crossed homomorphisms in the proof of Lemma
6.2.5.

Lemma 6.2.8. Let G be a group acting on an abelian group K and denote by N C G the kernel
of this action. Suppose that S C N normally generates N in G. If two crossed homomorphisms
01,05: G — K agree on S, then they agree on N.

Proof. The assumption that S normally generates N in G means that
T={gsg'|s€S,9geG}CN

generates N. It will therefore suffice to show that 6; and 65 agree on T. Let s € S and g € G. We
know by hypothesis that 6;(s) = 02(s), and we need to show that 6;(g 'sg) = 02(g tsg). First,
observe that, for ¢ = 1,2, we have

0i(9) +9.0i(g7") = 0i(g"g) = 0:(1) = 0.
Using this, and the fact that s € N, so it acts trivially on K, we deduce that

0:(g~"sg) = 0i(g) + g.b:(s) + gs.b:(g~ ")
=0i(g9) + 9.0:(s) + g.0i(g™")
= g.0;(s).

Thus 61 (g~ tsg) = g.01(s) = g.02(s) = 02(g~ sg), as required. O

Proof of Lemma 6.2.5. The Torelli group is generated by genus-one bounding pair diffeomorphisms
[Joh79, Theorem 2], and this generating set is a single conjugacy class in the full mapping class
group. It follows that the Torelli group is normally generated by a(ny) single genus-one bounding
pair diffeomorphism f. We may therefore apply Lemma 6.2.8 to the setting where G = M(X),
K =H'(%;Z), N =%(X) and S = {f}. Both ¢ and e extend to crossed homomorphisms defined
on the full mapping class group (for e such an extension is given by the Trapp representation, as
recalled in §6.2.3 below). To prove that § and e coincide on T(X), it is therefore sufficient to show
that § and e agree on the single element f. Moreover, to show that 6(%(X)) C 2.HY(X;Z) it is
enough to show that this common value d; = e(f) lies in 2. H'(3;Z). Specifically, we will take this
element to be
f=BP(v,0) =T,T; ",

the genus one bounding pair diffeomorphism depicted in Figure 6.3, and we will show that the
elements e(f) and &7 of H'(X;Z) = Hom(H,Z) are both equal to the homomorphism H =
H,(X;Z) — 7Z given by

ap — 2 , a;—0fori>2 and b; — 0 for i > 1. (6.16)

As explained just above, this calculation will show that 6 = e on T(X) and that §(T (X)) C
2.H'(X;Z). The opposite inclusion will also follow, since d; = (6.16) is a free generator of
2.H'(¥;Z) and the other 29— 1 elements of the evident free generating set may be realised similarly
as 0 for analogous elements f’.
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o

as [)2 aq bl

Figure 6.3 The surface ¥ is obtained by identifying the 2g interior boundary components (four of
which are depicted above) in g pairs by reflections. The bounding pair map from the proof of Lemma
6.2.5 is BP(~,6) = T.,.Té_l7 for the blue curves v and §. The red and green arcs form a symplectic
basis for the first homology of 3 relative to the bottom edge 0~ (X).

Y 0

as b ay b1

Figure 6.4 An alternative model for the surface ¥, the bounding pair (7, d) and the symplectic basis
for the first homology of ¥ relative to the bottom edge 9~ (X).

It therefore remains to calculate that d; = e(f) = (6.16).

We first calculate d; from the automorphism f3;. We may directly read off from Figure 6.3
the effect of f3; on the elements a; and b; of H. It clearly acts trivially except possibly on the three
elements s = (0,az), ba = (0,b2) and @, = (0, ay), since the others may be realised disjointly from
vy UJ, and:

This gives the calculation 0y = (6.16).

To calculate e(f), we use the alternative model for the surface X, the bounding pair (v, d)
and the symplectic basis a;, b; for H depicted in Figure 6.4. This model for ¥ has the advantage
of having an obvious non-vanishing vector field X, which simply points upwards according to the
standard framing of the page.

Using this vector field X and comparing to Figure 6.2, we observe that the winding numbers of
the symplectic generators a; and b; (more precisely, their smooth, closed representatives pictured
in Figure 6.4) are given by

wx(a;) = -1 and wx (b;) = +1.

We recall that, by definition, e(f)(c) = wx(foc¢) —wx(c) € Z for any ¢ = [¢] € H. We clearly have
foc=cfor ¢ =a; orb; with i > 3 or for ¢ = by, since these curves may be represented disjointly
from v U . Hence e(f)([¢]) = 0 for these c.

The curve f oa; is depicted in Figure 6.5.

There are precisely three points on this curve where its tangent vector is equal to the vector
field X, i.e., where its tangent vector is pointing vertically upwards: two are positive and one is
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Figure 6.5 The curve foay for f = Tw.Té_l‘ The three points where its tangent vector points vertically
upwards are marked with dark red points: the left-most one is negative according to Figure 6.2, and
the other two are positive. [At first sight it may look like there are two more, but these are not allowed
since they do not fit either of the local models of Figure 6.2. We therefore perturb the curve slightly
to get rid of these two tangencies with the vector field X. Alternatively, we may perturb it differently,
to turn each of these disallowed tangencies into a pair of two allowed tangencies with opposite signs,
which will therefore cancel in the expression for wx (f o a1).]

negative (compare the local models in Figure 6.2), hence

e(f)(a1) = wx(foa1) —wx(ar)
=2-1)-(-1)
= 2.

Now let ¢ be either as or bs. In this case the effect of f is simply to conjugate ¢ by 7, so we have
that

wx(foc) =wx(y)+wx(c) —wx(v)
= wX(E),

since positive/negative tangencies with X for 4 are negative/positive tangencies with X for v~}

respectively, and so e(f)([¢]) = wx(f o €) — wx(¢) = 0. Thus we have shown that e(f): H — Z is
also given by (6.16). O

6.2.3 The Trapp representation

We next recall the Trapp representation [Tra92], and show that our representation (6.8) of 9M(X)
on H may be identified with it, up to “coboundaries”, when the genus g of ¥ is at least 2. This
provides an alternative proof of Proposition 6.2.6 (except when g = 1), since the kernel of the Trapp
representation is equal to the Chillingworth subgroup Chill(X) when g > 2 [Tra92, Corollary 2.7].

Definition 6.2.9. Write H = H;(3;Z) and H* = Hom(H,Z) = H(%;Z). The representation of
Trapp [Tra92] is defined as a homomorphism

(O3 {D”((Z) — Sp(H) x H* C GLQngl(Z) (617)

lifting the standard symplectic action s: 9 (X) — Sp(H). Having fixed this choice of symplectic
action, the homomorphism (6.17) corresponds to a choice of crossed homomorphism

ex: M(X) — H™. (6.18)

This crossed homomorphism is given by the variation of the winding number with respect to a
fixed non-vanishing vector field X on X, as already discussed in §6.2.2; see the formula (6.14).

We therefore have two homomorphisms

U = (6.8) and Ox = (6.17): M(X) — Sp(H) x H*
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corresponding to crossed homomorphisms ¢ and ex : M(X) — H*. We have proven above (Lemma
6.2.5) that these crossed homomorphisms are equal when restricted to the Torelli group. We now
strengthen this to show that ¢ and ex agree, modulo coboundaries, on the whole mapping class

group.

Proposition 6.2.10. For g > 2, the crossed homomorphisms 6 and ex represent the same co-
homology class in HY(ON(X); H*) = Z. In other words, they are equal modulo principal crossed
homomorphisms, i.e. coboundaries.

Proof. We will use the homomorphism
H'(OM(X); H*) — Hom(%(X), H*) (6.19)

given by restricting a crossed homomorphism 9(X) — H* to the Torelli group. This is well-defined
since principal crossed homomorphisms (coboundaries) are trivial on the Torelli group. The right-
hand side of (6.19) is rather large: by a theorem of Johnson [Joh85], the abelianisation of T(X) is
isomorphic to A>H @ (torsion), so Hom(%(X), H*) = Hom(A®H, H*), which is free abelian of rank
2g (239). However, it has the advantage that it is easy to detect when its elements are equal, since
it is just a group of homomorphisms (rather than crossed homomorphisms modulo principal ones).
On the other hand, the left-hand side of (6.19) is much smaller. Indeed, Morita proved in [Mor89a,
Proposition 6.4] that the group H'(9(X); H*) is infinite cyclic. (In fact, it is generated by [9],
which we showed in [BPS21] is equal to [§], but we will not need this.) In Lemma 6.2.5 we have
proven that ¢ and ex coincide, and are non-trivial, on the Torelli subgroup. Since Hom(%(X), H*)
is torsion-free, the homomorphism (6.19) is injective and the result follows. (m

Remark 6.2.11. In summary, we have considered three crossed homomorphisms
5,0,ex: M(Y) — H* = HY(X;7),

where 0 is the crossed homomorphism corresponding to the action (6.8) of the mapping class
group on the Heisenberg group, 0 is Morita’s crossed homomorphism (whose precise relationship
to Earle’s crossed homomorphism ¢ is described in [Kun09]) and ey is Chillingworth’s crossed
homomorphism, depending on a choice of non-vanishing vector field X on X. We showed in [BPS21]
that § = 0 on M(X). In this section, we have shown (Lemma 6.2.5) that § = ex when restricted to
T(X) and, moreover, that § = ex on (%) modulo coboundaries (Proposition 6.2.10). We note,
however, that only the weaker statement of Lemma 6.2.5 was needed to deduce (Propositions 6.2.6
and 6.2.7) that the kernel of ¥ is Chill(X) and the projective kernel of ¥ is T(X).

6.2.4 Restricting to the Chillingworth subgroup

Using Proposition 6.2.6, we deduce that the twisted representations of M(X) constructed in The-
orem 6.1.5 are in fact untwisted when restricted to Chill(X) C ().

Theorem 6.2.12. Associated to any representation V' of H over R and any integer n > 2, there
is a representation

Chill(Z) — Autg (HZM (C,(E),Cn(2,07(2)); V), (6.20)
which is a restriction of (6.11) to a single object of the action groupoid.
Proof. This follows from the construction described in §6.1.3, with each element f € Chill(X)

acting by the automorphism (6.10) (setting 7 = id), since we know from Proposition 6.2.6 that
fr =¥(f) =1id for each f € Chill(X). O
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6.3 Representations of the Torelli group

We now restrict to the Torelli group T(X) C 9M(X). By Proposition 6.2.7, the Torelli group acts
by inner automorphisms under ¥, so we have a homomorphism

U: T(X) — Inn(H) C Aut(H). (6.21)
We may therefore pull back the Z-central extension
1-2Z=22ZH) —H—Inn(H) =1 (6.22)
along (6.21) to obtain a Z-central extension
157 —3() —I(T) - 1 (6.23)

and a homomorphism
U:E(N) —H (6.24)

lifting (6.21).

Remark 6.3.1. The inner automorphism group Inn(#) naturally identifies with the first homol-
ogy group H = H;(X;Z). Under this identification, (6.21) becomes the crossed homomorphism
0: T(X) — H* (which is a homomorphism on the Torelli group) composed with the Poincaré du-
ality isomorphism H* = H. A 2-cocycle representing the extension (6.22) is the intersection form
.on H. A 2-cocycle representing (6.23) is therefore given by (f, f/) +— 0(f).6(f')*, where ( )
denotes Poincaré duality. As mentioned above, we showed in [BPS21] that § = 9, so this 2-cocycle
may also be written as (f, f') — o(f).0(f")E.

Recall from §6.1.1 that, for any choice of representation V' of #H, the Heisenberg homology
module HPM (C,,(X),C, (3,07 (X)); V) is obtained from the singular chain complex S, (C, (%)) of
the Heisenberg covering C, (X) by:

e tensoring over Z[H] with V' (6.4);

e for each compact T C C,(X), taking the quotient of this complex by the subcomplex corre-
sponding to the subspace C, (2,07 (X)) U (Cr(X)\ T);

e passing to homology and then taking the inverse limit over T (6.6).

The isomorphism (6.10) (for 7 = (fz)~!) is induced by the natural twisted action of f € M(%) on
S«(Cr (X)), which is of the form

Su(Ca()) — Su(Ca(D))fiy- (6.25)

Now, for an element h € H, let us denote by ¢; = h—h~! the corresponding inner automor-
phism ¢;, € Inn(H). One may verify that the isomorphism

i 8a(Cn(D))e, — Su(Cn(D)) (6.26)

of singular chain complexes given by the right-action of h is Z[H]-linear. For each f € ‘5(2)7 we
may then take the composition

(6.25)

~ (6.26)
— Su(Cn(%)) 2,

S.(Ca(D)) 2 S(Cu(D) (6.27)

where f denotes the projection of fto F(X) and we set h = \f/(f) € H. The fact that fyy = ¢y

follows from the fact that (6.24) is a lift of (6.21). This defines an untwisted, Z[H]-linear action
of T(X) on the singular chain complex S, (C,(X)). By the construction recalled above, this in turn

induces an untwisted, R-linear action of T(X) on Heisenberg homology:
T(X) — Autg(HPM (Co(),C0(2,07(2)); V). (6.28)

n

To complete the construction, we show that:
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Lemma 6.3.2. The central extension T(X) of T() is trivial, i.e. it is isomorphic to the product
T(E) x Z.

Theorem 6.3.3. Associated to any representation V of H over R and any integer n > 2, there is
a well-defined representation of the Torelli group

T(E) — Autp (HEPM (CA (), Ch (8,07 (X)); V) (6.29)
that lifts a projective action of T(X) on this homology module.

Proof. Let us abbreviate V,(V) = HEM(C,(X),Cn(2,07(%)); V). The group homomorphism
(6.28) must send the subgroup Z C (%) (the kernel of the central extension of T(X)) to the centre
of Autg(V,(V)), so it descends to

T(D) — PAutr(Va(V)), (6.30)

where the projective automorphism group PAutz(A) of an R-module A is the quotient of Autr(A)
by its centre. Note that the centre of Autg(A) is equal to {— - A | A € Z(R*)} when A is a
free R-module, but may be larger when A is not free. This is a projective action of the Torelli
group. To lift it to a linear action, we compose (6.28) with any section of the central extension
T(X) = T(X), which exists by Lemma 6.3.2. (m

To prove Lemma 6.3.2, we will need a lemma describing the behaviour of the crossed homo-
morphism 0 with respect to increasing genus. Consider the inclusion of surfaces ¥4 1 C ¥j 1 given
by boundary connected sum with 3j_g4 ;. This induces an inclusion of mapping class groups

M(Eg,1) — M(En) (6.31)
by extending diffeomorphisms by the identity on ¥j_g 1.
Lemma 6.3.4 ([BPS21, §5.2]). The diagram

6.31
M(Ty1) )y M)

ai f‘ (6.32)

HY (X, 1;Z) ——— HY(Zp1;2)

commutes, where the bottom arrow is the map induced by the inclusion X471 — Xy 1 on Hi(—;Z),
conjugated by Poincaré duality.

Proof of Lemma 6.3.2. We begin by showing that it suffices to prove the statement for all suffi-
ciently large g; we will then be able to assume g > 3 in the rest of the proof. For g < h, consider

the inclusion of Torelli groups
1 T(Eg1) — T(Zp1). (6.33)

We claim that the pullback of the central extension ‘E(Eh,l) along (6.33) is %(Eg,l). To see this,

recall from Remark 6.3.1 that the central extension %(Zgﬁl) of T(X,,1) is represented by the 2-
cocycle (f, f') — o(f)%.o(f")%. Similarly, the pullback of the central extension T(Xp 1) of T(Th.1)
along the inclusion (6.33) is represented by the 2-cocycle (f, f') — 2(¢(f))E.0(e(f))¥. Lemma 6.3.4,
together with the fact that the map Hi(X41;Z) — H1(Xp,1;Z) preserves the intersection form,
implies that these 2-cocycles are equal. Thus triviality of ‘E(Eh,l) will imply triviality of ‘E(Egyl)
for any g < h. For the remainder of this proof, we assume that g > 3 and abbreviate ¥, 1 to X, as
usual.

By [Bent20, Lemma A.1(xiii)] and homological stability [Wah13, Theorem 1.2], the canonical
surjection 9MM(X) — Sp(H) induces an isomorphism on H?(—;Z) when g > 3. It follows that
the inclusion T(¥) — 9M(X) induces the trivial map on H?(—;Z). This means that every Z-
central extension of 9M(X) becomes trivial when restricted to T(X). To prove the lemma, it will
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therefore suffice to show that %(E) is the restriction of a Z-central extension defined on the whole
mapping class group 9M(L). Recall from Remark 6.3.1 that the central extension T(2) of T(X) is
represented by the 2-cocycle ¢ given by ¢ (f, ') = o(f)!.2(f')%. We therefore just have to show
that the 2-cocycle ¢’ extends to M(X).

Now, there is a 2-cocycle ¢ on M(X), defined by Morita [Mor89b], given by the formula
c(f, f) = o(f~H)%a(f')*. By general properties of crossed homomorphisms, we have d(f~1)% =
—f7H0(f)), and so we may rewrite this as

c(f f1) = =[N D) = —a(f)F L)), (6.34)

where for the second equality we have used the fact that the automorphism f, of H preserves the
intersection form. Restricted to the Torelli group, we have f, = id, so c(f, f) = —o(f)L.o(f)! =
= (f, 1) for f, ' € T(X). Thus the 2-cocycle ¢’ extends to the 2-cocycle —c on M(X). O

6.4 Representations of Earle-Morita subgroups

We now identify another large subgroup of the mapping class group 9(X) on which we may
construct linear representations without passing to a central extension. We will do this in the
setting where we take coefficients in the Schrédinger representation of H and the subgroup under
consideration is the Earle-Morita subgroup of IM(X).

Recall from §6.2.1 that the Earle-Morita subgroup Mor(X) C 9(X) is the kernel of the crossed
homomorphism ?: M(Y) — H(X;Z) defined by Morita [Mor89a], and that this crossed homo-
morphism coincides with the one associated to the action M(X) — Aut™ (H) = Sp(H) x H'(Z; Z)
from Proposition 6.1.3. We also recall, from Remark 6.2.2, that this crossed homomorphism, and
its kernel Mor(X), depend on the parametrisation of the surface X.

An important representation of the Heisenberg group is the Schridinger representation, which
is parametrised by a non-zero real number 7 (called the Planck constant). It is given by the right
action II, of H on the Hilbert space W := L?*(RY) determined by the following formula:

eMPa(s — q). (6.35)

g
I, <k7$ = Zpiai + Qibi> 1/’] (s) = et

=1

In fact, this is an action of the continuous Heisenberg group Hg, which is the central extension
of Hg := H;(X;R) by R corresponding to the intersection form. There is a natural inclusion
H C Hg. The Schrédinger representation is a unitary action on W = L?(RY), so it may be written
as

y: He — U(W). (6.36)

We recall also that the group Aut™(Hg) of automorphisms acting trivially on the centre of
Hr decomposes as Aut™ (Hg) = Sp(Hg) x H'(3;R), similarly to the decomposition of Aut™(H)
described in §6.2.1. From these decompositions we see that there is a natural inclusion Aut™(H) C
Aut+(HR).

6.4.1 Untwisting on a central extension of the mapping class group

We first recall from [BPS21, §5] how to untwist the twisted representation (6.11) on the stably
universal central extension of M(X) when the H-representation V is the Schrodinger representation.
In §6.4.2-§6.4.4 we then explain how to untwist on the Earle-Morita subgroup without passing to
a central extension.

As recalled in [BPS21, §5.1], an immediate corollary of the Stone-von Neumann theorem (see
for example [LV80, p. 19]) is the following.
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Corollary 6.4.1 (of the Stone-von Neumann theorem). Fiz a positive real number h and let
p: Hr — U(W) be an irreducible unitary representation whose restriction to the centre R C Hg is
given by p(t,0) = eMt/2 idy,. Then there is an element u € U(W), unique up to rescaling by an
element of S*, such that p = uw.Ilp.u™".

In particular, we may apply this result to the representation p := Il o, for any automorphism

¢ € Aut(Hg). Sending ¢ to the element u € U(W)/S' = PU(W) provided by Corollary 6.4.1
defines a homomorphism

T: Aut(Hgr) — PU(W), (6.37)

which is the Segal-Shale- Weil projective representation. Restricting this to the subgroup Aut™ (H) C

Aut™ (Hg) C Aut(Hg), we may pre-compose it with the action ¥: 9t(X) — Aut™ (#) from Propo-
sition 6.1.3 to obtain a projective representation

M(S) — PU(W) (6.38)

of the mapping class group. This is the key ingredient for untwisting the twisted representations
of the mapping class group constructed in §6.1.3.

Definition 6.4.2. Let 9(X) denote the central extension of M(X) by S! pulled back from the
central extension U(W) of PU(W) along (6.38). By construction, the projective representation
(6.38) lifts to a linear representation

9731(2) — U(W) (6.39)
on this central extension.

Definition 6.4.3. For g > 4, the mapping class group M(X) is perfect and we have Hy(IM(X); Z) =
Z, so it has a universal central extension with kernel Z. Let us denote this extension by 5?(2) For
h > g > 4, the pullback of ﬁ(Eh,l) along the inclusion (6.31) is ﬁ(EQJ). Thus we may define,
for g > 1, the stably universal central extension ﬁ(EQJ) of M(X,.1) to be the pullback of the

universal central extension ﬁ(E}LJ) of M(X4, 1) along the inclusion (6.31), for any h > 4.

We note that there is a canonical morphism of central extensions
M(T) — M(T). (6.40)

When ¢g > 4 this morphism exists and is unique by universality of {)JVT(E) For g < 3 it may be
pulled back from the g > 4 case via the inclusion (6.31), as explained in [BPS21, §5.3].

Using these ingredients, we showed in [BPS21, §5.3] how to untwist the twisted representation
(6.11) of M(X) when taking coefficients in the Schrodinger representation W of H, after passing
to the stably universal central extension ﬁ(E) Let us recall briefly how this works, following the
philosophy of Remark 6.1.6. In the notation of §6.1.3, the construction of the twisted representation
(6.11) provides isomorphisms

Va(p,V) — Vu(V) (6.41)

for each f € M(X). (This is simply (6.10) with 7 = id#.) For each f € M(X) lifting f € M(D), its
image under (6.39) is a unitary automorphism of W that intertwines the left Schrodinger action
of H, as long as we twist the action on the codomain by fz. In other words, it is a (unitary)
isomorphism of left H-representations of the form W = , W. This is a direct consequence of
the defining property of the Segal-Shale-Weil projective representation from Corollary 6.4.1. This

isomorphism of coefficients induces an isomorphism V,,(W) = V,(5,, W), which we may compose
with (6.41) (for V = W) to obtain:

Theorem 6.4.4 ([BPS21, §5]). For any n > 2, there is a representation
ML) — GL(V,(W)) (6.42)

induced by the natural action of the mapping class group on (6.9) with coefficients in the Schrodinger
representation V.= W . Via the morphism (6.40), we may view this as a representation of the stably
universal central extension of M(X).
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The purpose of this section is to show that, when we restrict to the Earle-Morita subgroup
Mor(X) C M(X) and take coefficients in the Schrodinger representation V' = W, we may obtain a
representation of Mor(X) itself, without passing to any central extension.

We shall do this as follows. We first recall the metaplectic extension E/)J\T(E) of the mapping class
group, which is an extension by Z/2. Denoting by Mor (%) and Mor (%) the restrictions of ﬁ(Z)
and M(X) to the Earle-Morita subgroup, we show that Mor(X) contains 1\//15(2) and that 1\//1-&(2)
is a trivial extension. It will then follow that we may restrict (6.42) to Mor(X) € Mor(X) € M(S)

and pre-compose with a section of the trivial extension Mor(X) to obtain a representation of the
Earle-Morita subgroup Mor(X).

6.4.2 Metaplectic extensions

We first consider two extensions of the symplectic group Sp(Hg).

Definition 6.4.5. Recall that the fundamental group of Sp(Hgr) = Spsg(R) is infinite cyclic. It
therefore has a unique connected double covering group, which is called the metaplectic group,
denoted by Mp(Hg).

Definition 6.4.6. Consider the restriction of the projective representation (6.37) to the subgroup
Sp(Hg) C Sp(Hg) x H'(X;Z) = Aut™ (Hg) C Aut(Hg), which is a projective representation

Sp(Hg) — PU(W) (6.43)

of the symplectic group. It is in fact this restriction that is more usually referred to by the name
Segal-Shale- Weil projective representation. Denote by Sp(Hg) the pullback of the central extension
U(W) of PU(W). This is a central extension of Sp(Hg) by S*.

The main technical result of this subsection is the following;:

Proposition 6.4.7. There is an inclusion Mp(Hg) C Sp(Hg) of central extensions, restricting to
the inclusion Z/2 = {£1} C ST on fibres.

Before proving this, we record its implications under pulling back to the mapping class group.
We first define the relevant extensions of the mapping class group and its subgroups.

Definition 6.4.8. Denote by s: M(X) — Sp(H) the standard symplectic action of the mapping
class group on H = Hy(X;Z). The metaplectic extension M(X) of M(X) is defined to be its central

extension by Z/2 given by pulling back the Z/2-central extension Mp(Hgr) — Sp(Hgr) along s and
the inclusion Sp(H) C Sp(Hg).

Definition 6.4.9. For a subgroup G C 9M(X), we denote the restrictions of the central extensions
M(X) and M(X) to G by G and G respectively.

Corollary 6.4.10. There is an inclusion I\Z&(E) C Mor(X) of central extensions, restricting to
the inclusion Z/2 = {£1} C St on fibres.

Proof. By definition, the central extension 9(X) of M(X) is pulled back from the central extension
U(W) of PU(W) along the top row of the following diagram.

/ Autt(H) > Aut* (Hp) ——— PU(W)
2l 2l

M(X) ——— Sp(H) x HY(X;Z) —— Sp(Hg) x HY(Z;R)

b J

Mor(¥) ——— Sp(H) Sp(Hz)
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Since this diagram commutes (for the bottom-left square this is because @ = 0 on Mor (X)), it follows
that its restriction Mor(X) to the Earle-Morita subgroup is the pullback of the central extension
Sp(Hg) of Sp(Hg) along the bottom row of the diagram. On the other hand, the metaplectic
extension 1\7131*(2) is by definition the pullback of Mp(Hg) along the bottom row of the diagram.
Thus the inclusion of central extensions Mp(Hg) C Sp(Hg) of Sp(Hg) from Proposition 6.4.7 pulls
back to the desired inclusion Mor(X) € Mor(X) of central extensions of Mor(X). )

Remark 6.4.11. The argument above does not show that the metaplectic extension includes into
the S'-extension pulled back via the Segal-Shale-Weil representation on the full mapping class
group. This is because the inclusion of central extensions essentially arises at the level of the
symplectic group (Proposition 6.4.7), so we have to restrict to the kernel of ? to ensure that the
Sl-extension pulls back via the symplectic group.

Proof of Proposition 6.4.7. Let us first slightly rewrite the statement in notation that makes the
dependence on g explicit: our goal is to prove that, over the group Sps,(R), there is an embedding
of central extensions Mpay(R) < Spy, (R) (which must necessarily restrict to the inclusion Z/2 =
{£1} C S on fibres).

We first show that it suffices to prove this statement for all g sufficiently large; we will then
be able to assume for the rest of the proof that g > 4, which is the stable range for (co)homology
of degree at most 2 for Spa,(R) and M(X, 1). For any g < h there is an inclusion map Spz,(R) —
Span (R) given by extending symplectic automorphisms of R?9 by the identity on R?"~29. We claim
that the pullbacks of Mpo,(R) and of Sp,y,(R) under this inclusion are Mpay(R) and Spy,(R)
respectively. For the metaplectic central extensions this follows from the fact that the induced
map 7 (Sp2g(R)) = Z — Z = m1(Sp2n(R)) is an isomorphism and the metaplectic double covering
corresponds to the unique index-2 subgroup of 1. For Sp, note that the Segal-Shale-Weil projective
representations in genus g and h fit into a commutative square as follows:

Spag(R) (6.43) PU(L*(RY)) —— U(L2(RY))

j l l (6.44)

Span(R) O, PULA(R")) «— U(L*(RM))

The right-hand side square of this diagram arises as follows. We consider L?(RY) as the closed sub-
space of L?(R") consisting of those L2-functions that factor through R” = R9 x R*~9 — RY. Any
closed subspace of a Hilbert space has an orthogonal complement, so we may extend unitary auto-
morphisms of L2(IR9) by the identity on this complement to obtain a homomorphism U (L?*(RY)) —
U(L%(R")), which descends to the projective unitary groups, forming a pullback square. By defi-
nition, Spy, (R) is the pullback along (6.43) of the extension U(L?*(RY)) of PU(L*(R?)). Commu-

tativity of (6.44) then implies that the pullback of Sp,,(R) along the inclusion is Spy,(R). Thus

the existence of an embedding Mpap(R) < Spyy,(R) will imply the existence of an embedding
Mp2y(R) — Spy,(R) for g < h. We henceforth assume that g > 4 in this proof (this is only needed
in the last paragraph).

First, we recall from [LV80, §1.7] that a particular choice of cocycle
Wsp: Sng(R) x Sp2g(R) . Sla

representing the central extension STDQQ (R), takes values in the finite cyclic subgroup Z/8 C S,
so there is an embedding of central extensions Spa,(R)®) — Spy,(R), for a certain Z/8-central

extension Spa,(R)®) of Spyy(R). Moreover, this central extension is classified by the element
—[7].8Z € H*(Spay(R);Z/8), the reduction modulo 8 of the element —[7] € H?(Sp2,(R); Z) repre-
sented by the negative of the Maslov cocycle T (see formula 1.7.7 on page 70 of [LV80]).

Second, we also recall from [LV80, §1.7] that there is a function

s: Spag(R) — Z/4 C S*
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such that wgy(g, h)? = s(g)~ts(h)~ts(gh) (formula 1.7.8 on page 70 of [LV80]). It follows that the
subset of Spgg(R)(g) of those pairs (t,g) for which t* = s(g) is a subgroup. The projection onto
Spag(R) restricted to this subgroup is a double covering, and so this subgroup must either be the
trivial covering Spag(R) x Z/2 or the metaplectic covering Mpa,(R).

To finish the proof, we just have to show that it cannot be the trivial covering. Suppose
for a contradiction that it is. Then szg(]R)(S) admits a section, so it is a trivial extension and
we must have [7].8Z = 0 € H?(Sp2,(R);Z/8). However, the pullback of [r] along the projection
IM(E) — Sp2y(R), also denoted by [7], is precisely 4 times a generator of H(9MM(X); Z) = Z (here
we are using the assumption that g > 4). Thus [7].8Z € H2(9M(X); Z/8) = Z/8 is non-zero. Hence
we must have [7].8Z # 0 already in H?(Spay(R);Z/8). This completes the proof. O

6.4.3 Triviality of an extension

The last ingredient that we will need is the following.

Proposition 6.4.12. The Z/2-central extension 1\//1&(2) of Mor(X) is trivial.

Proof. We first note that it suffices to prove this statement for all sufficiently large g. This is
because the inclusion of mapping class groups M(X, 1) — M(Xp 1) restricts to an inclusion of
Earle-Morita subgroups Mor(X, 1) < Mor(X;,1) (as an immediate consequence of Lemma 6.3.4),
and the pullback of I\Zo\r(EhJ) along this inclusion is I\Zo\r(ZgJ), for any g < h. This last statement
follows from the fact that the pullback of Mps,(R) along Spag(R) < Spap(R) is Mpeg(R), which
was explained during the proof of Proposition 6.4.7. We now assume that g > 4 for the rest of the
proof.

Recall from the proof of Proposition 6.4.7 that there is an embedding of central extensions
Mpag(R) < Spa,(R)®) where Spa, (R)®) is a certain central extension of Spa,(R) by Z/8. Pulling
back along the symplectic action (X)) — Spag(R), we obtain an embedding of central exten-
sions M(E) — M()®), where M(X)® is classified by —[7].8Z € H2(M(X);Z/8) = 7Z/3. Now,
H?(9M(X); Z) is infinite cyclic, generated by the first Chern class ¢1, and we have [r] = 4c¢;. There
is also a cocycle ¢: M(X) x M(X) — Z defined by Morita [Mor89b| given by the formula c(f, f') =
o(f~HE.a(f")* (see also the proof of Lemma 6.3.2) and we have [c] = 12¢; in H?(9(X);Z). Thus,
in particular, we have 3[7] = [c]. Since Mor(X) = ker(d), Morita’s cocycle ¢ vanishes on Mor(X),
and so after restricting to the Earle-Morita subgroup we have 3[7] = [c] = 0 € H?(Mor(X); Z).
Reducing modulo 8 we therefore have 3[7].8Z = 0 € H?(Mor(X);Z/8). But this cohomology group
is a Z/8-module, and 3 is invertible modulo 8, so we may divide by 3 and deduce that [7].8Z = 0
in H?(Mor(X);Z/8). Hence the restriction Mor(X)®) of M(X)®) to the Earle-Morita subgroup
Mor(X) is a trivial extension. It therefore follows from the embedding 1\7131*(2) < Mor(X)®) that
I\Zo\r(Z) is also a trivial extension. (m

Remark 6.4.13. In summary, we have considered, in this subsection and the previous one, three
nested central extensions Mp(Hg) C Sp(Hg)® C Sp(Hg) of the symplectic group Sp(Hg) with
fibres Z/2 C Z/8 C S*. Clearly they are either all trivial or all non-trivial. We have seen that
their pullbacks along the symplectic action 9(X) — Sp(Hg) are non-trivial (and hence they must
also be non-trivial to begin with), but their further pullbacks (restrictions) to the Earle-Morita
subgroup Mor(X) C M(X) are trivial.

6.4.4 Untwisted representations of Earle-Morita subgroups

We may now conclude with the main result of this section:
Theorem 6.4.14. For any n > 2, there is a representation
Mor(X) — GL(V,(W)) (6.45)

induced by the natural action of the mapping class group on the twisted Borel-Moore homology
group (6.9) with coefficients in the Schrodinger representation V. =W.
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Proof. By Theorem 6.4.4, such a representation is defined on the central extension 90(X) of the
mapping class group by S. By Corollary 6.4.10, the restriction of this extension to Mor(X) C 9(3)
contains the metaplectic extension 1\7[3r(2), so we may further restrict to this subgroup. By
Proposition 6.4.12, the central extension M&(E) of Mor(X) is trivial, i.e., it admits a section.
Hence, composing with any such section, we obtain the desired representation (6.45). O
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F.1 Stable homology of moduli spaces

There are several families of moduli spaces for which homological stability is known to hold, but
the stable homology is not at all understood.

Configurations of higher-dimensional submanifolds. For example, as recalled in §0.1.2,
homological stability for unordered configuration spaces C, (M) in an ambient manifold M that
is connected and non-compact generalises to moduli spaces C,, (M) of higher-dimensional closed
submanifolds of M that are isotopic to the disjoint union of finitely many parallel copies of a given
L C M (the case L = {*} recovering the classical setting of point-configurations).

In contrast, the stable homology

colim (H.(Cnr(M))) (F.1)
is known when L = {x} (by Segal [Seg73] and McDuff [McD75]) but is almost completely unknown
whenever dim(L) > 0. The first stable homology group of C,,s1(R3) (for the component of the
unlink) is known to be isomorphic to (Z/2)? by Brendle and Hatcher [BH13], who in fact calculated
71 (Cps1(R3)) for all n, but otherwise the stable homology groups (F.1) are very mysterious.

In particular, the techniques of [Seg73; McD75] involving scanning maps cannot apply (at
least, not directly) for higher-dimensional L. For example, the naive generalisation of the scanning
argument gives the wrong answer in the setting of C, 1 (R?), as one may check using the calcu-
lations of [BH13] mentioned above. More conceptually, scanning maps cannot capture all of the
information of a positive-dimensional configuration, since they only “see” infinitesimally-extended
objects and thus the global topology of the configuration is invisible to them as soon as it consists
of more than just points.

The following question is therefore still wide open:

Question F.1.1. What are the stable homology groups (F.1) when dim(L) > 07

Moduli spaces of manifolds with conical singularities. As proven in Chapter 2 (see also
Theorem J in §0.1.2), homological stability for configuration spaces of higher-dimensional subman-
ifolds C,, 1. (M) may be used to deduce homological stability for the moduli spaces BDiffo7 () (M,.1.)
of manifolds equipped with conical 9T (L)-singularities, as the number of singularities goes to in-
finity. One may ask the same question about their stable homology:

Question F.1.2. What are the stable homology groups %(210121 (H. (BDiffaT(L)(Mn.L)))?

Recall that the manifold-with-singularities M,,.r, is constructed by collapsing a tubular neigh-
bourhood of each copy of L to a point. This means that the global information about the diffeomor-
phism type (and isotopy class) of the embedded copies of L has been concentrated at the isolated
singularities of M,,.;,. It may therefore be possible, in this setting, to successfully adapt the classical
scanning techniques to answer Question F.1.2. Using the relationship between BDiffaT(L)(Mn. L)
and C, (M) (in the opposite direction to the logic of the proof of homological stability), this may
in turn shed light on Question F.1.1.

F.2 Big mapping class groups

A number of open questions concerning big mapping class groups were asked in Chapter 3, some
of which we recall here.

Question F.2.1 (Question 3.7.1). Amongst infinite type surfaces S, is there a dichotomy between
those for which H;(Map(S)) is finitely generated for all ¢ and those for which H;(Map(S)) is
uncountable for all i?
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Remark. This is compatible with all currently known calculations, in particular with those of
Theorems K and M of §0.1.3, although these only cover a few corners of the gamut of all possible
infinite type surfaces.

Question F.2.2 (cf. Questions 3.0.11 and 3.0.12). Is there an infinite type surface S for which
H,.(Map(S)) or H,(PMap(S)) contains an uncountable torsion subgroup?

Remark. All currently known methods for constructing uncountable subgroups of H,(Map(S5))
(including [Dom22], [MT23], Chapter 3) produce subgroups isomorphic to @@.Z or @, Q (where
¢ denotes the cardinality of the continuum). However, I expect that the answer to Question F.2.2
must surely be yes; its purpose is to highlight that such a basic question is still unknown.

The cohomology of big (pure) mapping class groups is expected to have even larger cardinality:

Question F.2.3 (Question 3.7.6). If S is an infinite type surface, does it follow that H*(PMap(S))
has cardinality > 2° (where ¢ = cardinality of the continuum) for each i > 27

Remark. This is true if S has infinitely many non-planar ends, by Proposition 3.7.7. Note that
Proposition 3.7.7 also implies the existence of an uncountable torsion subgroup of H*(PMap(5))
under this assumption. This does not help with Question F.2.2, however, since this uncountable
torsion subgroup arises, via the universal coefficient theorem, from the Ext-group Extz(ZY,Z) of
the two torsion-free groups Z~N and Z.

Question F.2.4 (Question 3.7.2). Denote by S, the connected, compact, orientable surface of
genus g with one boundary component and consider a Cantor subspace C C Sy 1 of its interior. Is
the natural map Map(Sg1 ~ C) — Map(S,,1) a homology isomorphism?

Remark. As pointed out in Remark 3.7.3, this is known to be true in homological degree one (by
[CC22, Theorem 2.3]) and in all degrees for g = 0 (by Theorem K in §0.1.3.1).

Compactly-supported homology classes. For any infinite-type surface S, one may consider
the inclusion
czolign(Map(E)) = Map,(S) — Map(S) (F.2)
c

of the compactly-supported mapping class group (the colimit is taken over all compact subsurfaces
¥ C S) and its induced map on homology

colim(H. (Map(53))) = H.(Map,()) — H.(Map(S)). (F.3)
For example, when S is the Loch Ness monster surface L = colimy_,o(Sy,1), the left-hand side of
(F.3) is the stable homology of (compact, oriented) mapping class groups, which is understood by
the Madsen-Weiss theorem [MWO07], whereas the right-hand side is uncountable in every positive
degree by Proposition 3.4.3.

Question F.2.5. For which infinite type surfaces S is the map (F.3) non-trivial, i.e., when does
H,(Map(S)) contain non-trivial compactly-supported classes?

Remark. Ongoing joint work with Xiaolei Wu gives a partial answer to this question, which seems
to be particularly subtle when S has genus zero.

F.3 Homological representations

The most famous — and extremely difficult — open question concerning (homological) representa-
tions is whether the mapping class groups Map(X, 1) are linear, i.e. admit faithful representations
on finite-dimensional vector spaces (see [Marl9, §1]). This question is also open in general for the
surface braid groups B, (S) (except when S has very low genus [Big01; Kra02; GG12]) and for the
loop braid groups wB,,.
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These wide-open questions are one motivation for the construction of new, homological repre-
sentations of mapping class groups and motion groups. (Homological, since those representations
that have proven themselves useful in answering the linearity question in the positive have, so far,
all been homological in nature.) Other motivations are given by the following potential applications
(phrased as speculative questions):

Question F.3.1. Can one construct Chern-Simons theory for G = SU(2) purely in terms of the
twisted homology of configuration spaces on surfaces?

Question F.3.2. Can one use new families of representations of braid groups to construct novel
polynomial link invariants via Markov functions?

Question F.3.3. Can one use homological representations of the ribbon Thompson group (viewed
as an asymptotically rigid mapping class group) to produce new link invariants via Jones’ construc-
tion [Jonl7; Jon19] of links from Thompson groups?
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