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Abstract

We prove homological stability for two different flavours of asymptotic monopole moduli
spaces, namely moduli spaces of framed Dirac monopoles and moduli spaces of ideal monopoles.
The former are Gibbons-Manton torus bundles over configuration spaces whereas the latter are
obtained from them by replacing each circle factor of the fibre with a monopole moduli space
by the Borel construction. They form boundary hypersurfaces in a partial compactification of
the classical monopole moduli spaces. Our results follow from a general homological stability
result for configuration spaces equipped with non-local data.

Introduction

The topology of the moduli spaces of magnetic monopoles M, has been the subject of intensive
study for many decades. By a theorem of Donaldson [Don84], they have a model as spaces of
rational functions on CP!. Via this model, their homotopy and homology groups are known to
stabilise as k — oo by a theorem of Segal [Seg79] and their homology (both stable and unstable)
was completely computed by [Coh™91] in terms of the homology of the braid groups, which is
completely known [CLMT76].

The moduli spaces My, are non-compact manifolds. Recently, a partial compactification of My
has been constructed by Kottke and Singer [KS22] by adding certain boundary hypersurfaces T
to My, indexed by partitions A = (ki,...,k.) of k. Points in these boundary hypersurfaces are
thought of as “ideal” monopoles of total charge k, with r “clusters” centred at different points
in R3, with charges ki,..., k., which are “widely separated” but nevertheless interact. Our main
theorem proves a homology stability result for these ideal monopole moduli spaces as the number
of clusters of a fixed charge ¢ > 1 goes to infinity:

Theorem A Fix a positive integer ¢ and a tuple A = (ki,..., k) of positive integers k; # c. Write
Anle = (k1,..., kr,c, ..., c), where ¢ appears n times. There are natural stabilisation maps

Irn). — Iaint1]e (0.1)

that induce isomorphisms on homology in all degrees < n/2—1 with Z coefficients and in all degrees
< n/2 with field coefficients.

We also prove an analogous result for moduli spaces of framed Dirac monopoles (in other words
Gibbons-Manton torus bundles; see §1.2 for the definitions) and, more generally, Gibbons-Manton
Z-bundles for any sequence Z of path-connected S'-spaces; see Theorems 3.1 and 3.8.

These results follow from a general homology stability result (Proposition 2.1) for unordered
configuration spaces with non-local parameters. Homology stability for configuration spaces whose
points are labelled by elements of a fixed space X is well-known; these are configuration spaces with
local parameters. However, the ideal monopole moduli spaces Zy are non-local. The key observation
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in §2 is that homology stability only requires the parameters associated to a configuration to satisfy
much weaker properties, which allows us to consider interesting non-local parameters. In [PT21],
we recently proved a different homology stability result for non-local configuration spaces, namely
for configuration-section spaces; this encouraged us to try to prove homology stability also in the
context of ideal monopole moduli spaces.

Outline. We first recall some background on moduli spaces of magnetic monopoles in §1: first
on the moduli spaces themselves in §1.1 and then on their partial compactifications introduced by
[KS22] in §1.2, whose boundary hypersurfaces are the ideal monopole moduli spaces. In §2 we then
prove a general homology stability result for configuration spaces equipped with “non-local” data,
deducing it from twisted homological stability for configuration spaces [Pall8] (see also [Kral9]).
In §3 we apply it to prove our main theorem, homology stability for ideal monopole moduli spaces,
as well as an extension (Theorem 3.8) to Gibbons-Manton Z-bundles more generally.

Acknowledgements. The first author is grateful to Michael Singer for introducing him to asymp-
totic monopole moduli spaces, and for asking the question of whether they are homologically stable.

1. Monopole moduli space and boundary hypersurfaces

1.1. Monopole moduli space. We briefly recall from [AH88] some different monopole moduli
spaces and the relations between them.

A magnetic monopole on R? is a pair of smooth functions ¢, A: R3 — su(2) = R? satisfying
the Bogomolny equations and a certain finiteness condition. (See [AH88, pp. 14-15] for details.)
This finiteness condition implies that ¢(x) # 0 for |z| sufficiently large, so the restriction of ¢ to
R? \ Br(0) takes values in su(2) \ {0} for R > 0. The degree of this map is the charge of the
monopole, and is always positive. The set of all magnetic monopoles of charge k > 1, up to gauge
equivalence (automorphisms of the trivial bundle R? x su(2) — R3), suitably topologised, is the
monopole moduli space Nj. A slight variation of the construction, quotienting by a smaller gauge
group, yields a different space M, related to N} by a principal S'-bundle

Mk HNk:Mk/Sl. (1.1)
Translation of solutions to the Bogomolny equations in R? also defines a principal R3-bundle

Nip — M) = N, /R®. (1.2)

The spaces My, and M) admit the structure of hyperKéhler manifolds of dimensions 4k and
4k — 4 respectively. For k = 1 we have M9 = pt (and M}, = S x R3) and for k = 2, the 4-manifold
MY is known as the Atiyah-Hitchin manifold and has been studied in detail in [AHSS)].

By [Don84], My is homeomorphic to the space Ry, of degree-k rational self-maps of CP! that
send oo to 0. Thus is it also homeomorphic to the space R}, of degree-k rational self-maps of CP!
that send co to 1. The points of the space R} may conveniently be described as pairs (p,q) of
coprime monic polynomials with coefficients in C, both of degree k. Identifying these polynomials
with their sets of roots, we obtain a natural embedding

R}, — SP*(C) x SP*(C)

whose image counsists of all pairs (A, B) of multi-subsets of C that are disjoint. On the other hand,
the space Ry is convenient in that the circle action is easy to see: under the isomorphism My = Ry,
the circle action is given simply by multiplying rational self-maps of CP! by e%.

The fundamental group of My, is Z, by [Seg79, Proposition 6.4]. Also, by [AH88, chapter 2], the
fundamental group of N} is Z/k and the projection map (1.1) induces the reduction-mod-k map
Z — Z/k. Tt follows from the long exact sequence that (1.1) induces isomorphisms on 7; for all
i > 2, so My, and N have the same universal cover, denoted by Xj.

There are stabilisation maps My — M4, which may be defined under the isomorphism
My = Ry, by adding to a given rational self-map a new zero and a new pole “far away” from the



origin. (This is not invariant under the circle action, so it does not descend to a stabilisation map
on the moduli spaces Ny.) The stabilisation maps M}, — My induce isomorphisms on homotopy
groups (and hence also homology groups) in a stable range, by [Seg79]. Lifting to universal covers,
it follows that there are also stabilisation maps X, — Xj+1 that induce isomorphisms on homotopy
(and homology) groups in a stable range.

By the main theorem of [Seg79], the homotopy colimit of the stabilisation maps My — M1 —

- is weakly equivalent to Q2252. Thus the stable homology of My, is the homology of Q352 and
the stable homology of X} is the homology of the universal cover of Q%S2. Moreover, the unstable
homology of My, (i.e. its homology outside of the stable range) is also known: by the main result
of [Coh*91; Coh™93], the homology of M}, is isomorphic to the group homology of the braid group
Bsy, which is completely computed [CLM76]. The rational unstable homology of X}, has also been
computed by [SS96], and is significantly more complicated than the rational unstable homology of
M, (which is the same as that of the circle).

Notation 1.1 The principal bundles (1.1) and (1.2) arise from a principal (in particular free)
action of the product S* x R? on on M. If we first quotient by R? (Euclidean translations) we
obtain a principal R3-bundle
My — M§, = My, /R, (1.3)
In particular, we have M, ~ M. (The superscript ¢ stands for centred monopoles.) The quotient
¢ is a (4k — 3)-dimensional manifold and there is a principal S'-bundle

MG — MY = MS/S' = Ny /R, (1.4)

1.2. Boundary hypersurfaces. Kottke and Singer [KS22] have constructed a partial compact-
ification of M§, ~ M, of the form

M, =| |z (1.5)
A

with strata indexed by sequences A = (k1,...,k;,) of positive integers that sum to k. The stratum

— ——C
ZIfy) is the interior M of M, and the union of all strata Z§ for A # (k) is the boundary of M.
Points in Z§ are called centred ideal monopoles associated to the partition A.

We will not recall here the construction of Z§ in [KS22]; instead we will take an alternative
characterisation of Z§ to be its definition (see Definitions 1.5 and 1.11 and Remark 1.12).

Let us write F,.(RY) = {(v1,...,v,) € (RY)" | v; # v; for i # j} for the ordered configuration
space of r points in R%. Recall (see for example [FHO1, Theorem V.1.1]) that the degree-(d — 1)
cohomology of F,.(R?) is given by:

H"NFRY);Z) = Z{ai; | 1<i<j<r}, (1.6)

where «;; is the pullback of a generator of H?~1(S%~1;Z) along the map ¢;;: F,.(R?) — S¢~! given
by the formula
€Ty — SCj
x=(21,...,&) — ——.
|z — 4]

Since principal S'-bundles over a space X are classified by H?(X;Z), this means that principal
S'-bundles over F,.(R?) are classified by integer linear combinations of the ;. (One dimension
lower, the same data classifies principal Z-bundles over F,.(R?), in other words regular coverings
of F,.(R?) with infinite cyclic deck transformation group.)

Definition 1.2 ([KS22, Definition 4.6]) For a sequence of integers A = (k1,...,k,), the corre-
sponding Gibbons-Manton circle factors are the principal S'-bundles

Sy — FL.(R3),
for j € {1,...,r}, corresponding to the elements Zie{l VVVVV it k;i.c;j, where we define o;; = —aj;

if ¢ > j. The Gibbons-Manton torus bundle weighted by A is the principal T"-bundle

T :éSAJ— — F,(R%). (1.7)

j=1



A point in Sy ; may be thought of as an ordered configuration together with a non-local circle
parameter encoding the interaction of the jth particle with all other particles, weighted by A.
A point in T may similarly be thought of as an ordered configuration together with r non-local
circle parameters, each encoding the interaction of one of the particles with all of the others (again,
weighted by A).

Definition 1.3 The symmetric group 3, acts on F,.(R?®) by permuting the particles. Let ¥y < 2,
be the stabiliser of A = (k1,..., k) € Z" under the obvious permutation action of %, on Z". Then
the action of ¥y on F,(R3) lifts to a well-defined action on 7y. The Gibbons-Manton configuration
space is the quotient space Ty = 7~j\ /%. Note that there is a principal T"-bundle

T — Fo(RY)/y. (18)

In particular, when k1 = k3 = --- = k., we have X, = X, and T, is a principal T"-bundle over the
unordered configuration space C.(R?).

Remark 1.4 One may make analogous definitions for Euclidean spaces R? in general, replacing
St = K(Z,1) with K(Z,d — 2), so that T, is a principal K(Z,d — 2)"-bundle over F,.(R9). For
example, when d = 2, it is a regular covering space with deck transformation group isomorphic to
Z". In particular, for d = 2 and A = (1,1,...,1), it is the regular covering space corresponding to

the homomorphism
or: m(F.(R*)) = PB, — Z"

that records, for each 1 < ¢ < r, the total winding number of the ¢th strand of a given pure
braid around the other r — 1 strands. This is a disconnected covering with components indexed
by coker(p,); each connected component is a classifying space for the subgroup ker(¢,.) < PB,
consisting of those pure braids b where each strand of b has zero total winding number around the
other r — 1 strands:
| | Blker(e,)) — F.(R?).
coker(py)

Definition 1.5 The moduli space of ideal monopoles of weight A is defined as follows. Recall that
the monopole moduli space My, is equipped with a circle action. The product My, x --- x My,
is therefore equipped with an action of the torus T". We define 7, to be the total space of the
fibre bundle associated to the principal T"-bundle 7, by changing the fibre to My, x - x My, .
In other words, it is the Borel construction

Ty = Ty X1+ (Mp, x - x My, ) — F(R®).

We then define 7 = f,\/E)\, where 3 acts diagonally on 7~j\ (see Definition 1.3) and on the product
My X oo X My,.. The moduli space of ideal monopoles of weight A is this space Zy. It is the total
space of a fibre bundle

7 Iy — F.(R?)/T) (1.9)

with fibre My, X -+ x My, .

Remark 1.6 This is not yet the boundary stratum Z§ constructed by [KS22] in their partial
compactification of M$, since it has the wrong dimension. Recall that the dimension of My, is
4k — 3, so its boundary strata must have dimension 4k — 4, whereas the dimension of Z is 4k + 3r.
The definition of Z§ is similar to that of Z, (and these two spaces are homotopy equivalent; see
Remark 1.9), using the centred moduli spaces My, instead of My, and using a centred version of
the configuration space, which we define next.

Definition 1.7 The ordered centred configuration space F¢(R3) C F,.(R3) is defined to be the

space of all ordered configurations (1, ...,,) in F,.(R3) such that
> ai=0 and D |mf=1 (1.10)
i=1 i=1

and has dimension 37 — 4. The unordered version C¢(R?) C C,.(R3) is defined similarly and we
have C¢(R3) = F¢(R3)/%,.



Definition 1.8 The moduli space of centred ideal monopoles of weight A is defined as follows.
Analogously to Definition 1.5, consider the Borel construction

TS = TE xpr (MG, X - x M§ ) — FS(R®),

where 7~;\C is the restriction of Ty — F,.(R3) to F2(R3) C F.(R?). We then define I§ = fﬁ/E)\,
which is the total space of a fibre bundle

7 I§ — FS(R3) /2 (1.11)
with fibre Mg x - x M, .

Remark 1.9 Since the inclusion F¢(R?) C F,.(R3) and the projection (1.3) are homotopy equiva-
lences, we also have

I ~ Ty,

They are therefore interchangeable when studying their homotopical properties individually. How-
ever, they are not homeomorphic, and Z§ (rather than 7)) is the boundary stratum corresponding
to A in the partial compactification of [KS22]. Note that this space now has the correct dimension,
namely (3r —4) + >0, (4k; —3) =3r — 4+ 4k — 3r = 4k — 4.

However, since we focus in this paper on the homological properties of Zy, the difference between
7y and Z§ will not be relevant to us.

Terminology 1.10 When A = (1,1,...,1), the moduli space Z) is called the moduli space of
widely separated magnetic monopoles. This terminology follows the intuition that points x € I
should be thought of as monopoles of total charge k, with r different “clusters” centred at the points
m(x), with charges k;, which are “widely separated” but nevertheless interact: these interactions
are encoded in the structure group T of the bundle (1.9).

Definition 1.11 The moduli space of framed Dirac monopoles of weight A is the Gibbons-Manton
configuration space Ty of Definition 1.3, which has the total space of the Gibbons-Manton torus
bundle (1.7) as a finite covering.

Remark 1.12 (On definitions.) Definitions 1.5 and 1.11 are not precisely the definitions given in
[KS22]. By [KS22, Theorem 4.9], the moduli space of ideal monopoles of weight A — according to
their definition — is equivalent to the space denoted by 73 in Definition 1.5. However, as pointed
out in [KS22] (see the Remark on page 53), this is not the correct space to form the boundary
hypersurfaces of the compactification My, of My, and one should instead pass to the quotient space
Ty = Zx/%Ex. We have therefore made this replacement in Definition 1.5. (The difference between
7, and its finite covering space Zy is not significant in [KS22] since they are interested primarily in
studying the geometry of these spaces locally.) Similarly, by [KS22, Proposition 4.8], the moduli
space of framed Dirac monopoles of weight A — according to their definition — is equivalent to
the total space Ty of the Gibbons-Manton torus bundle (1.7). For the same reasons as above, we
instead consider the moduli space of framed Dirac monopoles to be the quotient space Ty = ’7~'A /X
(Definition 1.11). Henceforth, we treat Definitions 1.5 and 1.11 as the definitions of the ideal and
framed Dirac monopole moduli spaces respectively.

Remark 1.13 Another small difference between our definition and that of [KS22] concerns the
action of the symmetric group X,. In [KS22], the ordered centred configuration spaces (cf. Defini-
tion 1.7) are defined in a slightly asymmetric way, which does not allow for taking a quotient by
¥, (as we do above), since they single out one point of the configuration to lie at 0 € R?. We have
modified the definition to be more symmetric by instead requiring the centre of mass to lie at 0.
This does not change the homeomorphism type of the centred ordered configuration space and it
has the advantage of having a natural action of the full symmetric group ¥,, not just ¥,_;.

Remark 1.14 When k = 1, the monopole moduli space Mj, as an S L_space, is simply S itself.
Thus, according to Definition 1.5, we have Z(1 .. 1) = T(1,....1). The moduli space of widely separated
magnetic monopoles Z; .. 1y (cf. Terminology 1.10) is therefore the quotient of the total space of

.....

the Gibbons-Manton torus bundle 7(;, . 1) by the symmetric group %,.



Remark 1.15 (Higher codimension boundary strata.) The space (1.5) is only a partial compacti-
fication of My: it is a manifold with boundary whose interior is My, but it is still non-compact.
In a recent preprint [FKS], a full compactification of My, is proposed,! which is a smooth manifold
with corners that recovers the partial compactification M, if one discards corners of codimension
greater than 1. It would be interesting to extend our study of the homology of Z) to the deeper
boundary strata of this full compactification.

2. Homology stability for configurations with non-local data

The goal of this section is to prove Proposition 2.1, which gives sufficient conditions that im-
ply homology stability for configuration spaces equipped with additional (possibly “non-local”)
parameters.

Labelled configuration spaces, where each separate point of a configuration is equipped with a
label taking values in a fixed space, are the most obvious examples of this setting — we refer to these
as configuration spaces with local data, since the labels are associated to individual points of the
configuration. However, the key observation of this section is that the proof of homology stability
requires only weaker properties of the parameters, which are satisfied also in other interesting,
non-local settings.

In particular, in §3 we will apply this to our key motivating example of non-local configuration
spaces, Gibbons-Manton torus bundles and moduli spaces of ideal monopoles, where the parameters
are genuinely non-local, encoding the pairwise interactions of the points of the configuration.

For the general setting of non-local configuration spaces, let M be the interior of a connected
manifold with non-empty boundary, and let
o= Cp(M) — Cppr (M) — - - (2.1)
be the classical stabilisation maps, given by adjoining a new point “near infinity”. Let
oo By — Eppp — - (2.2)
be another sequence of spaces and maps, equipped with fibrations

commuting with the respective stabilisation maps. Fix basepoints ¢, € C, (M) compatible with
the stabilisation maps (2.1).

Proposition 2.1 Fiz path-connected, based spaces Y,Z and suppose that f;, 1(c,) = Z™ x Y for
all n. Moreover, we assume also that

e the monodromy w1 (Cr(M)) — hAwt(Z™ x Y') of (2.3) is the projection onto the symmetric
group followed by the obvious permutation action on the factors of the product Z™;

o the restriction Z"xY — Z"TIXY of the lifted stabilisation map (2.2) to fibres over basepoints
is the natural inclusion (z1,...,2n,y) — (%, 21,...,2n,Y), where x is the basepoint of Z.

Then the sequence (2.2) is homologically stable: the map E, — E,41 induces isomorphisms on
homology in all degrees < n/2—1 with Z coefficients and in all degrees < n/2 with field coefficients.

Example 2.2 One source of examples of fibrations (2.3) over configuration spaces C, (M) equipped
with lifted stabilisation maps (2.2) that satisfy the two conditions of Proposition 2.1 is configuration
spaces with local data. This means that we choose a fibration f: E — M with path-connected fibres,
where M = int(M), trivialised over a disc D C 9M. Then we set

En={{y1,-. -, yn} € Cu(E) | f(yi) # f(y;) for i # j},

the space of unordered configurations in M where each point = of the configuration is equipped
with a label y € f~!(z). In this setting, the space Z is the fibre of f over * € D. The data in this
example is “local” in the sense that each label is associated to a single point in the configuration.

I Although full details of its (recursive) construction are deferred to forthcoming work of the same authors.



However, there also exist labelling data (2.3) and (2.2), satisfying the two conditions of Propo-
sition 2.1, that do not arise in this way. We will call these “non-local” data:

Definition 2.3 A system of configuration spaces equipped with non-local data is a choice of (2.3)
and (2.2) that do not arise as described in Example 2.2 above.

Remark 2.4 Proposition 2.1, in the setting of configuration spaces with local data, is well-known:
see [KM18, Appendix A] or [CP15, Appendix B]. The point of this section is to observe that it
also holds in a more general setting, requiring just the two assumptions of Proposition 2.1, which
includes also configuration spaces with non-local data. We will see in §3 that asymptotic monopole
moduli spaces are examples of configuration spaces with non-local data; this is our key motivating
example.

Proof of Proposition 2.1. We will take field coefficients and prove homological stability up to de-
gree n/2. This will automatically imply homological stability up to degree n/2 — 1 with integral
coefficients (and hence any untwisted coefficients), via the short exact sequences of coefficients

1—=7Z/(p") — Z/(p"™) — Z/(p) = 1 and 1-7Z—Q—Q/Z—1

and the fact that Q/Z decomposes into the direct sum of colim,,(Z/(p™)) over all primes p.

We consider the Serre spectral sequence associated to the fibration (2.3) and the map of Serre
spectral sequences induced by the stabilisation maps downstairs (2.1) and upstairs (2.2). It will
suffice to show that the map of E? pages is an isomorphism in total degrees at most n/2. This will
follow from [Pall8, Theorem A] and the two assumptions of the proposition, as we now explain.

Recall from [Pall8] that a twisted coefficient system for the sequence of configuration spaces
(2.1) is a functor B(M) — R-Mod, where R is a ring and B(M) is a certain braid category based
on M. (In [Pall8], the ring R is always assumed to be Z, but all of that paper generalises directly
to arbitrary rings R.) Any such twisted coefficient system has a degree (defined in §3 of [Pallg]),
which takes values in {—1,0,1,2,3,...} U{oo}. As noted in §2.4 of [Pall8], there is a canonical
functor B(M) — FIf, where FIf is the category of finite cardinals and partially-defined injections.?
For any integer ¢ > 0, Example 4.1 of [Pall8] describes a functor FIf — R-Mod that acts on
objects by n — H,(Z™; R) and this generalises easily to a functor FI§ — R-Mod acting on objects
by n+— H,(Z" x Y; R). By (an immediate generalisation of) Lemma 4.2 of [Pall8], the resulting
twisted coefficient system

B(M) —— FIf —— R-Mod (2.4)

obtained by composing these functors has degree at most ¢ when R = K is a field. Now, the map
of E? pages of Serre spectral sequences under consideration is of the form

Hp(Cn(M); Hy(Z" x Y; K)) — Hp(Cri1 (M); Hq(ZnJrl xY; K)). (2.5)
The first assumption of the proposition implies that the local coefficients appearing in the source
and target of (2.5) are precisely those arising from the twisted coefficient system (2.4). The second
assumption implies that the map (2.5) is precisely the one induced by the stabilisation maps (2.1)
together with the morphisms +1: n — n + 1 of FIf; in other words, it is the map labelled (1) just
before the statement of Theorem A in [Pall8]. Thus Theorem A of [Pall8] implies that (2.5) is an
isomorphism for all p < %(n —q), in particular for all p+ ¢ < n/2. A spectral sequence comparison
argument then implies that the map on H,(—; K) induced by F,, — FE,11 is an isomorphism in
degrees x < n/2. O

Remark 2.5 One may prove Proposition 2.1 using the twisted homological stability result [Kral9,
Theorem D] instead of the twisted homological stability result [Pall8, Theorem A], although this
results in a range of degrees one smaller, namely n/2 — 1 for field coefficients and n/2 — 2 for
integral coefficients.

2 This is denoted ¥ in [Pall8], but we use the more common notation FIf.



Remark 2.6 The map (2.5) of E? pages of Serre spectral sequences is split-injective in all degrees
by [Pall8, Theorem A]. However, this does not in general imply split-injectivity in the limit, so
we cannot deduce from this that F, — FE, 1 induces split-injections on homology. Anticipating
Remark 3.6, there are obstructions to proving split-injectivity on homology for configurations with
non-local data, in contrast to the case of ordinary configurations and twisted homology.

3. Homology stability for asymptotic monopole moduli spaces

Fix a positive integer ¢ and a tuple A = (ki,..., k) of positive integers that sum to k. Denote
by A[n]. the tuple (k1,...,kr, ¢, ...,c), where there are n appearances of ¢. For simplicity we will
assume that k; # ¢ for each ¢ (if this is not the case we may simply remove these entries from A
and increase n appropriately). Our main theorem is the following.

Theorem 3.1 There are natural stabilisation maps

Tainle = TAin+1l. and — Iyn). — It (3.1)

c

that induce isomorphisms on homology in all degrees < n/2—1 with Z coefficients and in all degrees
< n/2 with field coefficients.

We first prove Theorem 3.1 for the Gibbons-Manton configuration spaces Ty,), in §3.1. We then
show in §3.2 that homological stability is preserved in general when replacing each circle factor in
the torus fibre of Ty, with another space that is equipped with a circle action. In particular, we
deduce the second part of Theorem 3.1, since moduli spaces of ideal monopoles Z,). are special

cases of this construction.

3.1. Gibbons-Manton torus bundles Recall that the Gibbons-Manton torus bundle 7y,). has
base space Fip, (R?’)/ZAMC, where ¥}, = Xx x ¥,,. By abuse of notation, we will write

Fr+n(R3)/E>\[n]c =: C/\W(Rg)'
A point in this space consists of two disjoint configurations in R3: one A-partitioned configuration
of r points and one unordered configuration of n points.

Our first goal in this section is to lift the classical stabilisation maps of configuration spaces
C)\,n (RB) — C/\,nJrl (RB) (32)

to the Gibbons-Manton torus bundles:

l l (3.3)

Crn(R?) ———— O ny1(R3).

Our second goal is to show that these lifted stabilisation maps satisfy the two hypotheses of
Proposition 2.1. This will imply homological stability for Gibbons-Manton torus bundles, i.e. the
first part of Theorem 3.1.

We begin with a lemma about pullbacks of Gibbons-Manton circle factors.

Lemma 3.2 Let A = (k1,..., k) for positive integers k; and write N = (k1,...,k.—1). Then the
pullback of the circle bundle Sy ; — F,(R®) along the stabilisation map F,_1(R?*) — F.(R?) is
Sy — Fr_1(R3) if j <7 —1 and a trivial bundle if j = r.

Proof. Recall that the bundle Sy ; — F,.(R?) is the pullback of the universal S!'-bundle on CP>
along the map F.(R*) — CP* given by the sum i, ., ki.Lij where ¢;;: F.(R?) — S* C CP*
is given by
T — Ty
X =(T1,...,&p) —r ———.
i — ;]



Its pullback to F,._1(R?) is therefore given by the same formula, restricting ¢;; to F,_1(R?) along
the stabilisation map. When either i or j is equal to r, the restriction of ¢;; to F,_1(R?) will have
image contained in one hemisphere of S? and hence be nullhomotopic. This implies that the map
F,_1(R3?) — CP® classifying the pullback of Sy, is nullhomotopic, so this pullback is trivial. Tt
also implies that the map F,._1(R3?) — CP* classifying the pullback of S ;, for j < r — 1, is the
sum 2:111 £ k;.1;5, which is by definition the map that classifies Sy ;. O

Remark 3.3 Recalling that we denote by «;; the pullback of a fixed generator of H?(S?;7Z) along
the map ¢;;: F,(R?) — 5% the discussion in the proof above implies that the stabilisation map
F.—1(R?) — F.(R?) acts on H?(—;Z), in the basis (1.6), by a;; + «;; if j <7 —1 and ay, + 0. It
is also easy to see that the automorphism o, : F,.(R3) — F,.(R3) induced by a permutation o € 3,
acts on generators of H?(F,.(R?); Z) by aij — ag—1(;),0-1(;) It follows from this that the pullback
of the circle bundle Sy ; along o, is the circle bundle S;-1(x),-1(j)-

Corollary 3.4 The stabilisation map (3.2) lifts to (3.3).

Proof. Let us write u = A[n+1]. and g/ = A[n].. Lemma 3.2 then implies that the pullback of the
Gibbons-Manton torus bundle 7, = @'7"' S, ; = Fry,11(R?) along the stabilisation map (3.2)

j=1
1S
r+n _
@SM’J Str =Ty ®tr — Frn(R?),
j=1

where tr denotes the trivial S'-bundle. We therefore have bundle maps

7~'A[n]c E— 7~§[n]0 etr —m 7~}[n+1]c

! 1 1 &

i 3.2
Fran(®) — 4 B, R —22 4 f (R,

where the left-hand square is an inclusion of a direct summand and the right-hand square is a
pullback. This is equivariant with respect to the actions of ¥y x ¥, and ¥y x ¥, 41. Quotienting
by these actions, we obtain the lifted stabilisation map (3.3). O

In order to apply Proposition 2.1 to prove the first part of Theorem 3.1, we recall the following
general fact about mondromy actions of fibrations.

Lemma 3.5 Let p: £ — B be a fibration over a based, path-connected space B admitting a
universal covering w: B — B. Write p: E — B for the pullback of p along w. Let F' denote_the
fibre of p over the basepoint by € B and note that the fibre of p over each point in 7= 1(by) C B is
also canonically identified with F. Then the monodromy action w1 (B) — hAuwt(F') of p is equal to

m1(B) = Aut(r: B — B) — hAut(F),

where the left-hand isomorphism is the action by deck transformations and the right-hand map is
given by the action on E — B by pullback.

Proof of Theorem 3.1 for Ty, We first assume that A = () and r = 0, so that A[n]. is the tuple
(cye,...,c) of n copies of ¢ = 1. We are now in the setting of Proposition 2.1 with (2.1) = (3.2),
(2.2) = (3.3), (2.3) = (1.8) and Z = S*.

To complete the proof under this assumption, it suffices to check the two hypotheses of Proposi-
tion 2.1. The first hypothesis says that the monodromy 71 (C, (R?)) — hAut(T™") of the Gibbons-
Manton torus bundle (1.8) is the obvious permutation action on the circle factors of the torus
T™. To check this property, we use Lemma 3.5. In our setting, the universal covering of C,,(R?)
is F,,(R?®) and the pullback of Ty, — Cn(R?) is ﬁ[n]c — F,(R?). The deck transformation
action of 1 (C,,(R?)) = %,, sends a loop (permutation) o to the obvious automorphism o, of the
ordered configuration space F,(R?®). By Remark 3.3, the action of o, by pullback on Gibbons-

Manton circle factors sends Sx[n].,; t0 Sxjn).,0-1(;) (here we use the fact that A[n]. = (c,c, ..., ¢c), so



oY (\[n].) = A[n].). Hence . simply permutes the different circle factors in the Gibbons-Manton
torus bundle; in particular its action on the torus fibre simply permutes the different copies of S,
as required.

The second hypothesis of Proposition 2.1 says that the restriction of the lifted stabilisation map
(3.3) to the fibres over the basepoints is the natural inclusion 7" — T™*!. This is immediate by
construction of the lifted stabilisation map: it is given (before quotienting by symmetric groups
and therefore also afterwards) by including into a direct sum with a (trivial) circle bundle and then
a pullback of bundles.

Proposition 2.1 therefore implies that the stabilisation map Tyju). — Tajn+1). induces isomor-
phisms on homology in all degrees < n/2 — 1 with integral coefficients and in all degrees < n/2
with field coefficients, under our assumption that A = ().

To complete the proof of Theorem 3.1 for T(,,), we deduce the general case from the special case
A = () that we have just proven. To do this, we first observe that the constructions and results
so far generalise directly to Gibbons-Manton torus bundles with fized points. In this setting,
we consider the subspace of the configuration space Cj ,(R?) where the A-partitioned r-point
configuration x is fixed and the unordered n-point configuration is free to move in the complement
of x. Let us denote this subspace by C ,(R?;x) and consider the restriction of Tan]. — Ch.n(R3)
to Cxn(R?;x), which we denote by Tyjn).lx. The difference between this setting and the A = ()
setting considered above is that (1) the unordered n-point configuration now lies in R? \ x, (2)
there are r additional Gibbons-Manton circle factors encoding the pairwise interactions of the fixed
points x with the free points and (3) the n Gibbons-Manton circle factors that encode the pairwise
interactions of the n free points with each other are now modified to also take into account their
interactions with the fixed points x. The arguments above generalise directly to this setting and
prove that restricted stabilisation maps

7—)\[n]c|x — 7—/\[n+1]C x (35)

induce isomorphisms on homology in all degrees < n/2 — 1 with integral coefficients and in all
degrees < n/2 with field coefficients. To deduce the same for the unrestricted stabilisation maps
(3.3), we note that Ty[.|x is the fibre of the composite fibration

7;\[”]6 — C)\_’n(st) — C,\(R3),

where the second map forgets the unordered n-point configuration, consider the map of fibrations

(3.5)
7j\[n]c|x 7;\[n+1]u|x
| |
Tanl. ©:2) Tain+1. (3.6)
C\(R3?)

and apply a spectral sequence comparison argument to the corresponding map of Serre spectral
sequences. 0O

Remark 3.6 For unordered configuration spaces, the stabilisation maps Cp,(R3) — C,,+1(R?) have
the additional property that they are split-injective on homology. This is essentially a consequence
of the existence of forgetful maps F,,(R3) — F,.(R3) at the level of ordered configuration spaces
that forget the last n — r points of a configuration. Using these maps, standard techniques using
transfer maps (see [McD75] or [MT14]) imply split-injectivity on homology for stabilisation maps
of unordered configuration spaces. We record here the observation that the forgetful maps

F,.(R?) — F,.(R?) (3.7)
do not naturally lift to Gibbons-Manton torus bundles (in contrast to the stabilisation maps, which

do lift, by Corollary 3.4). In order to lift (3.7) to Gibbons-Manton torus bundles Tr — ’7}\‘” where
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A= (k1,...,k,) and A, = (k1,..., k), one would like it to be true that the pullback of the circle
bundle Sy, ; along (3.7) is Sy ; — given this, one would then be able to pre-compose the pullback
of 7~}|T with the projection of 7~j\ onto a sub-direct-sum. However, this is false. For every i < j <7,
the pullback of the cohomology class «;; along (3.7) is a;, so we have

(37)* iki.aij = iklaw
2 2

The left-hand side classifies the pullback of Sy, ; along (3.7), but the right-hand side classifies S ;
only if k.11 = --- =k, = 0, which is impossible since all k; are assumed positive.

More informally, one could say that the reason why we cannot naturally lift forgetful maps to
Gibbons-Manton torus bundles is because of the non-local nature of the additional circle parame-
ters: each circle parameter is associated to all configurations points simultaneously, since it encodes
the pairwise interactions of one of the points with all of the others. Thus there is no well-defined
way of forgetting a subset of the configuration points in the presence of these non-local parameters.

3.2. Changing the fibre For a sequence of spaces Z = {Z1, Zs, ...}, we will consider the family
of finite products of the form Zy = Zy, X -+ x Zj,. for tuples A = (k1, ..., k,) of positive integers.
If each Z; is a G-space for some topological group G, we consider each Z) as a G-space via the
diagonal action.

Definition 3.7 Let Z be a sequence of S'-spaces and let A = (ky,..., k). Let 7~'>\(Z) be the total
space of the fibre bundle obtained from the principal T"-bundle 7, by the Borel construction:

TAZ) = Tx x7r Zx — F(R3).

We then let T (Z) = Tr(Z)/S, where £ acts diagonally on 7 and on the finite product Zy. The
Gibbons-Manton Z-bundle of weight A is the space Tx(Z). It is the total space of a fibre bundle

TA(Z) — F.(R*)/S (3.8)
with fibre Z,.

In particular, we have Z) = T\(Z) for Z = { M1, M2, M3, ...}. We now prove:

Theorem 3.8 For any sequence Z = {Z1, Za,...} of path-connected S*-spaces, there are natural
stabilisation maps

Tamn)(Z) — Tan+1).(Z) (3.9)

that induce isomorphisms on homology in all degrees < n/2—1 with Z coefficients and in all degrees
< n/2 with field coefficients.

Theorem 3.1 corresponds to two special cases of Theorem 3.8, namely the sequences {S*, S, ...}
and { My, Ma, ...} of Sl-spaces. It therefore remains only to prove Theorem 3.8.

Proof of Theorem 3.8. The proof is a direct generalisation of the proof of Theorem 3.1 for 7y, , so
we just explain the differences. First of all, the lifts of the stabilisation maps exist by the proof of
Corollary 3.4, where we additionally apply the (functorial) Borel construction to the outer square
of (3.4) before quotienting by the symmetric group actions.

We begin by assuming that A = () and r = 0, so that A[n]. = (¢, ¢, ..., c) where there are n copies
of ¢ > 1. We are therefore in the setting of Proposition 2.1 with Z = Z.. The two hypotheses
of that proposition are satisfied by the same argument as in the proof of Theorem 3.1 for Ty,
together with the evident observation that applying the Borel construction that replaces each circle
factor in the fibre with the S'-space Z. has the effect, on fibres, that permutation maps T — T
and natural inclusions T™ — T™ ! are sent to the corresponding permutation maps (Z.)" — (Z.)"
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and natural inclusions (Z.)" — (Z.)"*!. Thus Proposition 2.1 completes the proof in the case

A= ().

This generalises to Gibbons-Manton Z-bundles with fized points exactly as for Gibbons-Manton
torus bundles with fixed points, and one may then deduce the general case of the theorem from
this by a spectral sequence comparison argument applied to the analogue of the diagram (3.6). O
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