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Abstract

Groups of a topological origin, such as braid groups and mapping class groups, often have
“wild” representation theory. One would therefore like to construct representations of these
groups topologically, in order to use topological tools to study them. A key example is Bigelow
and Krammer’s proof of the linearity of the braid groups, which uses topologically-defined
representations due to Lawrence and Bigelow.

We give a unified construction of such topological representations: a large family of rep-
resentations of a category containing all mapping class groups and motion groups in a fixed
dimension. This unifies many previously-known constructions, including those of Lawrence-
Bigelow, together with many new families of representations. Varying one parameter of the
construction also produces pro-nilpotent towers of representations, of which we give several
non-trivial low-dimensional examples. Moreover, the rich structure of this category helps to
clarify the representation theory of these families of groups.

Introduction

The representation theory of mapping class groups and of motion groups is very rich, and
the subject of much active research — see Birman and Brendle’s survey [BB05, §4] or Margalit’s
expository paper [Mar19] for instance. Their representation theory is in particular known to be wild,
meaning (roughly) that there can be no classification system for their irreducible representations
with finitely many parameters. For the braid groups on n > 6 strands, this follows from the work of
Erdmann and Nakano [EN02] on the representation theory of Hecke algebras; for n = 3 (and thus
n = 4 due to the surjection By — Bg) it follows from work of Krugljak and Samoilenko [KS80].

In order to understand the representation theory of these groups, we must therefore view
them not just as abstract groups, but use their associated geometry and topology. Combining
this philosophy (of studying these groups via their topology) with the philosophy of representation
theory itself (of studying groups via linear algebra), one is led naturally to homology — more
precisely, the idea of studying these groups via their actions on the homology of topological spaces
naturally associated to them.

In parallel, another point of view adopted in this paper is to treat simultaneously families of
groups that belong together geometrically. Here a family of groups means a collection of groups
G; indexed by a partially-ordered set (typically the natural numbers N) equipped with morphisms
G; — G whenever ¢ < j. The idea is to require representations to respect the natural coherences
between the different groups in the family: this is more meaningful, since the groups naturally
arise with certain coherences between them. It should also make the representation theory a little
less wild, by incorporating more of the natural structure of the families of groups.

For the family of braid groups B,, (where the inclusions are induced by adding a strand on
the left), Lawrence [Law90] and Bigelow [Big01] constructed well-known families of linear repre-
sentations, called the Lawrence-Bigelow representations, following different methods. They may
be defined via actions on twisted homology groups of configuration spaces of unordered points in a
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marked 2-disc. The most famous of these are the family of (reduced) Burau representations origi-
nally introduced by Burau [Bur35] and the family of Lawrence-Krammer-Bigelow representations,
which Bigelow [Big01] and Krammer [Kra02] independently proved to be faithful.
Our goal is to develop a much more general construction, which:
e applies simultaneously to all mapping class groups and motion groups in a given dimension,
e respects the coherences between these groups, by defining the representations on a category
containing all of these groups, whose morphisms encode the coherences,
e produces a much wider family of representations,
e produces interesting representations also over non-commutative rings.
We now give a general idea of the principle of our construction and refer the reader to §1
for the precise statement of our results. See in particular Theorems 1.1-1.4 for the classical braid
groups, surface braid groups, loop braid groups and mapping class groups of surfaces respectively.

Inputs and outputs of the construction. For fixed d > 2, the construction takes as input the
data (Z,¢,1), described in more detail below, and produces representations of all mapping class
groups and motion groups in dimension d, which are “coherent” with each other in an appropriate
sense.

More precisely, we consider a certain topological category 4Dy, whose automorphism groups
are (roughly) diffeomorphism groups of d-manifolds fixing a given configuration of submanifolds in
their interior. Its associated discrete category mo(UD,) therefore contains all mapping class groups
of d-manifolds, as well as all motion groups in d-manifolds (as normal subgroups, see §4.3.3). Thus
a coherent family of representations of mapping class groups and motion groups in dimension d
means a representation of the category mo({Dy).

Our construction produces “twisted representations” of this category, namely functors

0 (MDd) — Mod,

to the category Mod, of right-modules over rings. This contains the category Modp for every ring
R, and it is an important question when our representations take values in such a subcategory; we
introduce a general criterion for this in §5.1.5. The construction depends on three parameters:

e a submanifold Z C R? and a subgroup G of its mapping class group mo(Diff(2)),

e an integer ¢ > 2,

e an integer 7 > 0.

Varying the parameters. Each of the parameters above may be varied to obtain interesting
representations. For example, the family of Lawrence-Bigelow representations of B,, depends on
an integer parameter £ > 1; our construction recovers this in the case when Z is a 0-dimensional
manifold of size k (and d = 2, £ =2, i = k). In dimensions d > 3, moreover, it becomes interesting
to take higher-dimensional submanifolds of R? for Z, in particular in the case of the loop braid
groups (the group of motions of an n-component unlink in R3).

The parameter ¢ > 2 controls the ground ring over which the representation is defined: it is
the group-ring of a group of nilpotency class at most £ —1. There are cases where the output of our
construction is independent of ¢ (hence the ground ring is commutative), but there are also many
interesting cases where we obtain an infinite tower of representations as £ — co. In particular, the
family of Lawrence-Krammer-Bigelow representations is the ¢ = 2 term of such a tower.

The parameter ¢ > 0 controls the degree in which we take homology. In the case of the
Lawrence-Bigelow representations, there is only one interesting degree in which we can take ho-
mology (the homology in other degrees being trivial). However, more generally there can be many
interesting degrees in which to take homology. For example, if we consider the family of loop
braid groups and the “naive” analogue of the Lawrence-Bigelow representations (taking Z to be
a O-dimensional manifold of size k), then there are non-trivial homology groups in all degrees
k < i < 2k. These particular representations will be studied in more detail in the sequel paper
[PS22a].

Other variations. There are also several natural variations of our construction. First, one may
change the “flavour” of (twisted) homology that we use: notably Borel-Moore homology rather
than ordinary homology (also cohomology, compactly-supported cohomology, etc.). Second, there



is also a “solvable” (as opposed to “nilpotent”) variant of our construction, where the parameter
£ controls the degree of solvability of the group(-ring) over which the representations are defined;
see §5.1.6. We focus in this paper on the nilpotent version since the lower central series of the
relevant groups is generally better-understood than their derived series. In particular, the stopping
or non-stopping of the lower central series of certain “mixed” motion groups determines whether or
not we obtain an infinite tower of representations as £ — oo (see above). This question is answered
for mixed versions of classical, loop and surface braid groups in [DPS21].

Another possible variation is to adapt this construction to as to be iterable, inspired by the
Long-Moody construction [Lon94] of representations of the classical braid groups. This will be
done in the sequel paper [PS22b], to obtain a general homological construction for mapping class
groups and motion groups, in the philosophy of the present paper, that simultaneously generalises
the Lawrence-Bigelow representations and the Long-Moody construction.

Perspectives. (Irreducibility) A natural question for the representations arising from the above
constructions is to determine which of them are irreducible, which are indecomposable and how they
decompose if they are decomposable. In particular, whether the new families of representations
we construct are irreducible or not is a fundamental question insofar as these would improve the
understanding of the (wild) representation theories of the families of groups we consider.

(Polynomiality) In addition, keeping our functorial point of view, notions of polynomiality
may be introduced for functors from the discrete categories considered here to module categories:
we may investigate whether the above functorial representations are polynomial. A key application
of this property is homological stability with twisted coefficients, as there are many results in the
literature establishing homological stability for families of groups with polynomial coefficients; see
[RW17] for a general framework encompassing all of the classical examples.

These two questions are beyond the scope of the current paper, but will be addressed in the se-
quel paper [PS21a]: namely, using Borel-Moore homology, many of the representations constructed
in the present paper have a natural free generating set; we compute explicit formulas for the group
action, thus allowing us to study the irreducibility and polynomiality questions.

(Faithfulness) Furthermore, among the underlying prospects motivating our study stands the
question of which motion groups and mapping class groups are linear — in the sense that they
act faithfully on a finite-dimensional vector space. Indeed, this question remains wide open in the
vast majority of cases. Classical braid groups provide a famous positive answer to this question by
Bigelow and Krammer [Big01; Kra02], but there are also families with a negative answer, such as
automorphism groups of free groups — which may be viewed as mapping class groups of certain 3-
manifolds — by Formanek and Procesi [FP92]. The key representations that have provided positive
answers have all been homological representations. This suggests that a systematic treatment of
homological constructions that work for all motion groups and all mapping class groups is an
important and natural avenue for future investigations on the linearity of these families of groups.
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Outline. First, in §1, we give a more detailed overview of our constructions and results. In §2,
we introduce in detail the various tools to define general homological representations, assuming
gtven a functor taking values in covering spaces. In §3-§4, we introduce the appropriate categorical
framework to deal with all motion groups and mapping class groups simultaneously. In §5.1 and
§5.3, we give two general topological constructions of functors taking values in covering spaces
— combined with all of the previous sections, this completes our general construction of global
homological representations of motion groups and mapping class groups. We finally apply this



construction to motion groups (in §5.2) and mapping class groups (in §5.4) in dimensions 2 and 3.
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1. Overview of results

In this first section, we give more precise details of our constructions, results and particular
examples of homological representations that we construct.

Coherent families of representations. For a family of groups {G,, }nen equipped with group
homomorphisms ¢,,: G, — G,41, there is a natural notion of coherence for a collection of repre-
sentations {o,: G,, = GLr(My,)}nen. Namely, the collection { o, } is coherent if it comes equipped
with module homomorphisms m,, : M,, = M,+; such that m,, is equivariant with respect to ¢,,
meaning that for all g € G,, and = € M,, we have m,(g.z) = @, (g).mn(x).

This notion can be encoded in a functorial way. Let G be the groupoid with objects indexed by
non-negative integers, with the groups {G,, } nen as automorphism groups and with no morphisms
between distinct objects. For instance, we consider the braid groupoid 8 to deal with braid groups
and the decorated surfaces groupoid My for the mapping class groups of surfaces; see §4.4-§4.5.
Suppose that we have chosen a category Cg containing G as its underlying groupoid and with a
preferred morphism ¢, : n — n + 1 for each object n, satisfying

tn©g=¢n(g)oin

for each g € G,,. In all of the examples addressed in this paper, such a category Cg is constructed
through Quillen’s bracket construction using a monoidal structure on G (or G will be a module
over another monoidal groupoid); see §3. We denote by Modg the category of right R-modules.
A functor Cg — Modp then gives us a coherent family of representations of {Gy, }nen in the above
sense. Moreover, if Cg has been constructed from G by “freely adjoining” the new morphisms ¢,
(as will be the case in our examples), then a functor Cg — Modp is in fact equivalent to a coherent
family of representations of {G,, }nen.



General functorial homological constructions. Our overall procedure for constructing ho-
mological representations is summarised in diagram (1.1) below. A more elaborate version, allowing
one to fibrewise tensor the coefficients with another functor V, is described in diagram (2.10) and
Definition 2.20, but the essential ideas are the same. The desired output is the diagonal functor
Cg — Mod,, a (coherent) family of (possibly twisted) representations of {G,, }nen. Here, Mod, is
the category of modules, containing Modpg for every ring R. This is constructed in three steps:

e We first construct a topologically-enriched category C& whose mg recovers Cg. We will always

construct the category Cg using Quillen’s bracket construction, so we explain in §3.1 how this
construction may be lifted to topologically-enriched categories to produce a corresponding
C&. This requires the key technical result of Lemma 3.6 about commuting Quillen’s bracket
construction with my, which depends on a fibration condition which we verify in all of our
examples; see §3.3. In our examples, its morphism spaces may be identified (Proposition 4.8)
with certain embedding spaces between manifolds.
In particular, we construct new topologically-enriched categories UD, that are designed to
contain all diffeomorphisms of d-manifolds (equipped with configurations), together with all
embeddings between such manifolds that correspond to splittings into boundary connected
summands; see §3.2. Its associated discrete category mo(UDy) thus contains all mapping class
groups and motion groups in dimension d.

e The key geometric step is to construct a (continuous) functor F' from C& to Cov,, the category
of topological spaces equipped with regular coverings (with any deck transformation group).
This geometric construction is the subject of §5.

e The remaining steps simply encode the idea of taking twisted homology of covering spaces.
The functor Lift takes a regular covering with deck transformation group @ to the corre-
sponding bundle of Z[Q]-modules, and then H; is the twisted homology functor in degree i.
See §2.2-§2.4 for more details.

C % Cov, Lift Top, Hi ~ Mod,

ml - (1.1)

See §2.1 for more details on the categories Cove, Top, and Mod,.

There are also variants of this construction for relative homology where we work with categories
of pairs of spaces, and for Borel-Moore homology where we restrict to categories of locally compact
spaces and proper maps. In particular, using Borel-Moore homology is especially interesting when
the image of the functor F' consists of configuration spaces of points in a surface; see §5.2.

A number of representations arising in this way have previously been defined and studied — at
least at the level of individual groups, i.e. when restricted to the individual automorphism groups
of Cg — and indeed one purpose of describing this general procedure for constructing homological
representations is to give a unified description for various different representations appearing in
the literature, as well as discovering new constructions by comparing representations coming from
different settings in this unified context.

Constructions of representations for motion groups. The first type of groups to which
we apply our construction are motion groups: given a closed submanifold A of the interior of a
manifold M, the motion group Mot 4 (M) is the fundamental group of Emb(A, M)/Diff(A), the
space of embeddings of A into the interior of M modulo diffeomorphisms of A. If A is orientable, we
may also consider Mot (M), which is the fundamental group of Emb(A, M)/Diff* (A). Important
examples of (M, A) are:
e (D2, n points) — corresponding to the classical braid groups B,, = Mot,, (D?);
e (S, n points) — corresponding to the braid groups B, (S) = Mot (S) on a surface S;
e (D3,U,), where U, is an n-component unlink in the interior of D* — corresponding to the
loop braid groups LB,, = MotJUrn (D?) and the extended loop braid groups LB, = Moty, (D?).
In §5.1, we construct a functor UD; — Cov, depending on two parameters: a closed subman-
ifold Z C R? and an integer £ > 1. (There is also a third parameter, a choice of open subgroup
G of the diffeomorphism group of Z, which is assumed to be the full diffeomorphism group and
thus ignored here for simplicity.) The motion group Mot 4 (M) is a normal subgroup of the auto-



morphism group of (M, A) in mo(UDy), so diagram (1.1) applied to this functor gives a (possibly
twisted) representation of Mot 4 (M).

To give an idea of how this functor F': {D; — Cov, is constructed, we explain how to construct
mo(F): mo(UDg) — mo(Cov,) restricted to Mot 4 (M). To do this, we have to give a regular covering
together with an action up to homotopy of Mot 4 (M). The key idea is to use the fact that Mot 4 (M)
acts up to homotopy on the space of embeddings (modulo diffeomorphisms) of Z into M~ A. The
fundamental group of this space is the motion group Motz (M ~ A), and one then has to define
appropriate quotients of this group so that the Mot 4 (M )-action lifts to the corresponding regular
covering. To do this, we use the following diagram, which we explain below:

1 —— Motz(M ~ A) ——— Mot zua(M) ———— Mot a(M) — 1

MOtzuA(M) MOtA(M)

1 @ o (Motzua (M) T2 (Mot (M)

— 1.

The top row consists of the split-surjection Mot g,z (M) — Mot 4 (M) given by forgetting the
manifold Z (we always require M to have non-empty boundary; the splitting uses this fact), whose
kernel is Motz (M ~ A). Write I¢(G) for the ¢-th term of the lower central series of a group G;
this explains two of the quotients, and the diagram is completed by defining @ to be the image
of Motz (M ~ A) in the bottom-middle group. An easy diagram chase shows that the action of
Mot 4(M) on Motz (M ~ A) preserves ker(¢), which is equivalent to saying that the action lifts
to the corresponding regular covering. (We also identify the geometric action of Mot (M) on
Motz (M ~ A) with the action induced by the splitting on the top row; ¢f. Lemma 4.25.)

The quotient group @ is often the same for a whole family of motion groups (such as the three
mentioned above); we call this phenomenon Q-stability. When this holds, the functor F restricted
to this family takes values in a subcategory of Cov, denoted by Covgv. In the case £ = 2, we show
in §5.1.5 that F' takes values in Covg C Covg’, and the resulting representations are untwisted.

If we consider all £ > 1 simultaneously, these representations may be packaged together into
a “pro-nilpotent” tower of representations of the family of motion groups; see §5.1.7. Whether or
not this tower stops at some finite stage depends on the lower central series of the “mixed” motion
group Motz 4 (M). This is investigated for the classical, surface and loop braid groups in [DPS21].

A natural generalisation of the above procedure consists in considering embeddings of Z
modulo a fixed group G < Diff(Z) of diffeomorphisms, rather than modulo all diffeomorphisms.
When Z is a finite set, for example, this means that we may consider partitioned configurations
instead of unordered configurations. The corresponding lower central series are typically more
subtle, and the resulting representations more sophisticated.

Classical braid groups. Many well-known representations arise as particular instances of
this general homological construction. First of all, for the classical braid groups, we take Z to be
a set of £ > 1 unordered points. Quillen’s bracket construction defines a category 48 having the
braid groupoid 3 as its underlying groupoid.

Theorem 1.1 (Proposition 5.28 and Corollary 5.33) Choosing the quotients by the I's-term and
taking homology in degree k, the above procedure defines functors

£B1: LJ.B — MOdZ[Z] and LBy Llﬂ — MOdZ[Z2] (f07“ k> 2),

which encode the Lawrence-Bigelow representations [Law90; Big04]. In particular, £B1 and £B4
encode the reduced Burau and the Lawrence-Krammer-Bigelow representations respectively.

If k = 2, applying the procedure for the quotient by the I'y-term for £ > 3 provides twisted
representations £Bq ¢ which are not equivalent to £Bo. If we use Borel-Moore homology, the
twisted representations of braid groups encoded by E%gé” are faithful for each ¢ > 3.

We also describe analogues of the Lawrence-Bigelow representations defined using partitioned
configurations, whose transformation groups are more complicated; see Remark 5.29. As far as the
authors know, these generalisations do not yet appear in the literature.



Surface braid groups. More generally, we consider the braid groups on a connected com-
pact surface S with one boundary-component and again take Z to be a set of £ > 1 unordered
points. Quillen’s bracket construction provides a category (3, BS> having the braid groups as au-
tomorphism groups. If S is orientable of genus g > 1 we denote it by Y, 1, if it is non-orientable
of genus h > 1 we denote it by Ny, ;.

Theorem 1.2 (Propositions 5.34 and 5.36, Corollary 5.37) Choosing the quotients by the I'x-term
and taking homology in degree k, the above procedure defines functors

Li(Sg1, o)t (B, ™) — Modz(q, 2y (541)]
LeNp1, I2): (B, BY"1) — Modz(q ., (Nn.1)]»

where Qi2)(Sq.1) = Z29 @ (Z/2)% and Qk,2)(Np,1) = ZM @ (Z/2)%, with dy = 0 and di = 1 if
k > 2. If instead we take '3 quotients, we obtain

Lx(Sg1,13): (B, B7) — MOdtzv[VQ(kws)(zg,l)]
Ek(Nh’l’Fg’): <ﬂ”8NhY1> — MOd%vE/Q(k 3y (Nu, 1)

where Qj,3)(S) = ker(Bg,n(S)/I3 — Bn(S)/I3), which is independent of n for n > 3. Moreover,
for k > 3, we obtain homological functors encoding untwisted representations

(S T): (8, 67) — Modzigy, _ 5,1
where QY 5 (g,1) = 29T 1 2.

As far as the authors know, the representations encoded by the functors £4 (4.1, 1%), £k(Np 1, [2)
and £ (N, 1, I3) appear to be new. The twisted representations defined by the functor £4 (2,1, Is)
are reinterpretations of those introduced by An and Ko [AK10]. However the untwisted ones arising
from £} (2,1, 3) are new; see §5.2.2.1.

Loop braid groups. Finally, for loop braid groups, we have two main choices for the pa-
rameter Z: one may take either a set of k¥ > 1 unordered points in R3, or else a k-component
unlink in R3. In the latter case we may either consider this as an oriented unlink or an unoriented
unlink. Quillen’s bracket construction provides categories U4£3 and ULB" having respectively the
loop braid groups and extended loop braid groups as automorphism groups.

Theorem 1.3 (Propositions 5.40, 5.42 and 5.43) Choosing the quotients by the I'x-term and taking
homology in degree k, the above procedure defines functors

£1(1,£8): ULB — Modyy £1(1,£8"): ULB" — Modzz9
Li(k, LB): ULB — Modzze(z/2)] Lk, LB): ULB — Modz(z/2)2
£1(Ur, LB): ULB — Modzzez/2)2) L1(U1, LB'): ULB" — Modyz/2)2)
Lx(Uk, LB): ULB — Modzze(z/2)4] Lk (Ug, LB)): ULp — Modz(z/2)s]
£ (U1, L£B): ULB — Modyzz L1 (U1, LB'): ULB" — Modzpze z/2)
LUk, LB): ULB — Modyzse (z/2) L (U, LB'): ULB" — Modyzze(z/2)2),
where k > 2.

In [PS21b], we compute explicitly the matrices of the representations encoded by the top two
functors, £1(1, £B) and £1(1,LB’): these extend the reduced Burau representations of the classical
braid groups to LB,, and LB/, respectively. Moreover, using non-stopping results for lower central
series of partitioned tripartite welded braid groups from [DPS21, Theorem 5.8], considering all £ > 2,
we obtain infinite towers of representations of UL if

Z € {2,U1,Us, U3, U, Uy },
and of UL’ if
Z € {Uy,Us, U3, U, U Y,

see §5.2.3.1-§5.2.3.2. (A superscript T indicates that we are using the oriented version of our
construction.) As far as the authors are aware, other than £;(1,£8) and £, (1, £B'), the represen-
tations encoded by the functors of Theorem 1.3 appear to be new.



Constructions of representations for mapping class groups. The second type of groups
to which we apply our construction are mapping class groups of manifolds. For a smooth manifold
M, the mapping class group MCG(M) of M is the group of isotopy classes of diffeomorphisms
of M fixing its boundary pointwise. More generally, if Z is a closed submanifold of M, we write
MCG(M, Z) for the group of isotopy classes of M fixing its boundary pointwise and sending Z
onto itself. We will focus on the case where M is a compact, connected surface with one boundary-
component. Quillen’s bracket construction provides suitable categories M5 and UM, having the
mapping class groups of orientable surfaces {¥41}4>0 and non-orientable surfaces together with
the disc {Np 1}n>0 respectively as automorphism groups. (These are subcategories of 7o (UD3).)

We consider two ways to define functors F': UD; — Cov,, which will then give us homological
representations of UMJ and UM, via diagram (1.1). The first one is the construction given in
§5.1, which we have already described above in the setting of motion groups. The idea for mapping
class groups is similar, using the natural action (up to homotopy) of MCG(M) on the space of
embeddings modulo diffeomorphisms of Z into the interior of M, whose fundamental group is the
motion group Moty (M). We then take a characteristic quotient of this group, typically induced
by its lower central series, to lift this action to the corresponding covering space.

For example, for orientable surfaces, we construct a homological functor YM3 — Mod,
encoding representations over the group-ring of By (X,1)/T's, which are untwisted when restricted
to the Chillingworth subgroups of the mapping class groups. See §5.4.1 for the details.

However, this kind of construction is not optimal: as exemplified in the previous paragraph, it
typically only gives twisted representations, and one has to restrict to smaller subgroups of mapping
class groups so as to get untwisted representations. For this reason, we give a second construction
of a functor F': UD; — Cov, in §5.3 that is better adapted to mapping class groups in the sense
that it more often gives untwisted representations when we plug it into diagram (1.1). (The precise
meaning of this is given by Proposition 5.48.)

The idea is again to use the natural action (up to homotopy) of MCG(M) on the space of
embeddings modulo diffeomorphisms of Z into the interior of M, whose fundamental group is
Motz (M). However, instead of directly taking lower central quotients of this group to choose
coverings, we instead construct a 6-term diagram, similar to the one for motion groups, and
choose the quotient ¢ indirectly via the lower central quotients of the bigger mapping class group
MCG(M, Z):

1—— Motz (M) ————— 3y MCG(M, Z) ————— s MCG(M) —> 1

MCG (M, Z) MCG (M)

1 Q I(MCG(M, 2)) I, (MCG(M)))

Here, the top row consists of the split surjection MCG(M, Z) - MCG(M) given by forgetting the
condition that diffecomorphisms must send Z onto itself (as before, we always require M to have
non-empty boundary; the splitting uses this assumption), whose kernel may be identified with
Motz(M).

This second method produces representations of mapping class groups that appear to be new,
as far as the authors are aware. For instance, when M = S is a surface, we take for Z a set of
k > 1 unordered points and obtain:

Theorem 1.4 (Propositions 5.54 and 5.57) Choosing the quotients by the I's-term and taking
homology in degree k, the above procedure defines homological representation functors:

o £,(T_1): UMF — Modyq,] where Qy is trivial and Qi = Z/2 for k > 2.

o £(N_1): UM5 — Modgg,) where Q1 = Z/2 and Qi = (Z/2)* for k > 2.

2. The general construction

As explained in §1, once we have constructed the topologically-enriched category UD, (see
§§3,4), the construction of global homological representations consists of two main parts:
(1) constructing continuous functors UDy; — Cov,,



(2) constructing functors m({UDg) — Mod, given a continuous functor UD; — Cov,,

where Cov, and Mod, respectively denote categories of spaces equipped with coverings and right
modules over A-algebras; c¢f. Definitions 2.2 and 2.3. Here, my(C) is the discrete category obtained
from the topologically-enriched category C by applying the functor my to all morphism spaces.

In this section we deal with step (2) in a general setting: for any topologically-enriched category
C and continuous functor F': C — Cov,, as well as (optionally) a continuous functor V': C — Mod,
that is “compatible” with F', we produce a functor L;(F;V): mo(C) — Mod, for each i > 0.

We first give precise definitions of the categories involved in §2.1. The three steps of the
construction are then described in §2.2-§2.4, and are put together in §2.5. Throughout this section,
we fix an associative, unital ring A. The reader may prefer to assume that A = Z, since this will
be the case in all of our examples later.

The reader not interested in the fine detail may wish to skip directly to §2.5 at this point.

2.1. Categories
In this subsection, we define the different categories involved in the construction.

Remark 2.1 In fact, all of the categories that we define are topologically-enriched categories — in
other words their morphism sets are equipped with topologies such that composition is continuous
— and all functors are continuous functors. We will therefore implicitly write category to mean
topologically-enriched category and functor to mean continuous functor. The morphism spaces of
the categories defined in this section are all equipped with topologies derived in an obvious way
from the compact-open topology for sets of maps between topological spaces.

Definition 2.2 (The category of bicoverings.) The category oCov,e is the category of spaces
equipped with bicoverings. An object of 4Cov, is a path-connected, based space X admitting a
universal covering (i.e., locally path-connected and semi-locally simply-connected), equipped with
a pair of surjective homomorphisms

¢1:7T1(X)—>Q1 ¢227T1(X)—>Q2

such that the induced homomorphism (@1 X ¢2) 0o A: m(X) = Q1 X Q2 is also surjective. Via the
correspondence between path-connected, regular coverings of X and normal subgroups of m (X),
this is the same as a pair of normal subgroups Ny, N2 of 71 (X) (corresponding to regular coverings
XM — X and XM — X) such that the square

XNIONZ - XN2
|- |
XM ——————— X

is a pullback square. A morphism in 4Cov, from (X, ¢1, ¢2) to (X', ¢}, ¢4) is a based, continuous
map f: X — X' such that the induced homomorphism 7 (f) sends ker(¢;) into ker(¢}) and ker(¢2)
into ker(¢4). This implies that there are unique homomorphisms ag: @1 — Q) and as: Q2 — Q)
such that

¢ om(f) =a10¢1 and ¢hom(f) =z 0.

If G is a group, the category ¢Cov, is the subcategory of 4Cove on those objects (X, ¢1, ¢2) such
that @1 = G and those morphisms f such that the induced homomorphism a; mentioned above
is equal to idg. Similarly, we have a subcategory 4Covg. If G is the trivial group, we drop it
from the notation, and write Cov, and ,Cov respectively for these subcategories of Cove. We
note that 4Cov and Cov, are abstractly isomorphic, but not equal as subcategories of ¢Cov,e. As
another variant, we write Covy C Cov, for the full subcategory on those objects (X, ¢1, ¢2) such
that Q1 = G (this is generally larger than Covg).

Definition 2.3 (The category of bimodules.) The category ¢Mod, is the category of bimodules
over A-algebras. An object of {Mod, is a pair of associative, unital A-algebras (R,S) together
with an (R, S)-bimodule V. A morphism from (R,S,V) to (R',S’,V’) is a pair of A-algebra
homomorphisms ¢: R — R’ and ¢: S — S’ preserving units, together with a morphism of (R, S)-
bimodules 0: V' — (¢, ¢)*(V').



For any A-algebra R, we have a subcategory pMods C ¢Mod,s on those objects (R’,S’,V’)
where R’ = R and those morphisms (¢, 1, 0) where ¢ = idg (note that this is generally not a full
subcategory). If moreover R is the trivial A-algebra, we drop it from the notation, and write Mod,
for RMod,. Similarly, we have {Modg and gpModg for A-algebras R and S. We note that pModg
is just the category of (R, S)-bimodules, as usually defined. Furthermore, for a fixed A-algebra S,
we write Mod%" C Mod, for the full subcategory on those objects (S’, V') where S’ = S (this is
generally larger than Modyg).

Definition 2.4 (Bundles of G-sets and of R-modules.) For a path-connected space X, a bundle of
left G-sets over X is a fibre bundle over X with fibre a left G-set T and structure group Autg(T),
the automorphism group of T as a left G-set. See, for example, [Steb1, §2] for the definition of fibre
bundle with specified fibre and structure group. In general, for a space X, a bundle of left G-sets
over X is a bundle of left G-sets over each of its path-components. Bundles of left R-modules,
(R, S)-bimodules and other algebraic structures are defined similarly.

We will shortly replace this definition with a slightly different one that is equivalent for our purposes.

Remark 2.5 By unique path-lifting, a bundle of left G-sets over a space X determines a functor
m<1(X) — @Set, where m<1(X) is the fundamental groupoid of X. Whenever X is locally path-
connected and semi-locally simply-connected, this gives an identification between isomorphism
classes of left G-sets over X and isomorphism classes of functors m<;(X) — ¢Set. In all of our
examples, the base space X will have these properties, and it will often be convenient to replace
Definition 2.4 with the following.

Definition 2.6 (Bundles of G-sets and of R-modules, replacing Definition 2.4.) For any space X,
a bundle of left G-sets over X is a functor

m<1(X) — GSet,

where <1 (X) is the fundamental groupoid of X and ¢Set is the category of left G-sets. Similarly,
a bundle of left R-modules over X is a functor from 7<1(X) to the category of left R-modules and
a bundle of (R, S)-bimodules over X is a functor from m<; (X) to the category of (R, S)-bimodules.

Definition 2.7 (The category of bundles of bimodules.) The category «Top, is the category of
bundles of bimodules over A-algebras. An object of 4Top, is a space X together with a pair of
associative, unital A-algebras (R,S) and a bundle of (R, S)-bimodules over X in the sense of
Definition 2.6, i.e. a functor &: m¢1(X) — rModgs. A morphism from (X, R, S,¢) to (X', R, 5", ¢)
is a continuous map f: X — X', two A-algebra homomorphisms ¢: R — R’ and ¢: S — S’
preserving units, and an endofunctor F': pMods — gModg such that (¢,1)* o omi(f) = F o,
where (p,9)*: pMods: — gModg is the restriction functor induced by ¢ and ).

For any A-algebra R, we have a subcategory rTop, C «Top, on those objects (X', R',S",¢’)
where R’ = R and those morphisms (f, ¢, 1) where ¢ = idr (note that this is generally not a full
subcategory). If moreover R is the trivial A-algebra, we drop it from the notation, and write Top,
for gTop,. Similarly, we have 4Topg and rTopg for A-algebras R and S. For a fixed A-algebra S,
we write Top%' C Top, for the full subcategory on those objects (X', S’,¢') where S’ = S (this is
generally larger than Topg).

Via the correspondence of Remark 2.5 between bundles of bimodules over X and functors out
of m<1(X), the endofunctor F above corresponds to a bundle map, covering f, from & to (¢, 1)*(£).

Note also that ¢Mod, is equivalent to the full subcategory of ¢Top, on those objects whose
underlying space is a point.

Notation 2.8 Writing A-Alg for the category of associative, unital A-algebras and Grp for the
category of groups, there are obvious forgetful functors

l y4
«Cove ——= Grp eMod, C ¢Top, ——= A-Alg
T T

that remember just the left (respectively right) underlying group or A-algebra. For example, an
object (X, R, S,€) of 4 Top, is sent under ¢ to R and under r to S.
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Definition 2.9 Write ,Top,Mod, for the pullback of the forgetful functors ¢: {Mod, — A-Alg
and r: 4Top, — A-Alg:

o Top,Mody ————— (Mod,

l " lé (2.1)

«Top, E— A-Alg.

In other words, an object of 4Top,Mod, consists of a space X, a triple of A-algebras (R, S,T), a
bundle of (R, S)-bimodules over X and an (S, T')-bimodule V.

2.2. From bicoverings to bundles of bimodules
In this subsection, we introduce the key functor Lift: {Cove — ¢ ToD,.
Proposition 2.10 There is a natural continuous functor
Lift: 4Cove — ¢ Top,, (2.2)

taking bicoverings to bundles of bimodules, such that the squares

+Cove L;ft> +Top, +Cov, L41&> o Top,
KJ{ Jz TJ( Jr (2.3)
A[(—)°] A[-]
Grp —— 1 4 A-Alg Grp — s A-Alg

commute, where A[—]: Grp — A-Alg takes a group to its group A-algebra and (—)°P: Grp — Grp
takes a group to its opposite.

Proof. On objects, this is defined as follows. Let (X, o, ¢1: m1(X, 20) = Q1, ¢2: m (X, x0) = Q2)
be an object of ¢Cove. The normal subgroup

K = ker(¢1) Nker(¢z) = ker((¢1 X ¢p2) 0o A) <« m1 (X, x0) (2.4)

corresponds to a regular covering of X with deck transformation group @ = @1 X Q2. In order to
specify a particular regular covering of X, rather than just an isomorphism class of such, we will
be slightly more careful. Start with the universal covering X of X; more specifically, the standard
model for X whose underlying set consists of endpoint-preserving homotopy classes of paths in X
starting at xo. This is equipped with an action of 71 (X, ¢); take the quotient of X by the action
of the subgroup K. We denote this regular covering by x: XX = X /K — X. Whether deck
transformations act on the left or the right is an arbitrary convention. We will consider them to act
on the right, since this agrees with the typical convention that the structure group of a principal
bundle (of which regular coverings are examples) acts on the total space on the right. This is a
bundle of right Q-sets over X (whose fibres all happen to be isomorphic to @ itself). Since @ is
the product Q1 x Q2, we may equally view £k as a bundle of (Q]”, Q2)-bisets over X, where a
(G, H)-biset is a set equipped with a left G-action and a compatible right H-action.

Now replace each fibre of {x with the free A-module generated by that fibre; this forms a
bundle of (A[Q{"], A[Q2])-bimodules over X. The operation of “taking free A-modules fibrewise”
is simplest to describe by viewing bundles of (G, H)-bisets over X as functors w1 (X) — gSety
to the category of (G, H)-bisets, and similarly bundles of (R, S)-bimodules over X as functors
m<1(X) — rModg to the category of (R, S)-bimodules. In this viewpoint, the operation is simply
post-composition with the free functor A[—]: gerSetg, — ajgoriModyq,). Denote the resulting
bundle of bimodules by Afp[€x]: Afp[X ] — X. This defines Lift on objects:

Lift(X, zo, ¢1, d2) = (X, A[Q7"], A[Q2], Asin[Ek]).-

In order to define Lift on morphisms, we first note that, although we did not need it to define the
functor on objects, the regular covering £x : XX — X associated to (X, zg, ¢1, ¢2) comes equipped
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with a particular choice of basepoint of X, covering the basepoint zo of X. This is because the
standard construction of the universal cover X has a canonical basepoint (namely the constant
path at x¢), and therefore so does its quotient X . Let us denote this basepoint by z, € X¥.
Now suppose we have a morphism (X, ¢1, ¢2) — (Y, ¢!, ¢5) in ¢Cov,, that is, a continuous map
f: X — Y such that f(zo) = yo, f«(ker(¢1)) C ker(4]) and fi(ker(d2)) C ker(¢h). We recall from
Definition 2.2 that this determines certain homomorphisms a1 : Q1 — Q] and as: Q2 — Q%, which
determine A-algebra homomorphisms Aa]"]: A[QTY] — A[(Q))°P] and Afas]: A[Q2] — A[Q}]. Let

K = ker(¢1) Nker(¢2) L = ker(¢}) Nker(¢5)

and write £x: XX — X and &,: Y — Y for the corresponding regular covering spaces. By
covering space theory, for each point y € «Egl(yo), there is a unique continuous map X% — Y©
that lifts the composition foéx: X® — Y and that takes Zo to . We therefore obtain a uniquely-
determined lift B

f: X% vk
by requiring f@o) = 9. Extending this map A-linearly in each fibre results in a map

Afib[ﬂi Anp[XE] — Agp[Y]

of bundles of A-modules. Finally, one may check that Agp[f] is a map of bundles of (A[Q]"], A[Q2])-
bimodules, covering f, from Agp[Ex] to Afp[€r], where the latter is given the structure of a bundle
of (A[Q{P], A[Q2])-bimodules via A[a{P] and Afas]. This uses the interpretation of morphisms of
«Top, from Remark 2.5. Hence we may define

Lift(f) = (f, Ala3®], Ala], Agb[f])- m

2.3. Fibrewise tensor product
In this subsection, we define the “fibrewise tensor product” functor
®: ¢ Top,Mods — o Top,. (2.5)
Notation 2.11 Recall from Definition 2.7 that, for two A-algebra homomorphisms a: R — R’

*

and 3: S — S’, we denote the corresponding restriction functor r:Modg: — grModg by («, 8)*.

Definition 2.12 We define the functor (2.5) as follows.
e (On objects.) We recall that an object of s Top,Mod, consists of a space X, three A-algebras
R,S,T, an (S,T)-bimodule V and a bundle §: 7<1(X) — rModg of (R, S)-bimodules over
X. Define its image under (2.5) to be the following object of 4 Top,:

(X, R, T, m<1(X) = gpMods —22% Modr).

e (On morphisms.) A morphism of 4Top,Mod, from (X, R, S, T,V,&) to (X', R',S", T, V', £")
consists of a continuous map f: X — X', A-algebra homomorphisms a: R — R', 3: S = 5’
and v: T — T’, a homomorphism 6: V. — (8,7)*V’ of (S,T)-bimodules and a natural
transformation 7: £ = (a, 8)* o £’. Define its image under (2.5) to be the morphism

(f, v, 7)

of +Top,, where 7: (— ®s V) o & = (a,7)* o (— ®g V') 0 & is the natural transformation
defined as follows. First, note that, for any (R,.S’)-bimodule A and (S, T')-bimodule B, there
is a canonical homomorphism of (R, T')-bimodules

B*A®s B*B — A®s B,

which is an isomorphism if 8: S — S’ is surjective. Using this fact, we define 7 on the object
x of m¢1(X) by

§(r)@sV



where the first arrow is induced by 7,, the second is induced by 6 and the third is the
canonical homomorphism from above.

Remark 2.13 This definition is somewhat formal, but it has a very natural geometric interpreta-
tion. If we view a bundle as an actual bundle over X (c¢f. Remark 2.5) and choose an open cover
U of X together with trivialisations of the bundle over each U € U, then we may take the tensor
product over each U (since the bundle is now trivial over each U and it is obvious how to define
this) and then glue these trivial bundles back together again using the same transition functions
as for the original bundle.

Notation 2.14 There are forgetful functors Top,Mode — oTop, and ¢Top,Mod, — <Mod,
coming from the pullback square (2.1). For a continuous functor F': C — 4Top,Mod,, we denote
its compositions with these two forgetful functors by

Fi: C— ,Top, and Fy: C — Mod,

respectively. With this notation, we define F} ® F; by F; ® F» :=® o F.

2.4. Twisted homology

Over a fixed A-algebra R, one may view local coefficient systems on a space X as bundles of
right R-modules over X. In this viewpoint, homology with local coefficients (in any fixed degree
i > 0) is a functor of the form

H;: Topp — Modp. (2.6)

See, for example [DKO01, §5.4] or [Pall8, §5.1]. The following fact may be proven by directly gen-
eralising the usual construction of singular twisted homology, keeping careful track of the variable
bimodule structure.

Proposition 2.15 In any degree i > 0, homology with local coefficients extends to a functor

H;: J/Top, — «Mod, (2.7)
such that the square
H;
eTop, ——————— Mod,
] ] (2.8)
H;
Topp ————— Modg

commutes for any A-algebra R. There are exactly analogous statements for relative homology (on
a category of bimodule bundles over pairs of spaces) and Borel-Moore homology (where we must
restrict to locally-compact spaces and proper maps). Moreover, there are similar statements for
cohomology (including compactly-supported cohomology, where we must again restrict to locally-
compact spaces and proper maps), although the domain category is not the opposite of ¢ Top,, but
rather another category +Top{ defined below.

Definition 2.16 The category Top{ has the same objects as oTop,, but its morphisms are
slightly different: they are contravariant on the underlying spaces and covariant on bimodule
bundles (local systems). More precisely, its morphisms are exactly as in Definition 2.7, except that
the map f goes in the opposite direction X’ — X and the compatibility condition is correspondingly
changed to (¢, 9)* 0 & = F o&omgi(f). See also [DKO1, Theorem 5.12].

Remark 2.17 (Interpreting twisted homology as homology of covering spaces.) The homological
representations that we construct will be a composition of functors, ending with (2.7) (or one of its
variants, such as twisted Borel-Moore homology). Thus, restricted to each object of the domain,
they will give a representation of its automorphism group on the twisted homology of some space
X equipped with a local system L. Typically, £ will correspond to a regular covering XX (in
fact, it will always arise from a regular covering, followed possibly by a fibrewise tensor product).
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If so, the twisted homology H.(X; L) is canonically isomorphic to H,(X), by Shapiro’s lemma for
covering spaces, so we may think of the homological representation as an action on the untwisted
homology of the covering space X, — However, this last remark only applies to (twisted) ordinary
homology, and not to (twisted) Borel-Moore homology, since Shapiro’s lemma for covering spaces is
generally false for Borel-Moore homology. For example if X — X is the universal covering R — S1
then HPM(S1: L) = 0% Z = HPM(R). See [AP20, §6.1-§6.2] for further details.

2.5. The general construction

Our general construction is now obtained by concatenating the lifting functor of §2.2, the
fibrewise tensor product of §2.3 and twisted homology §2.4.

2.5.1. The first version.

Suppose that we are given a topologically-enriched category C, which is assumed to be nice,
meaning that, for each pair of objects (z,y), the connected components of the morphism space
C(x,y) are path-connected. We note that this condition holds whenever each C(x,y) is locally
path-connected, and it ensures that, for any discrete category D, any continuous functor C — D
factors (uniquely) through C — m(C). The input for the construction consists of

o a continuous functor F': C — Cov, and

o a positive integer 7 > 0.
The induced functor L;(F'): m9(C) — Mod, is then obtained as indicated in the following diagram,
where Lift is defined in §2.2 and H; is twisted homology as described in §2.4.

. o,
cC % Cove Lift Top, Mod,
J (2.9)
mo(C) Li(F)

2.5.2. The second version.

Now suppose that we are given a nice topologically-enriched category C as above, together
with
o a continuous functor F': C — Cov,,
o a continuous functor V: C — ¢Mod, and
o a positive integer ¢ > 0,
where F and V satisfy Condition 2.18 below, where we recall (¢f. Notation 2.8) that ¢ and r denote
functors

l y4
«Cove ——= Grp eMod, C ¢Top, ——= A-Alg
T T

that remember just the first (respectively second) underlying group or A-algebra.

Condition 2.18 The functors F' and V are required to be compatible in the sense that
AlroF]={0oV,

where A[—] denotes the free functor Grp — A-Alg.

Lemma 2.19 Given continuous functors F' and V' satisfying Condition 2.18 and an integer i > 0,
there is a naturally associated functor mo(C) — Moda,.

Proof. The construction is as follows. Condition 2.18 implies that £ o V' = r o Lift o F', and hence
that the functors Lift o F' and V determine a functor C — Top,Mod, by the universal property of
the pullback. This is then composed with the fibrewise tensor product (§2.3) and twisted homology
(§2.4) to obtain a functor of the form C — Mod,. Since Mod, is a discrete category and C is nice,
this factors uniquely through a functor

7T0(C) — MOd.,
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which is the output of the construction. This may be summarised diagrammatically as follows
(where the input is red and the output is blue):

F Lift

— C Cov, Top,
v] | T
Al-] l
«Mod, Grp ——— A-Alg
l
- . (2.10)
Top,Mod, L Top, “ Mod,
—>7TQ(C) qu(F;V)
O

Definition 2.20 ( The general construction.) Given continuous functors F and V satisfying Condi-
tion 2.18, define L;(F'; V) to be the functor given by Lemma 2.19. Using the notational convention
described in Notation 2.14, this may be written as

Li(F; V) = H; o (Lift o F) @ V).

Remark 2.21 (Other variants of homology.) All of the above constructions go through identi-
cally if we replace (twisted) ordinary homology with (twisted) Borel-Moore homology, cohomology,
compactly-supported cohomology, reduced homology, etc., as long as we modify each category in
the construction accordingly. For example, if we wish to use twisted Borel-Moore homology, we
must restrict to locally compact spaces and proper maps, so in particular the input functor F must
take values in this subcategory of Cov,. Similarly, if we wish to use twisted cohomology, we must
replace 4 Top, with the “ambivariant” version 4 Topy , as described in Definition 2.16, and similarly
for 4Cov,, and F' must take values in ,Cov} instead of Cov,.

Remark 2.22 This construction is inspired by and recovers a method due to Bigelow [Big04, §2]
of constructing B,,-representations from By-representations for any n, k; see Remark 5.30.

Remark 2.23 This construction recovers the simpler construction given in §2.5.1 if we take V' to
be the “trivial” coefficient system Vg, constructed as follows. We denote by triv: A-Alg — 4Mod,
the functor that sends R to the bimodule (R, R, R). Then Vp is the composition trivo A[—]oro F.
In formulas, using the notational convention of Notation 2.14, we have (Lift o F') ® Vp = Lift o F'.

Remark 2.24 A minor subtlety when we apply this construction later will be that our category
C = 4D, will actually only be a semi-category (a category without identities), although 7o(C) will
be a category (with identities). The diagrams above should therefore be interpreted as diagrams of
semifunctors. However, the induced arrow from 7 (C) will always turn out to be a functor, i.e., it
will preserve identities. See §3.4 for why we must allow C to be a semi-category, and Lemma 5.10
for the statement that the output of the construction is nevertheless a functor.

Remark 2.25 (Iterative constructions.) There is an immediate generalisation of the above con-
struction, in which F takes values in 4Cov, instead of Cov,, and the output functor L;(F;V)
similarly takes values in {Mod, instead of Mod,. One may then wonder (bearing in mind the fact
that continuous functors C — ¢Mod, are in bijective correspondence with functors mo(C) — ¢Mods,)
whether this construction, for fixed F and i, may be iterated by taking V,, 11 = L;(F;V,,). However,
this does not work as formulated above. In order to apply the construction above, the functor V'
is required to satisfy the compatibility Condition 2.18 (depending on F'). That V satisfies Condi-
tion 2.18 does not imply that L;(F’; V') satisfies Condition 2.18, so we cannot apply the construction
L;(F;—) again to L;(F; V). To solve this issue, we introduce in [PS22b] a modified version of the
construction that may be iterated indefinitely, amounting to an endofunctor

Fct(C, 4Mods) — Fct(C, eMod,)

of the continuous functor category Fct(C, ¢ Mod, ). This is inspired by and recovers the Long-Moody
construction [Lon94]. This iterative construction is not addressed in the present paper but will be
the subject of the sequel paper [PS22b].
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3. Topological categories of decorated manifolds

In this section, we define the categories that will serve as the domain of the “homological
representations” that we will construct in §5. They are obtained from certain monoidal groupoids
by the Quillen bracket construction, an operation that enlarges a given monoidal groupoid to
a monoidal category having the original monoidal groupoid as its underlying groupoid. More
precisely, we will start with certain topologically-enriched monoidal groupoids, so we first describe,
in §3.1, a topological enrichment of the Quillen bracket construction and show that it behaves well
with respect to the functor my that replaces all morphism spaces with their sets of path-components,
subject to a Serre fibration condition. In §3.2, we then define the topologically-enriched monoidal
groupoids that we wish to consider, and prove that they satisfy this Serre fibration condition.

Informally, the idea is that the domain category used in §5, for a given dimension d > 2, will
be a topologically-enriched category UD,; having the property that the automorphism groups of
7mo(UDy) contain all motion groups and mapping class groups in dimension d. To construct this, we
define in §3.2 a topological groupoid Dy whose automorphism groups are the diffeomorphism groups
of all d-dimensional “decorated manifolds”. The topologically-enriched Quillen bracket construction
of §3.1 then gives us a topologically-enriched category UD, such that 7o (UDy) = U(mo(Dy)). The
underlying groupoid of mo(UDy) is therefore mo(Dy), consisting of all mapping class groups of
d-dimensional “decorated manifolds”, which contain all d-dimensional motion groups as normal
subgroups.

3.1. A topological enrichment of the Quillen bracket construction

Throughout this section, we fix a topological monoidal groupoid (G,4,0) and a topological
category (M, l) with a continuous left-action of G. We use the abbreviation ob to denote the set
of objects of a category. We refer the reader to [Mac98] for a complete introduction to the notions
of (strict) monoidal categories and modules over them. We recall that, by topological category, we
mean a category enriched over the symmetric monoidal category of topological spaces with the
Cartesian product.

Definition 3.1 The category (G, M) is defined to have the same objects as M, and for objects
X,Y of M, we define Homg rq)(X,Y") to be the quotient space

| | Homu(AsX,Y)|/~
A€ob(G)

where ~ is the equivalence relation given by (A, p) ~ (4’,¢’) if and only if ¢ = ¢’ o (oidx) for
some o € Homg(A, A’). For two morphisms [4,¢] : X — Y and [B,¥]: Y — Z in (G, M), the
composition is defined by [B,¥]o[A, ¢| = [BiA, Yo (idphy)]. We note that this may also be written
as the colimit

Homg o) (X,Y) = colgim[HomM(—hX, Y.

Remark 3.2 There is a canonical faithful functor c¢/g aqy: M — (G, M) defined as the identity
on objects and sending ¢ € Hom (X, Y) to [0, ¢)].

Example 3.3 As an example, topological monoidal groupoid G has a continuous left-action on
itself given by its monoidal structure, so we may always take M = G and consider the category
(G,G). As an abbreviation, we denote the category (G, G) by G.

If the categories G and M are both discrete, then Definition 3.1 recovers the classical bracket
construction of Quillen. This is a particular case of a more general construction of [Gra76, p.219].
Assuming in addition that M is a groupoid (as for all the examples discussed in this paper, see §4),
following mutatis mutandis [RW17, Proposition 1.7, if (G,1,0) has no zero divisors — meaning that
ApB =0 if and only if A = B = 0 for all objects A and B of G — and if Autg(0) = {idp}, then the
canonical functor of Remark 3.2 above is an isomorphism from M onto the maximal subgroupoid
of (G, M) (i.e. the subcategory which has the same objects as (G, M) and of which the morphisms
are the isomorphisms of (G, M)). Hence, if we suppose that G and M are discrete groupoids such
that M has non-negative integers as objects and a family of groups { Gy, }nen as isomorphisms, that

16



G has no zero divisors and that its monoidal unit has no non-trivial automorphisms, then Quillen’s
bracket construction consists in just “artificially” adding to M morphisms which go from n to n+1:
this justifies the use of this construction as source category to encode compatible representations
of families of groups.

Remark 3.4 A topological version of Quillen’s bracket construction is mentioned briefly in Remark
2.10 of [Kral9], although there the categories are topological in the sense of being categories internal
to the category of topological spaces, rather than topologically-enriched categories. Lemma 3.6
below is stated for topologically-enriched categories, but it is likely that it has an analogue for
categories internal to the category of topological spaces, in which case Lemma 2.11 of [Kral9]
would be a particular case of this analogue.

This construction is of course functorial in M and G in an appropriate sense. We mention
some properties of this functoriality that we will need.

Lemma 3.5 Let D be a topological monoidal groupoid and let Gy C Go C D and M1 C My C D
be subgroupoids such that, for i = 1,2, G; is closed under —h— and M; is closed under gh— for
each object g of G;. Then there is a canonical functor (G, M1) — (G2, M3). Moreover,
e if G = Gy =G, the functor (G, M1) — (G, M2) is an inclusion of a subcategory, which is
full if the inclusion My C My is full;
o if M1 = My =M, the functor (G1, M) — (Ga, M) is the identity on objects, and is faithful
— thus an inclusion of a subcategory — if the inclusion G1 C Go is full.
In particular, there is a canonical functor (G1, M) — UD, which is an inclusion of a subcategory
if the inclusion G1 C D is full.

Proof. The objects of (G;, M;) are the objects of M;, so we define the functor on objects as the
inclusion ob(M7) < ob(M3z). A morphism in (G;, M;) from X to Y is represented by a choice of
object A of G; and a morphism A§X — Y of M;. We may therefore send such a morphism, for
1 = 1, to the morphism, for ¢ = 2, represented by the same data, since G; C Gy and M1 C M.
It is straightforward to check that this assignment respects the defining equivalence relation, so
induces a continuous map of morphism spaces, and that it also respects composition and identities.
The statements in the two bullet points may be verified by unwinding the definition of morphisms

in <gl,MZ> O

Lemma 3.6 Let G be a topological monoidal groupoid and M a topological category with a con-
tinuous left-action of G. Assume that, for each object A of G and each pair of objects X, Y of M,
the quotient map

Hom g (A5X,Y) — Hompa (ARX,Y)/Autg(A) (3.1)

is a Serre fibration. Then there is a canonical isomorphism of categories
m0((G, M)) = (70(G), mo(M)). (3.2)

Proof. First note that mo((G, M)) and (mo(G), mo(M)) have the same object set, by the definition
of the discrete and topologically-enriched Quillen bracket constructions, and the functor 7. Specif-
ically, their common object set is ob(M). It therefore remains to show that, for objects X and Y
of M, there is a natural bijection between mo(Hom g r¢) (X,Y")) and Hom r,(g),xa)) (X, Y). Set

® = || Homum(ARX,Y).
A€ob(G)

Unravelling the definitions, what we need to prove is that there is a natural bijection
To(®/~t) = mo(P)/~n,

where ~; is the equivalence relation given by (A, ) ~: (A’,¢) if and only if there is a morphism
o € Homg (A, A’) such that ¢ = ¢’o(ohid4), and ~y, is the equivalence relation given by (A4, [¢]) ~p
(A, [¢']) if and only if there is a morphism o € Homg (A, A’) such that ¢ ~ ¢’ o (ofid4). We note
that the only difference between these definitions is that the equality is replaced by a homotopy in
the definition of ~,. As sets, these are both quotients of (the underlying set of) ®, so we just need
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to show that, given two elements (A, ¢) and (A’,¢’) of ®, they have the same image in mo(P/~)
if and only if they have the same image in mo(®)/~,.

(a) Suppose first that (A, ¢) and (A’,¢’) have the same image in m(®)/~p. This means
that there is a morphism ¢ € Homg(A, A’) and a path «: [0,1] — Homa(AEX,Y) C @ with
v(0) = (A, ) and (1) = (4, ¢’ o (lid4)). Composing with the projection & — ®/~; and writing
[—]+ for the equivalence classes with respect to ~;, we obtain a path in ®/~; from [(4, ¢)]: to
[(A, ¢ o (onida))]e = [(A",¢")]:. Hence (4, ) and (A4', ') have the same image in mo(®/~;).

(b) To prove the converse, we first make an assumption, which we will justify later. Namely,
we assume that quotient map ¢q: & — ®/~; is a Serre fibration. Now assume that (A, ) and
(A’, ¢') have the same image in 7o (®/~), so there is a path 0: [0,1] — @/~ with 6(0) = [(4, ¢)]:
and 6(1) = [(A’,¢')]t- By our assumption that ¢ is a Serre fibration, we may lift this to a path
e: [0,1] — ® with £(0) = (4,¢) and (1) ~; (A',¢’). Tts image £([0, 1]) is path-connected, so
it must lie in Homa(AX,Y) C ®. Hence we have a path ¢: [0,1] — Homp(AjX,Y) with
e(0) = (4,p) and (1) = (A,¢") ~¢ (A, ¢'), for some ¢’ € Hompa(A1X,Y). The relation
(A, ") ~¢ (A, ¢') means that there is a morphism o € Homg (A, A’) such that ¢ = ¢’ o (olid ).
Hence ¢ is a homotopy witnessing that ¢ ~ ¢’o(cfiid4), so we have shown that (A4, [¢]) ~n (4, [¢']),
in other words, (A, ¢) and (A4’, ¢’) have the same image in mo(®)/~.

(c) Tt now just remains to prove our earlier assumption that ¢ is a Serre fibration. Directly
from the definition, one may easily verify the following two facts:

o | |, fi: |; Ei — B is a Serre fibration if and only if each f;: E; — B is a Serre fibration.
e f: F — B is a Serre fibration if and only if f(F) is a union of path-components of B and
f: E— f(E) is a Serre fibration.
It therefore suffices to prove that
(i) ¢(Homa(AfX,Y")) is a union of path-components of @/~ for each A € ob(G),
(if) Homam(AX,Y) — q(Homa (ApX,Y)) is a Serre fibration for each A € ob(G).

Let us partition ob(G) into equivalence classes O, under the equivalence relation where two
objects A, A" of G are equivalent if and only if there is a morphism A — A’ in G. This is an
equivalence relation since G is a groupoid. We may then write ® = | | ®,, where

®o = | | Homu((ABX,Y).
AcO,

The equivalence relation ~; on ® clearly preserves the topological disjoint union | |, ®q, so we

have

O/~ = || (®a/~).
Also note that, for any two objects A, A" € O, (for fixed a), we have ¢(Homam(ALX,Y)) =
q(Homp(A'8X,Y)). So, if we make a choice of object A, € O, for each a, we have a decomposition
of ®/~; as a topological disjoint union:

O/~ = || q(Homp(AahX,Y)),

(e

This immediately implies point (i) above.

For point (ii), we note that two elements ¢, ¢’ € Hom (A5 X,Y") have the same image under
q if and only if they are ~;-equivalent, which is equivalent to saying that they lie in the same orbit
of the Autg(A)-action on Homp((AyX,Y"). Hence the map

ga: Hompag (A8X,Y) — ¢(Homa (A5 X,Y)) (3.3)

is isomorphic to (3.1), at least on underlying sets. If we can show that they are isomorphic also
as continuous maps of spaces, then we will be done, since we know by hypothesis that (3.1) is a
Serre fibration. Since (3.1) and (3.3) are surjective continuous maps with the same domain and
the same point-fibres, and we know moreover that (3.1) is a quotient map, it suffices to prove that
(3.3) is also a quotient map.

Let U C g(Homa(AfX,Y)) be a subset such that ¢ (U) is open in Homa(AX,Y). We
need to show that U is open in ¢(Homa(AfX,Y)). To see this, let A € O, and note that, by
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Figure 3.1 An illustration of the notation for the solid cylinder B¢ from Notation 3.7 for d = 3. Its
lower boundary 84153? is coloured yellow, its base b]]i%%11 is yellow-green and the codimension-2 stratum
ObB3 = 6D? x {0} is blue.

the fact discussed above that the equivalence relation ~; preserves the decomposition of ® into a
topological disjoint union, the restriction
Go = 4o, Pa — ¢(Pa) = g(Homar(ARX,Y))

is a quotient map. So it suffices to show that ¢, (U) is open in ®,. Now, from the definitions, we
observe the following description of the subset

' (U) € @0 = | | Homum(A4X,Y).
A’eO,

For each object A" € O, choose an isomorphism o 4: A" — Ain G. This induces a homeomorphism
YTa = —o(oahid): Hompa(AEX,Y) — Homa (A'5X,Y).

Then we have
'U) = || Talex'(U)).

A'€0,
Since ¢;*(U) is open in Hom (45X, Y), it follows that Y 4/(¢;* (U)) is open in Homa(A'5X,Y")
for each A’ € O,. Thus ¢, (U) is open in ®,, as required. O

3.2. Topological groupoids of decorated manifolds

Fix an integer d > 2. First, we define the notion of decorated manifolds and their morphisms.
The idea is that the groups mo(Diff (—)) of decorated manifolds will contain all motion groups as
normal subgroups; c¢f. Remark 4.24.

Notation 3.7 (Solid cylinders.) We denote by D?~! the closed unit (d — 1)-dimensional disc in
R?~1. For a real number ¢ > 0, we will write Bf = D! x [0, ] for the solid d-dimensional cylinder
of height t. We will also write

OB = (D1 x [0,1]) U (DT x {0})

and call this the lower boundary of B¢, as well as bB¢ = D?~! x {0} and call this the base of BY.
This is illustrated in Figure 3.1.

Definition 3.8 (Boundary-cylinders.) Let M be a smooth d-manifold. A boundary-cylinder for M
is a topological embedding e: B < M such that e~*(0M) = 9,B{ and e is a smooth embedding
except on the (d — 2)-sphere ObB{. Two boundary-cylinders e, e’ are equivalent if they are equal
when restricted to B¢ C B¢ for some € > 0. An equivalence class of boundary-cylinders is called a
boundary-cylinder germ.

Definition 3.9 (Decorated manifolds.) A decorated manifold is a smooth d-manifold M, equipped
with a closed submanifold A C int(M) and a pair (e1, e2) of boundary-cylinder germs for M \ A
such that e; (bBY) and ez (bB) are disjoint. See Figure 3.2 for a schematic picture.
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MM’ =| e O o . ¢
0 € / N\ € 0

Figure 3.2 Two decorated manifolds and their boundary connected sum.

Definition 3.10 (Morphisms of decorated manifolds) A morphism of decorated manifolds from
(M, A, eq,e2) to (M’ A’ e, €l) is a smooth, proper (preimages of compact subspaces are compact)
map ¢: M — M’ such that ¢(A) C A’ and such that, for some ¢ > 0 and for each i € {1, 2}, we have
o(e;(BY)) = e} (B?) and the composition (e;)"Lopoe;: B — B is the identity. Write C52, (M, M")
for the set of such morphisms, where by abuse of notation we are abbreviating (M, A, eq, e3) to M
and (M', A’ e}, e}) to M’.
Definition 3.11 (Morphism spaces.) The set C35.(M, M') is topologised as a colimit of Whitney
topologies, as follows. First choose representative boundary cylinders for the boundary-cylinder
germs e; and e}. This ensures that the condition in Definition 3.10 makes sense for a fixed € € (0, 1),
not just for an unspecified € € (0,1) that is quantified over.

Now fix € € (0, 1) and write C3°2, (M, M") for the subset of C2_ (M, M') where the condition in

dec,e dec

Definition 3.10 holds for this fixed €. Equip each subset ngc,e(M , M'") with the subspace topology
induced from the smooth Whitney topology on the set C°° (M, M’) of all smooth maps from M to
M; for details of the Whitney topology, see for example [Hir76, Chapter 2]|. As a set, C3o. (M, M")
is the union of Cgg, (M, M') over all choices of € € (0, 1); we equip Cge.(M, M') with the colimit
topology induced by the increasing filtration {Cgg, (M, M')}ee(0,1)-

Different choices of representative boundary-cylinders for the boundary-cylinder germs e; and
e} will result in different filtrations. However, any two such filtrations are cofinal in each other, so
the colimit topology induced on C3° (M, M’) does not depend on this choice.

Note also that this topology may differ from the subspace topology that is inherited directly
from the Whitney topology on C* (M, M’) (the colimit topology may be finer). However, these

two topologies on C3o.(M, M’) are weakly equivalent. In particular, they have the same 7.

Definition 3.12 (Boundary connected sum.) Let (M, A, e1,ea) and (M', A’, e}, e}) be two deco-
rated d-manifolds. Define
MEM = (MU M)/,

where ~ is the equivalence relation generated by es(x,0) ~ €} (x,0) for all (z,0) € bBY. We give
this a smooth structure as follows. There are obvious topological embeddings
M~ eg(bBY) — MM’ and M’ ~ €| (bBY) — MuM’,
and another topological embedding
D4t % [—1,1] — MyM’

given by (z,t) — ea(z, —t) for t <0 and (z,t) — €} (x,t) for ¢t > 0, where we have implicitly chosen
representative boundary-cylinders for the boundary-cylinder germs es and e}. We define a smooth
structure on MiM’ by declaring that these are both smooth embeddings.
This is a well-defined smooth structure, since:
e the smooth structures induced by these embeddings are compatible on intersections, due to
the fact that boundary-cylinders are smooth embeddings away from ObB¢;
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e the smooth structure of M{M’ is determined, except on ez(bBY) = ¢/ (bB), by the smooth
structures of M and M’. The embedding of D?~! x [~1, 1] induced by (boundary-cylinders
representing the boundary-cylinder germs) es and e is therefore only required to extend this
smooth structure to ex(bBY) = e} (bB¢). As a result, the smooth structure does not depend
on the choice of representative boundary-cylinders, but only their germs.

Finally, we define:

(M, Av e1, 62) h (M/; A/; 6/17 6/2) = (MhM/ﬂ AU Alv €1, 6/2)
See Figure 3.2 for a schematic illustration.

Remark 3.13 The usual definition of boundary connected sum of two smooth manifolds M, M’
depends on a choice of embedded disc in the boundary of each manifold, and a method of “straight-
ening corners” after gluing these discs together. Up to diffeomorphism, the resulting smooth mani-
fold MyM’ depends only on the choice of a boundary-component of M and of M’, and orientations
of these if they are orientable (this is a result of Palais’ Disc theorem [Pal60a, Theorem B and
Corollary 1] and the existence of collar neighbourhoods). However, in order for fj to induce a
well-defined monoidal structure on some category of manifolds with boundary (which we will do
just below), it must be well-defined on the nose, not just up to diffeomorphism (since objects
are manifolds, not diffeomorphism-classes of manifolds). The definition of decorated manifolds is
designed so that these additional choices are built in, and no additional choices are required in
Definition 3.12 above.

Definition 3.14 (Decorated manifold categories.) Let Decgy be the topological category defined as
follows. Its objects are all decorated manifolds (M, A, e1,es) of dimension d, as in Definition 3.9.
The space of morphisms from M = (M, A, e1,e2) to M' = (M', A’, €}, €}) is the space C3. (M, M')
defined in Definition 3.10 and topologised in Definition 3.11. We note that composition is continu-
ous in this topology, since it is a colimit of Whitney topologies and composition of smooth, proper
maps is continuous in the Whitney topology.

Let Dy be the underlying topological groupoid of Decy. In other words, its objects are all
decorated manifolds of dimension d and its morphisms are those morphisms (M, A, e, e2) —
(M’ A’ e}, eh) of decorated manifolds whose underlying smooth map ¢: M — M’ is a diffeo-
morphism and p(A) = A'.

The boundary connected sum of Definition 3.12 induces a semi-monoidal structure on Decg,
and hence on Dy:

Definition 3.15 (Semi-monoidal structure.) We define the functor
i: Decyg X Decy — Decy

on objects via the boundary connected sum of Definition 3.12. Now suppose we are given morphisms
w: (L, A e1,ea) = (L', A’ el eb) and ¥: (M, B, f1, fo) = (M',B’, f{, f}) in Decy. By definition,
these are smooth, proper maps L — L’ and M — M’ that take A and B into A’ and B’ respectively,
and are compatible with the given boundary-cylinder germs. This compatibility implies that they
glue to a well-defined, smooth map LiM — L’iM’, which is moreover a morphism

(L5A7€17€2>h(Mvaflaf2) — (LI,AI,61176/2>h(MI,B/,f{,fé>

of Decy. It is then easily checked that this gives Decy the structure of a topological semi-monoidal
groupoid; see §3.4.

Remark 3.16 (Monoidal and semi-monoidal structures.) The semi-monoidal structure on Decy
defined above does not have a unit, since there is no natural way of identifying MyB¢ with M for
all M (although they are of course non-naturally diffeomorphic). If decorated manifolds had been
defined to be equipped with boundary cylinders (not just germs of boundary-cylinders), then Decy
would have an obvious monoidal (i.e. semi-monoidal with unit) structure. However, the proof of
Proposition 3.22 below, which tells us that the Serre fibration hypothesis of Lemma 3.6 is satisfied
for subgroupoids of Dy (Lemma 4.4), depends crucially on the fact that morphisms of decorated
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manifolds are only required to preserve germs of boundary-cylinders, rather than entire boundary-
cylinders. Thus we are forced either to formally adjoin a unit to Decy (which is unnatural since
mo(Decy) already has a unit by Lemma 3.18), or to work directly with semi-monoidal categories,
which is what we shall do; see §3.4 for more details.

Finally we can analogously define a topological groupoid of oriented decorated manifolds:

Definition 3.17 Let D;r denote the topological groupoid whose objects are decorated d-manifolds
(M, A, eq,e2) together with an orientation of A C int(M), and whose morphisms are diffeomor-
phisms ¢ as in Definition 3.14 such that the restriction ¢|4: A — A’ is an orientation-preserving
diffeomorphism. The boundary connected sum for such decorated d-manifolds is defined as in
Definition 3.12, with the orientation for A U B being induced from those of A and B. This then
extends, just as in Definition 3.15, to a structure of a topological semi-monoidal groupoid on D;.

One may of course similarly define Dg for any type of tangential structure 6: X — BO,
equipping A C int(M) with a #-structure and requiring this to be preserved by morphisms ¢.
Applying 7o to all morphism spaces, we may consider the discrete groupoids 7o (Dqg) and mo(D}).
The following lemma may be easily checked from the definitions.

Lemma 3.18 The discrete groupoids mo(Dg) and mo(D}} ) inherit well-defined semi-monoidal struc-
tures from those on Dy and D:{. Moreover, these semi-monoidal structures are monoidal, with
unit object given in each case by the solid cylinder (B¢, 0,id,r), where r: B — B¢ is the reflection
(x,t) = (2,1 —1).

More generally, if G C Dy is any subgroupoid closed under the semi-monoidal structure and
containing the solid cylinder (B{,0,id,r), then the semi-monoidal structure inherited by mo(G) is
monoidal. Similarly for subgroupoids G C D;r.

3.3. The Serre fibration condition

We now prove a technical result that will imply that the condition (3.1) is true in a very
general setting, covering all of our examples.

Definition 3.19 (Decorated diffeomorphisms.) A diffeomorphism of decorated manifolds (or a
decorated diffeomorphism) is a morphism of decorated manifolds (¢f. Definition 3.10) that admits
an inverse. Write Diff gec (M, N) for the space of decorated diffeomorphisms M — N and abbreviate
Diff geo(M) = Diffqec (M, M). This is topologised as a subspace of C35, (M, N), which is topologised
as a colimit of Whitney topologies (c¢f. Definition 3.11).

Definition 3.20 (Decorated embeddings.) Let M = (M, A) and N = (N, B) be decorated mani-
folds. Define Embgec(M, N) to be the space of smooth, proper embeddings ¢: M < N, equipped
with a germ of an extension ¢’ to an embedding B¢jM < N, such that

* (4) C B;

e for some € > 0 we have p(ez(B?)) = e5(B?) and (e}) ™! o @ o ey is the identity map B — BY,
where eg, e5 are the boundary-cylinder germs of (M, A) and €], e}, are those of (N, B). This
is similar to Definition 3.10, except that we only require the condition on ez, not on ey;

e there is a decorated manifold M’ and diffeomorphism of decorated manifolds ¢: M'qgM — N
such that ¢ = @ o tpr, p7, Where ¢y 0 denotes the canonical embedding of M into M'tM.
This extension of ¢ to ¢ should be compatible with the given germ of an extension ¢’ of ¢.

This space is topologised as a colimit of Whitney topologies, analogously to Definition 3.11.

Definition 3.21 For decorated manifolds L, M, N, denote by Embge.(M, N);, the subspace of
Embgec(M, N) of those embeddings for which we may take M’ = L in the third point of Defini-
tion 3.20. We note that Embge.(M, N) decomposes as a topological disjoint union:

Embaee(M,N) 2 | | Embaec(M, Ny, (3.4)
L

where the disjoint union runs over representatives of isomorphism classes of decorated manifolds.

Let L and M be decorated manifolds. There is a continuous right action of Diffgec(L) on
Diff 4o (LEM) given by ¢ -9 = ¢ o (¢hidps), and hence a quotient map

U: Diffgec(LiM) — Diffqec(LEM) /Diffqee(L). (3.5)
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€1 w0 €2 €1 - €
O 7,

LEM = Q. %41

Figure 3.3 The boundary connected sum LM from the proof of Proposition 3.22.

Proposition 3.22 The quotient map (3.5) is a Serre fibration. There is a homeomorphism between
its codomain and Embge.(M, LiM)y,, induced by the restriction map.

Remark 3.23 This is related to results of Cerf [Cer61, Corollaire 2, §11.2.2.2, page 294], Palais
[Pal60b, Theorem B] and Lima [Lim63], but we were not able to find an instance of their results that
covers exactly the setting that we need here. We therefore give a complete proof of Proposition 3.22

below, using as an input two key results of Cerf and Palais, namely Lemme I1.2.1.2 (page 291) of
[Cer61] and [Pal60b, Theorem A].

Proof of Proposition 3.22. The decorated manifolds L = (L, A,e1,e2) and M = (M, B, ¢}, eb)
come equipped with germs ey, e, €], e of boundary cylinders; let us once and for all choose repre-
sentative boundary cylinders for these germs, and denote them by the same symbols, by abuse of
notation.

For ¢ € (0,1), let Diffqec,c(L§M) denote the group of self-diffeomorphisms of LiM sending
AU B onto itself and restricting to the identity on e;(B¢) and on e4(B?). If we give this the
Whitney topology, then

Diff goc (LM ) & c?LiBn(Diffdqu(LhM)), (3.6)

by our definition of morphisms of decorated manifolds (¢f. Definition 3.10) and the topology on
morphism spaces (cf. Definition 3.11). Similarly, for each €,t € (0,1), let Diffqec.c+(L) denote
the subgroup of Diffgec,(LiM) consisting of diffeomorphisms that restrict to the identity on the
submanifold M; = M U ex(B¢) of LiM pictured in Figure 3.3. We have a quotient map

U, i+ Diffqec,e (LiM) — Diffqec (LM ) /Diff gec,e, i (L).
For any €,€',t,t' € (0,1) with € < € and ¢’ < ¢ there are natural maps
Diffdec,e (LEM) /Diffaec,e,t(L) — Diffdec,er (LM ) /Diffaec,er ¢/ (L),
so we may take the directed colimit of the maps ¥, to obtain

colim(W, ¢): Diffgec(LEM) — colim(Diff gec « (LEM ) /Diff gec,e,¢ (L)),
€,t—0 €,t—0

where we have used the identification (3.6) in the domain. Since each U, is a quotient map, it

follows from general facts about colimits in the category of topological spaces that colirg(\lfe,t) is

also a quotient map. The map ot

U: Diff geo(LEM) — Diff geo (LEM) /Diff gec (L),

i.e., the map (3.5) that we would like to show is a Serre fibration, is also a quotient map, with the
same domain. Since M; is a cofinal family of neighbourhoods of M in LiM, two diffeomorphisms
of Diffgec(LEM) have the same image under ¥ if and only if they have the same image under

C(%lir{)l(\lf@t). As they are quotient maps of the same space, it follows that ¥ = cglirg(@€7t).
€,t— €,t—

We will prove below that each U, is a fibre bundle (and hence a Serre fibration), and then
deduce that U is a Serre fibration using the following general fact.
(*) Any filtered colimit of based Serre fibrations between compactly-generated weak-Hausdorff
spaces is again a Serre fibration.
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For a reference for this fact, see Proposition 1.2.3.5(1) of [TV08], which states that a filtered colimit
of fibrations is a fibration in any compactly generated model category. The classical model category
of based compactly-generated weak-Hausdorff spaces, with its Quillen model structure in which
the fibrations are the Serre fibrations, is compactly generated; see for example Proposition 6.3 of
[MMSSO01].

To apply (*) in our situation, first note that we are taking a directed colimit, which is in par-
ticular a filtered colimit. We then need to check that the diffeomorphism groups Diff gec, . (LEM)
and their quotients are compactly-generated weak-Hausdorff spaces. Diffeomorphism groups of
manifolds, in the Whitney topology, are always first-countable and Hausdorff, and thus compactly-
generated and weak-Hausdorff. Moreover, the property of being compactly-generated is preserved
when taking quotients. The property of being weak Hausdorff is not preserved when taking quo-
tients; however, in the process of proving that each V., is a fibre bundle below, we will also show
that its target space Diffgec,c (LiM)/Diff gec,e,+(L) is Hausdorft.

It therefore remains to show that each ¥, is a fibre bundle (and its target space is Hausdorff).
Write

Embdec,e(Mta LuM)L

for the space of smooth, proper embeddings ¢: My — LiM such that o(B) C AU B, the restriction

of  to eh(BY) is the identity and there exists @ € Diffqec,(LEM) such that ¢ = @ o1, where ¢ is
the inclusion of My into LiM. Then

Embdec(Ma LhM)L = Coth%l(Embdec,e(Mta LhM)L)a (37)
€t—

see Definitions 3.20 and 3.21. There is a restriction map
(I)e,t . Diﬁ.dec,e(LuM) — Embdec,e(Mta LuM)La

which is equivariant with respect to the left-action of Diffgec,(LEM) by post-composition. This
factors through the quotient map ¥+, so we have an induced map

(I)e,t
Diff gec,e (LM ) ——— Embgec  (My, LiM) ..

\Ile,tl ~
(I)e,t

Diﬁdec,e (LhM)/Diﬁ.decﬁgt (L)

By definition of the right-hand embedding space, the map ®. ; is surjective, and so is the induced
map (56,,5. Moreover, if two diffeomorphisms of Diff gec (L§M) have the same image under ®. 4,
their difference lies in Diffgec ¢ +(L), so the induced map </I;E7t is also injective. We will prove in the
next paragraphs that:
(#%) The map ®., is a fibre bundle.
In particular, it is a quotient map, since surjective fibre bundles are always quotient maps. Thus
the induced map ®.; must be a homeomorphism. This implies:

o The map V., is also a fibre bundle, hence a Serre fibration.

o Its target space is homeomorphic to the embedding space Embgec, (M, LM ), which we

have given the Whitney topology, so it is Hausdorff.
o We also obtain the second statement of the proposition:

Diffgec (L4M) /Diff ec(L) 2 colim (Difface, (LM ) /Difface,.(L))
€,t—
= colim(Embgec,e (M, LEM ) 1)

€,t—0

= Embdec(Mv LhM)L

Here we combine the identification ¥ = cotlirgl(\lf@t) with the colimit of </I;E7t and (3.7).
€,t—

It therefore remains just to prove statement (), that @, is a fibre bundle. Since it is equivariant
with respect to the left-action of Diff gec, (LM ), it suffices to prove that the action of Diff gec,  (LEM)
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on Embgec,(My, LEM)y, is locally retractile (= admits local cross-sections). This is because, by
[Pal60b, Theorem A], any G-equivariant map into a G-locally retractile space is a fibre bundle.

Thus, we have to prove the following statement: given an embedding e € Embqec (M, LEM) 1,
we may find an open neighbourhood U of e and a continuous map v: U — Diffgec,(L§M) such
that y(e) = id and v(f) oe = f for any f € U. Note that, since Diff gec . (LEM) acts transitively
on Embyec,e (M, LiM) 1, (because D, is both equivariant and surjective), it suffices to prove this
for just one such e, which we take to be the inclusion M; < LyM.

To prove this, we apply a result of Cerf [Cer61, Lemme I1.2.1.2, page 291], which we first
recall. Let X be a manifold-with-corners. This means in particular that X has a stratification
into faces (for example, if X is a connected manifold with boundary, but no higher-codimension
corners, then its set of faces is mo(0X)U{X}). Each point 2 € X may lie in many faces, but it has
a unique smallest face (according to inclusion) in which it lies, which we denote by Fx (x). Now if
Y is any submanifold-with-corners of X, we define

Cee (Y, X) = {smooth maps ¢: Y — X such that Fx(¢o(x)) = Fx(x) for each z € Y},

equipped with the Whitney topology. The Extension Lemma 11.2.1.2 of [Cer61] says that, if YV is
closed in X and V is any neighbourhood of Y in X, then the restriction map

Cgioce(XvX> — CfC:se(Ya X)

admits a section s defined on an open neighbourhood V of the inclusion in Cg2 (Y, X), such that
s(incl) =id and s(f)(z) =z forall feVand z € X \ V.

Step 1. Let us write 0o L for the union of all boundary components of L except for the one
that intersects the image of es; see Figure 3.3. Note that J, L may or may not intersect the image
of e;. Then there is a canonical identification:

70(d(LEM)) == 70 (e L) Ll 70 (OM). (3.8)

This is necessarily asymmetric in L and M. Each embedding f € Embgece (M, LiM) 1, extends to
a diffeomorphism of LiM, so it induces an injection fa: mo(OM) — mo(O(LEM)). In particular, if
f is the inclusion, then fj is also the inclusion, under the identification (3.8). In addition, we know
that f sends B into AU B, so it also induces a map f4: mo(B) — mo(A) LUme(B), which must be an
injection since A and B are closed manifolds and f is an embedding. The function f — (fa, fy) is
locally constant, so its fibres are open. Let U’ be the open subset of Embgec  (My, LiM ), consisting
of all f such that fj is the inclusion and f4(mo(B)) = mo(B). Note that the second condition implies
that f(B) = B, since f is an embedding and B is a closed manifold.

Step 2. Write M, ; = e;(BZ) U M, (pictured in Figure 3.4). Let

v': Embgee,e (M, LEM ), — C°° (M1, LyM)

be the continuous map that extends a given embedding M; — LjM to a smooth map M. — LyM
by defining it to be the identity on e;(B¢). Note that this may fail to be injective, so it is just a
smooth map, not necessarily an embedding. Also observe that, if f lies in the open subset U’ from
Step 1, then ~/(f) lies in the subspace Cg°. (M, L§M), since it takes points of int(LiM) N M.,
into int(LyM) and, for any boundary-component P of LiM, it takes P N M, ; into P (this uses the
fact that fy = id). Restricting 7/ to U’, we therefore have a continuous map

YU — CES (M, LiM)

such that +'(incl) = incl and v'(f)|n, = f for all f e U’.
Step 3. Now set X = L§M and Y = M., in the Extension Lemma of Cerf above, and choose
V to be any open neighbourhood of M, ; in LEM that is disjoint from the submanifold A C int(L).
Composing the local section s obtained from the Extension Lemma with 4/, we have a continuous
map
7// =S50 7/: U = (7/)710)) — Cf%oce(LhMa LyM)

such that v”(incl) = id and for any f € U"” we have v"(f)|nm, = f and v”(f)(A) = A. Moreover,
by construction, we also know that v/ (f)(B) = B and v (f)(z) = z for all z € e;(B?) U 5 (B?).
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Figure 3.4 The submanifold M (shaded in green) of LEM from the proof of Proposition 3.22.

Step 4. Finally, note that Diff (LM ) is open in C*°(LEM, LtM), so
U= (") Cine(LsM, LEM) N Diff(LEM))

is an open neighbourhood of the inclusion in Embgec,e (M, LiM) 1. For each f € U, the diffeomor-
phism ~v"(f) of LEM fixes each point of e;(BZ) U e5(B?) and sends A LI B onto itself, so it is an
element of Diffgec . (LiM). So we have a continuous map

Y= 'Y”|U: U— Diﬁdec,e(LuM)

such that ~(incl) = id and, for all f € U, we have y(f) o incl = v(f)|nm, = f-
Summary. The 4-step construction above may be summarised in the following diagram:

Etttbec.o (Mg, LIM) —— (M, ,, LtM)
Ul Ul
ul E— Cfcz)ioce(ME,tv LhM) — Ofgie(LbM7 LHM)

Ul Ul_/
S
u” V

Ul
U ! g2 (LEM, LiM) N Diff(LiM) C Diff(LgM),
where the construction of -y ensures that its image lies in Diff gec . (LEM) C Diff (LEM). O

Remark 3.24 We note that all of the above may be adapted to the setting where the closed
submanifolds A C int(L) and B C int(M) are equipped with orientations, and all morphisms
of decorated manifolds are required to preserve these orientations. Proposition 3.22 generalises
immediately to this setting.

3.4. Semi-monoidal categories and semicategories

All of the examples of categories C, for which we would like topologically to construct rep-
resentations will be of the form (G,, M,), where G, is a braided monoidal groupoid and M, is a
groupoid with a left-action of G,. We would therefore like to find a topological monoidal groupoid
G and a topological groupoid M with a left-action of G, satisfying condition (3.1) of Lemma 3.6 and
such that m(G) = G, and mo(M) = M,. Given this, a continuous functor C := (G, M) — Cov,
will induce a functor

Co = <g0aM0> = 7T0(<g,M>) = 7T0(C) — Mod,,

via the construction summarised in the diagram (2.10). We note that there is no need for G to
be braided, since this structure is not needed in order to form the topological Quillen bracket
construction, or for Lemma 3.6. In fact, it will be convenient for our examples to drop even more
structure from G, and assume only that it is a semi-monoidal category. We recall that this is defined
analogously to a monoidal category, but without any of the structure or conditions involving left
or right units; in other words it involves just a binary operation admitting an associator that
satisfies the pentagon condition. This is because we will lift the monoidal structure of G, to a
semi-monoidal structure on G that is not unital (see Remark 3.16 for why).
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Definition 3.25 If G is a topological semi-monoidal groupoid and M is a topological category
with a continuous left-action of G, then Definition 3.1 generalises directly to this setting, and
produces a semicategory (G, M). The associator of G is used to define composition in (G, M) and
the pentagon condition for the associator implies associativity of this composition.

Lemma 3.26 Let G be a topological semi-monoidal groupoid and M be a topological category with
a continuous left-action of G, satisfying the condition of Lemma 3.6. Then there is a canonical
isomorphism of semicategories

mo((G, M) = (m0(G), 70 (M)

Using this definition and lemma it will therefore suffice, in our examples, to find a topo-
logical semi-monoidal groupoid G, such that mo(G) = G, as semi-monoidal groupoids and which
satisfies condition (3.1) of Lemma 3.6. Then (G, M) is a topological semicategory, and we will
construct, geometrically in §5.1, continuous semifunctors (G, M) — Cov,. Via Lemma 3.26 and
the construction of §2.5 summarised in diagram (2.10), we then obtain a semifunctor

(Go, M) — Mod,.

The source and target of this semifunctor are both categories (since G, is a monoidal groupoid, not
just a semi-monoidal groupoid), and so one may ask whether this semifunctor is in fact a functor,
and in all of our examples it will be trivial to verify that it does in fact preserve identities, and is
therefore a functor.

Caveat 3.27 In practice, in the remainder of this paper, we will omit mention of this subtlety
about a lack of units and identities at the topological level, to avoid unnecessary extra complica-
tions. Formally, however, one should modify the construction as described above.

4. Topological categories for families of groups

In this section, we discuss in more detail the topological groupoids Dy of “decorated manifolds”
introduced in the previous section. In §4.1, we discuss their properties with respect to braidings
and symmetries. In §4.2, we give an explicit description of the morphism spaces of “Quillen bracket
categories of manifolds” in terms of embedding spaces. In §4.3, we establish several split homotopy
fibration sequences, and hence split short exact sequences on m; and my of embedding spaces and
diffeomorphism groups, and use these to identify motion groups with “braided mapping class
groups”. In §§4.4-4.6, we then describe, and recall the key properties of, the relevant subgroupoids
of Dy and D3 that we will be especially interested in.

4.1. Braidings and symmetries

If we restrict attention to those decorated manifolds whose two boundary-cylinder germs lie
on the same boundary-component, which is a sphere, then there is a natural braiding at the level
of my, which is symmetric if d > 3.

Definition 4.1 We say that a decorated manifold (M, A, ey, e2) has spherical preferred boundary
if the embedded (d — 1)-discs e1(bBY) and ea(bB¢) lie on the same boundary-component 9y M of
M, and moreover 9y M = S4=1. Write Dflph for the full subgroupoid of Dy on decorated manifolds

with spherical preferred boundary. Define D;{’Sph C D similarly.

Definition 4.2 An inclusion of topologically-enriched categories C C D is called 0-full if, for each
pair of objects ¢, ¢’ of C, the subspace C(c, ') C D(c,c’) is a union of path-components. We note
that a 0-full inclusion C C D induces an inclusion m(C) C mo(D). In fact, subcategories of m (D)
correspond bijectively to 0-full subcategories of D.

Lemma 4.3 The subgroupoid m (Dflph) of mo(Da) is closed under i, so it is a monoidal groupoid.
Moreover, mg (szh) is braided if d = 2 and symmetric if d > 3.

It follows that, if G C szh is a 0-full subgroupoid that is closed under § and contains the
braiding morphisms — described in the proof below — then my(G) is braided monoidal, and symmetric
monoidal if d > 3. The same statements hold when szh is replaced by Dth,Jr'
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Proof. The first statement is clear, since the connected sum of two spheres is again a sphere. The
construction of the braiding morphisms is exactly analogous to Figure 2 on page 609 of [RW17],
with the minor difference that they use two intervals, embedded in a circle boundary-component,
intersecting at a point, whereas we use two disjoint discs in a spherical boundary-component. If
the dimension d is at least 3, one may use the extra dimension to isotope the square of this braiding
morphism to the identity, so it is a symmetry for mg (Dflph). O

4.2. Quillen bracket categories of manifolds

Fix d > 2. Let G C Dy be a full subgroupoid that is closed under f and let M C Dy be a 0-full
subgroupoid that is closed under the action of G through . Alternatively, we allow D; in place of
Dg4. This implies that G is a semi-monoidal groupoid with an action on M, and we may form the
Quillen bracket construction (G, M), which is a topological semicategory; see §3.1 and §3.4. It is
called a Quillen bracket category of manifolds.

Lemma 4.4 The Serre fibration condition (3.1) of Lemma 3.6 is satisfied for this G and M, and
hence we have

mo((G, M) = (m0(G), 70 (M)

Proof. If M is a full subgroupoid of Dy, this follows directly from Proposition 3.22 (and Re-
mark 3.24 for D;{) together with Lemma 3.6. If M only satisfies the weaker property of being a
0-full subgroupoid of Dy, it follows from these results together with Lemma 4.5 below. O

Lemma 4.5 Let X be a space with a continuous right-action of a topological group G such that
the projection X — X/G is a Serre fibration. Let Xo C X be a union of path-components such
that the G-action sends X into itself. Then the projection Xo — Xo/G is also a Serre fibration.

Proof. More generally, by considering lifting diagrams, one may prove that, in the following square:

A—2 B

| K

_
C ; D

if f is a Serre fibration, a is an inclusion of a union of path-components, and b is injective, then
g is also a Serre fibration. In our setting, a is the inclusion Xy < X, which is assumed to be a
union of path-components, and b is the induced map Xo/G — X/G, which is injective. O

Definition 4.6 (Decorated diffeomorphisms, revisited.) For a decorated manifold M = (M, A),
recall from Definition 3.19 that the topological group Diff 4o (M) of decorated diffeomorphisms of
M is simply the automorphism group of M in the topologically-enriched groupoid Dy. If M lies
in a subgroupoid H C D, write Diff 3 (M) C Diffgec (M) for the subgroup of automorphisms of M
in H. We note that this is an equality if H C Dy is full.

Definition 4.7 (Decorated embeddings, revisited.) For decorated manifolds M = (M, A) and N =
(N, B), recall from Definition 3.20 the space Embgec (M, N) of decorated embeddings. If M and N
lie in M C Dy, define Embg rg) (M, N) € Embgec(M, N) to be the subspace where, in the third
condition of Definition 3.20, the decorated manifold M’ lies in G and the decorated diffeomorphism
@ lies in M. We note that this second condition is automatic if M C D, is full. For an object
L of G, we also write Emb g rq) (M, N)r, for the subspace of Emb g r¢) (M, N) where we may take
M' = L in Definition 3.20 (and ¢ lies in M). Similarly to (3.4), the space Emb g r¢ (M, N)
decomposes as a topological disjoint union:

Emb g rq (M, N) = |_| Emb g vy (M, N)y, (4.1)
L

where the disjoint union runs over representatives of isomorphism classes of objects L of G.

Proposition 4.8 For any Quillen bracket category of manifolds (G, M), its morphism spaces may
be identified as follows:
(G, M)(M,N) = Embg (M, N).
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Remark 4.9 When M C Dy is full, this says that morphisms in (G, M) are embeddings of
decorated manifolds such that the complement of the image of the embedding is an object of G. In
particular the space of morphisms is non-empty if and only if there exists an object M’ of G such
that M'§M is diffeomorphic to N as decorated manifolds.

Proof of Proposition 4.8. The space (G, M)(M, N) is described in Definition 3.1. In the notation
of the proof of Lemma 3.6 (setting X = M and Y = N), this is the quotient space ®/~;. In
that proof, it is shown that this splits as the topological disjoint union of certain spaces denoted
q(Homa(Z5X,Y)), as Z runs over representatives of isomorphism classes of objects of G. It is
also proved that this space is homeomorphic to the quotient space Homa(Z5X,Y)/Autg(Z). We
therefore have the following homeomorphism, where the disjoint union runs over representatives Z
of isomorphism classes of objects of G:

(G, M)(M,N) = | | Homm(Z5X,Y)/Autg(Z).

Since M is a groupoid, the space Homa(ZX,Y)/Autg(Z) is empty unless ZhX is isomorphic
to Y in M, in which case we may rewrite it as Aut v (Z5X)/Autg(Z) = Diff p(L§M) /Diff gec (L),
using the notation of Definition 4.7 and setting L = Z (recall that G C Dy is full). The second
part of Proposition 3.22 says that the restriction map induces a homeomorphism

Diff goc (L§M) /Diff goc (L) = Embgec(M, LEM)f,

and one may easily see that this sends the subspace Diff o((LiM)/Diff goc (L) homeomorphically
onto the subspace Embg xq) (M, LiM ). Putting this all together, we have a homeomorphism

(G, M)(M,N) = | | Embg gy (M, LiM) L, (4.2)

where the disjoint union runs over representatives L of isomorphism classes of objects of G such
that LgM is isomorphic to N in M.

Finally, consider the topological decomposition (4.1), where the disjoint union is indexed by
representatives L of isomorphism classes of all objects of G. If LiM 22 N in M, the corresponding
term is empty, whereas if LiM = N in M, we may rewrite the corresponding term by replacing
N with L§M, to obtain:

Embg ) (M, N) = | | Embg gy (M, LiM)y, (4.3)
L

where the disjoint union now runs over representatives L of isomorphism classes of objects of G such
that LM is isomorphic to N in M. Combining (4.2) and (4.3), we obtain the desired result. [

Remark 4.10 Suppose that cancellation holds for our chosen subgroupoids G and M — meaning
that LM = L'gM in M implies L = L’ in G for objects L, L' of G and M of M. Then the disjoint
union (4.2) is taken either over the empty set or a set of size one, so we have:

(G MY, N) = {Emb<g7M>(M,LuM)L if 3L € G such that LiM = N in M;

0 otherwise.
All of our examples of G and M in §4.4-§4.6 satisfy cancellation. This follows from the classification
of compact surfaces in all of our examples in dimension 2. In the examples of §4.6, it follows from
the fact that the groupoid of finite sets and bijections under disjoint union satisfies cancellation,
since the objects of the groupoids in the examples of §4.6 are determined up to isomorphism by
the number of copies of S! in the submanifold A C M.

4.3. Split short exact sequences

We now establish several split homotopy fibration sequences whose associated split short exact
sequences will be used in our construction. In particular, the split short exact sequences (4.6) and
(4.9) below will be used in the two versions of our general construction of global homological
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representations in §5.1 and §5.3 respectively. In addition, the split short exact sequence (4.9)
implies that any motion group is a braided mapping class group (cf. Proposition 4.23) in particular,
a normal subgroup of a mapping class group.

Fix a closed submanifold Z C R¢ and an open subgroup G < Diff(Z). We note that, since
Diff (Z) is locally path-connected, this corresponds to a choice of subgroup of 7o (Diff(Z2)).

4.3.1. The first short exact sequence

Definition 4.11 For smooth manifolds X and Y, let us write £(X,Y) = Emb(X,Y)/Diff(X).
For a subgroup G < Diff (X), we also write £¢(X,Y) = Emb(X,Y)/G.
Lemma 4.12 For any decorated manifold (M, A) € Dy there is a homotopy fibration sequence

L-—=~_
Ec(Z, M~ A) — Epigayxa(AU Z, M) —— E(A, M), (4.4)

in which the second map admits a section up to homotopy, as pictured.

Proof. The map Epig(ayxa(AU Z, M) — E(A, M) that forgets the embedding (modulo G) of Z is
equivariant with respect to the left action of the topological group Diff .(M ) of compactly-supported
diffeomorphisms of M. By [Pal21, Proposition 4.15], the action of Diff.(M) on E(A, M) is locally
retractile, i.e., it admits local sections. Thus, by [Pal60b, Theorem A], the map

Epit(ayxc (AU Z, M) — E(A, M) (4.5)

is a fibre bundle, in particular a Serre fibration. Write incl. for the inclusion of A into M and
[incl.] for its Diff(A)-orbit; this is a natural basepoint for £(A, M). The point-set fibre of (4.5)
over [incl.] € E(A, M) is clearly equal to Eg(Z, M ~ A), so (4.4) is a fibration sequence.

We construct a section-up-to-homotopy as follows. Let [¢] € £(A, M). This determines an
embedding A U Z < M UR? modulo the action of Diff (A), since Z is given as a submanifold of
R?. We recall from Definition 3.9 that a decorated manifold comes equipped with two germs of
boundary-cylinders; we choose one of these and then choose a boundary-cylinder representing the
given germ. Using this boundary-cylinders of M, we construct an embedding M UR® < M whose
restriction to M is isotopic to the identity. Composing this with the embedding above gives us an
embedding ¢': A Z < M modulo the action of Diff(4). The desired splitting is then given by
[¢] — [¢’]. This is a section up to homotopy because, forgetting Z, ¢’ is isotopic to ¢. O

Corollary 4.13 For any decorated manifold (M, A) € Dy there is a split short exact sequence

k-~~~
1— m(Ea(Z, M ~ A)) —— m1(Episayxa (AU Z, M) —— m (E(A, M)) — 1, (4.6)

where the basepoint of each space of embeddings modulo diffeomorphisms is given by the inclusion.

We may, alternatively, consider spaces of embeddings whose image is allowed to lie either in
the interior of M or in its boundary (but it must lie wholly in one or the other).

Definition 4.14 For (M, A) € Dyand Z C R? and G < Diff(Z) as above, we write Emb’(Z, M~ A)
for the subspace of smooth maps Z — M ~\ A that are either smooth embeddings of Z into M~ A
or smooth embeddings of Z into M. Write E,(Z, M ~ A) = Emb’(Z, M \ A)/G. Similarly, write
Emb’ QA U Z, M) for the subspace of smooth maps AUZ — M that are either embeddings of ALIZ
into M or disjoint unions of an embeddlng of A into M together with an embedding of Z into OM.
Write &g a)xq(AU Z, M) = Emb' (AU Z, M)/(Diff(A) x G).

Lemma 4.15 The natural inclusions
EG(Z, M~ A) — EG(Z, M~ A) and  Epigayxc(AU Z, M) — Eligay (AU Z, M)
are homotopy equivalences. Hence we may rewrite the split short exact sequence (4.6) above as

L=<
1— m(EG(Z,M N A)) —— m(Ehigayxa(AUZ,M)) —— 1 (E(A, M) — 1. (4.7)

Proof. In each case, a deformation retraction may be defined by post-composing embeddings with

an isotopy of self-embeddings of M starting from the identity and “shrinking” a collar neighbour-
hood of its boundary. O
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4.3.2. The second short exact sequence

We now construct the second key split short exact sequence (sequence (4.9) below). We first
need some notation.

Definition 4.16 For a decorated manifold (M, A) = (M, A, e1,e2) € Dy, recall that we write
Diff gee(M, A) for its automorphism group in Dy, in other words, the self-diffeomorphisms of M
that send A onto itself and that are compatible with the boundary-cylinder germs e; and es. If
we have a decomposition A = A; Ul Ay, we now also write Diff 4o (M, A1, A2) for the subgroup of
Diff gee (M, A) of those diffeomorphisms that preserve this decomposition, in other words, that send
A; onto itself and As onto itself. We note that this is a finite covering of Diff gec (M, A).

Notation 4.17 We identify R? with the interior of the solid cylinder B¢ in a standard way, so
the choice of closed submanifold Z C R¢ determines a decorated manifold (B¢, Z) = (B¢, Z,id, r),
where r is the reflection of the solid cylinder B = D9~ x [0,1] in its second coordinate. For any
other decorated manifold (M, A) € Dy, we may therefore consider the boundary connected sum
(M, A)4(B¢, Z), which we denote by an abuse of notation by (M, AL Z).

Lemma 4.18 For any decorated manifold (M, A) € Dy there is a homotopy fibration sequence

Diff gec (M, A, Z) —— Diffqec(M, A) —— E(Z, M ~ A), (4.8)

in which the first map admits a section up to homotopy, as pictured.

Proof. The right-hand map above is equivariant with respect to the left action of Diffc(M ~A4). By
[Pal21, Proposition 4.15], its action on £(Z, M ~. A) is locally retractile, so by [Pal60b, Theorem A,
the right-hand map above is a fibre bundle. Its point-set fibre over the basepoint [incl.] is clearly
equal to Diff g (M, A, Z). The section up to homotopy is constructed similarly to the proof of
Lemma 4.12, using a self-embedding M < M that restricts to the identity on A C M, is isotopic
to the identity and whose image is disjoint from Z (when considered as a submanifold of M via a
chosen boundary-cylinder). O

Corollary 4.19 For any decorated manifold (M, A) € Dy there is a split short exact sequence

1 — 11 (E(Z, M ~ A)) — 7o(Difface (M, A, Z)) — mo(Diffgec(M, A) — 1, (4.9)

where the basepoint of the space E(Z, M~ A) is given by the inclusion.
The split homotopy fibration sequence (4.8) may be generalised as follows.

Lemma 4.20 For any decorated manifold (M, A) € D4 and any open subgroup H < Diff goc (M, A),
the split homotopy fibration sequence (4.8) restricts to a split homotopy fibration sequence

k==~
Diffgec(M, A, Z) N H H E(Z, M~ A), (4.10)

and hence a corresponding split short exact sequence.

Proof. Since H is an open subgroup of a topological group, it is also closed and thus a union of
path-components. The restriction map Diff4..(M, A) — £(Z, M~ A) is a fibre bundle, hence a
Serre fibration, by the proof of Lemma 4.18. In general, if £ — B is a Serre fibration and Ey C F is
a union of path-components, then the restriction Fy — B is also a Serre fibration. This establishes
the homotopy fibration sequence. To see that the section up to homotopy of (4.8) restricts to
give a section up to homotopy of (4.10), one again just has to use the fact that H is a union of
path-components of Diff 4. (M, A). O
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4.3.3. Motion groups are braided mapping class groups

Definition 4.21 The braided diffeomorphism group DiﬁgéC(M, A) of a decorated manifold (M, A)
is the kernel of the natural homomorphism

DiﬁdeC(M, A) — T (DiﬁdeC(M, (Z))),

in other words, the subgroup of diffeomorphisms of (M, A) that become isotopic to the identity
after forgetting A.

Definition 4.22 Given a closed manifold Z and an embedding Z — M , the corresponding motion
group Motz (M) is the fundamental group m1(£(Z, M)).

Corollary 4.19 implies the following identification of motion groups with 7y of braided diffeo-
morphism groups, in other words, motion groups are braided mapping class groups.

Proposition 4.23 For any closed submanifold Z C R%, we have a canonical isomorphism

Motz (M) = n1(E(Z, M)) = mo(Diff: (M, Z)).

dec
Proof. This follows immediately from Corollary 4.19 in the special case where A = (). O

Remark 4.24 (Globality) In particular, Proposition 4.23 tells us that all motion groups are normal
subgroups of the appropriate 7o (Diff(—))’s of decorated manifolds. Also, more obviously, mapping
class groups of d-manifolds are clearly examples of mo(Diff (—))’s of decorated manifolds, where we
take A to be the empty submanifold. Thus the discrete groupoid wo(Dy) contains all motion groups
and all mapping class groups of d-dimensional manifolds.

The homological representations that we shall construct in §5.1 and §5.3 below are functors
of the form UD,; — Mod,. Since the target category is discrete, they factor through mo(LUD,) =
U(79(Dg)), whose underlying groupoid is mo(Dgq). Each such homological representation therefore
restricts to homological representations of all motion groups and mapping class groups in dimension
d. This is why we refer to these as global homological representations.

4.3.4. Actions of (braided) mapping class groups
The following lemma will be important for the proof of the “Q-stability lemma” in §5.1.

Lemma 4.25 There is a natural action of Diff goc (M, A) on E(Z, M\A) given by post-composition,
which induces an action of wo(Diffgec(M, A)) on m (E(Z, M~ A)). This action agrees with the one
coming from the splitting in the short exact sequence (4.9).

Similarly, there is a natural action of Diff qee (M, A) on Eq(Z, M~A) given by post-composition,
which induces an action of

71(E(A, 1)) = w0 (DIt (M, A)) < mo(Diffgoc(M, A)) (4.11)

on m (Ea(Z, M~ A)). This action agrees with the one coming from the splitting in the short exact
sequence (4.6).

Proof. We first of all note that there is a slight generalisation of the split short exact sequence
(4.9), as follows. Lemma 4.18 generalises (with the same proof) to the setting where, for an open
subgroup G < Diff(Z), the base space of the fibration is replaced with £g(Z, M ~ A) and the fibre
is replaced with Diffgoc (M, A, Z|G), the subgroup of ¢ € Diff 4o (M, A, Z) such that |z € G. The
corresponding split short exact sequence is the middle row of the following diagram.
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1 — w1 (Ea(Z, M ~ A)) — 7T1(5Diff(A)xG(A|—'ZaM)) — m(E(A, M) —— 1
1 — m1(Eq(Z, M ~ A)) — mo(Diffaee (M, A, Z|G)) — mo(Diffaec(M, A)) —— 1 (4.12)

| 1 70 (Diffdee (M) — % 700 (Diffaec (M) —— 1

Moreover, in this diagram:
e the top row is the split short exact sequence (4.6),
e the right-hand column is an instance of (4.9) (with A = () and replacing Z — A),
e the middle column is an instance of the middle row (with A = §) and replacing Z — AU Z
and G — Diff(A) x G)
In particular, the top-right vertical map is the inclusion (4.11). The top-right square of (4.12) also
commutes when the horizontal arrows are replaced by the given splittings. Thus both parts of the
lemma (for (4.6) and for (4.9)) will follow once we prove the analogue for the middle row of (4.12).
To see this, let us first describe geometrically the action of an element ¢ € o (Diff gec (M, A)) on
m1(Eq(Z, M ~ A)) that arises from the split short exact sequence forming the middle row of (4.12).
By definition, ¢ is an isotopy class of diffeomorphisms of M fixing (pointwise) a neighbourhood of
its two boundary-cylinders and fixing A setwise. First choose an identification of M with MyB{
so that A C M and Z C BY. The section sends ¢ to the diffeomorphism ¢’ of MiB¢ that acts
by ¢ on M and by the identity on B¢. The diffeomorphism ¢’ then acts on m(Eg(Z, M ~ A))
by conjugation, where the latter group is viewed as a subgroup of my(Diff4ec (M, A4, Z|G)) via the
connecting homomorphism of the long exact sequence, which may be viewed geometrically as
sending a loop of embeddings of Z to the corresponding submanifold-pushing diffeomorphism of
M (named by analogy with the well-known point-pushing diffeomorphism in the case when Z is
zero-dimensional). But using the submanifold-pushing construction to view w1 (g (Z, M ~ A)) as a
subgroup of 7o (Diffgoc (M, A, Z|G)) and then acting by conjugation is equivalent to acting directly
on 7 (Eq(Z, M ~ A) through the obvious action of Diffgec(M, A, Z|G) on Eg(Z, M ~ A). O

4.4. Mapping class groups of surfaces

We define M$ to be the full subgroupoid of D" on decorated surfaces (S, 0, ey, es) where
S is a compact, connected, smooth surface with boundary. This collection of objects is clearly
closed under the operation f, so it is a semi-monoidal subgroupoid, so the category MY inherits
a topological semi-monoidal structure from Dy by Lemma 3.18. In the general notation of this
section, this first example is M = G = M&.

We denote by My the groupoid mo(M$). We recall that for diffeomorphisms of surfaces,
the condition of fixing (a neighbourhood of) an interval in a boundary-component is equivalent
to fixing two (neighbourhoods of) intervals in that boundary-component. Therefore My can be
described as the groupoid of decorated surfaces (S, I) where S is a surface as above, equipped with
a parametrised interval I: [—1,1] < 0pS in the boundary decorating one boundary component
denoted by 09S. This decorated surfaces groupoid My was introduced already in [RW17, §5.6].
When there is no ambiguity, we omit the parametrised interval I from the notation.

The morphisms in My are the isotopy classes of diffeomorphisms of surfaces which restrict to
the identity on a neighbourhood of their parametrised intervals I (or equivalently diffeomorphisms
which fix pointwise the boundary component 9y.5). The non-distinguished boundary components
may be freely moved by the mapping classes. The automorphism group of S forms the mapping
class group of S, which we denote by mDiff;(S). When the surface S is orientable, the diffeomor-
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phisms then automatically preserve orientations, as they restrict to the identity on a neighbourhood
of I. By Lemma 4.3, the groupoid M5 has a braided monoidal structure induced by gluing, which
is already considered in [RW17, §5.6.1]. Hence we may apply Quillen’s bracket construction, and
we have o (UML) = UM, as semicategories by Lemma 4.4.

Notation 4.26 We denote by D? the closed unit 2-disc. Let ¥ ; denote the cylinder S' x [0, 1]
(which may be thought of as the disc D? with a smaller open disc removed from its interior), 3; ;
denote the torus with one boundary component (S* x S! \ Int(D?)) and Ny ; denote a Mébius
band. For S an object of the groupoid Ms, by the classification of surfaces, there exist g, s,h € N
such that there is a diffeomorphism S == (53§ ;)4(tg21,1)0(8N1,1)-

If h = 0, we denote by X% | the boundary connected sum (1,34 ;)k(1y%1,1) and by T'5 ; the
mapping class group mDiff;(3 ;). If g = 0, we denote by N} the boundary connected sum
(£36,1)8(8nN1,1) and by A7, | the mapping class group moDiff (N7 ;). When s = 0, we often omit
it from the notation.

4.5. Surface braid groups

Let S be a compact, connected, smooth surface with a chosen boundary-component 9yS. For
each non-negative integer k, we denote by k a closed submanifold of S consisting in % distinct
points of the interior of S. Let Br® be the subgroupoid of D;ph with objects all decorated surfaces
(S’,n, e1,e2) such that n is any non-negative integer and there is a diffeomorphism S = S’ taking
0oS onto 9yS’; the morphisms of Br® are given by the subgroups of the braided diffeomorphisms
of Definition 4.21 and denoted by Diffgr (S,n). If S = D2, this collection of objects is closed under

ec
the operation f, so Br®" is a monoidal subgroupoid of Dy by Lemma 3.18. Also, the groupoid Br®
is closed under the left-action of Br® via h. Hence, in the general notation of this section, we take
G = Br" and M = BrS.

In general, BrS is not a full subgroupoid of D", since there may be diffeomorphisms of S
that restrict to the identity on the set n that are not isotopic to the identity. However, the special
case of BrP” is a full subgroupoid, since all diffeomorphisms of D? fixing a pair of disjoint intervals
in the boundary are isotopic to the identity. In other words, the diffeomorphism group Diff 7 (D?)
is path-connected, as we show in the following lemma.

Lemma 4.27 Let I U1 be a pair of disjoint closed intervals in the boundary of the disc D? and
write Diff ;1 (D?) for the group of diffeomorphisms of D? that fix I\UI pointwise. Then Diff 7 (D?)
is weakly contractible, in particular path-connected.

Proof. By [Cer61, §11.2.2.2, Corollaire 2] (see also [Pal60b; Lim63]), the map
Diff 7,7 (D?) — Diffo(I U I) = (Diff5(I))?

that remembers just the action of a diffeomorphism restricted to the complementary pair of intervals
OD? . (IUI) = IUI is a fibre bundle. Its fibre over the identity is Diffy(D?), the group of
diffeomorphisms of D? fixing all of dD? pointwise. The diffeomorphism group Diffs(I) is easily
seen to be contractible, and the diffeomorphism group Diff5(ID?) was shown to be contractible by
Smale [Sma59]. The long exact sequence of the fibre bundle above then implies that Diff;,;(ID?)
is weakly contractible. O

Notation 4.28 For simplicity, we denote the decorated surface (D?,n) for each non-negative
integer n by D,, and call it the n-th marked 2-disc, and we denote the decorated surface (S,n) by
S If n = 0, we simply denote (S,0) = S© by S.

The groupoid Wo(BTDZ) is clearly isomorphic to the braid groupoid 8 whose objects are non-
negative integers and whose automorphism groups are the classical braid groups {Bp}nen; see
[Mac98, Chapter XI, §4] for instance. Let B° be the groupoid 7o(Br®). For each non-negative
integer n, its automorphism group is the surface braid group wo(Diﬂggc(S("))) of S, which we
denote by B,,(S).

By Lemma 4.3, the groupoid B inherits the braided monoidal structure of My which also
induces a left B-module structure on 7(Br®). Hence Quillen’s bracket construction defines cate-
gories UBrY", (BTDZ ,BrS), 48 and (8, 8°). By Lemma 4.4, we deduce that, as semicategories, we
have 7o (UBr2") 2 4B and o ((BrP”, BrS)) = (8, B°).
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Alternatively, braid groups on surfaces may be defined as fundamental groups of configuration
spaces. We fix non-negative integers n and k, and a surface S(™ as above. The embedding space
Emb(k, S\ n) is the ordered configuration space of k points in S, denoted by Fj,(S™) (or Fj.(ID,,)
if S = D?). The quotient space Fj(S(™)/Gy, induced by the natural action of the symmetric
group on the coordinates, is the unordered configuration space of k points in S, and denoted by
Cr(S™). Corollary 4.19 with M = S, A = () and Z = n implies that B,,(S) is isomorphic to the
fundamental group of the unordered configuration space C,(S). The group mo(Diff3L (S, k,n)) is
called the partitioned (k,n)-braid group By ,(S5).

4.6. Loop braid groups

We now focus on the families of extended and non-extended loop braid groups. Their defini-
tions are recalled here and we refer to [Dam17] for a complete and unified introduction to these
groups.

Notation 4.29 We denote by ID® the unit 3-disc. For each non-negative integer n, we denote by
nS! a closed submanifold of D? consisting of a collection of n disjoint, unknotted circles forming
a trivial link of n components in the interior of D®. The notation nS} indicates that we require
any action on this unlink to be orientation-preserving; otherwise orientation-reversing actions are
permitted. For simplicity, we sometimes denote the decorated manifold (D3, nS') by D3.

Let Diff5 (D3, nS') be the group of self-diffeomorphisms of D? that fix 9D pointwise and fix nS*
as a subset. The extended loop braid group LB/, is the group of isotopy classes mo(Diff5(ID?, nSh)).
Let Diffy (D3, nS% ) be the subgroup of diffeomorphisms that also preserve the orientation of nS'.
The (non-extended) loop braid group LB,, is the group of isotopy classes mo(Diff o (D?, nS1)).

We now set a categorical framework for handling these families of groups:

e Let LB be the full subgroupoid of D3 on those decorated manifolds (M, A, ey, e2) such that
the pair (M, A) is diffeomorphic to the 3-disc relative to an embedded n-component unlink.
This is closed under the operation f, so it inherits a topological semi-monoidal structure from
D3 by Lemma 3.18. We then consider G = M = LB'.

e Let £B be the full subgroupoid of D3 on those decorated manifolds (M, A, ey, e2) such that
the pair (M, A) is diffeomorphic to the 3-disc relative to an embedded n-component oriented
unlink. Again, £B is closed under the operation f, so it inherits a topological semi-monoidal
structure from D5 by Lemma 3.18. We then consider G = M = LB.

We note that £B and LB’ are subcategories of Dgph’J“ and of Dgph respectively. We denote
their discrete versions by 7o (£LB') = LB’ and 7o (LB) = L.

Let us show that there are isomorphisms Autzg (D3) = LB], and Aut;g(D?) = LB,,. We
show this for the first case, the other one following mutatis mutandis. The automorphism group of
D2 in LB is 7o (Diffgec(D2)), where Diff gec(D3) is the topological group of diffeomorphisms of D?
that send the embedded the n-component unlink onto itself and that restrict to the identity on a
neighbourhood of two disjoint 2-discs in 9D?. The condition of fixing a neighbourhood of two discs
in the boundary is equivalent (on m) to fixing just the two discs themselves. On the other hand,
LB/, has the same description except that diffeomorphisms must fix the whole boundary dD3. It
therefore suffices to show that:

Lemma 4.30 Let M be a 3-manifold with a spherical boundary-component OgM . Then, for isotopy
classes of diffeomorphisms, fizing two disjoint 2-discs in oM is equivalent to fizing all of Oy M .

Proof. Let Diff(M,09M) be the group of diffeomorphisms of M that send 9y M onto itself. The
restriction map Diff (M, 9y M) — Diff (oM ) = Diff(S?) is a fibre bundle, by [Cer61, Corollaire 2,
§11.2.2.2, page 294]. Hence its restriction Diffpz p2 (M) — Diffpz p2(S?) =2 Diff5o(C) is also a
fibre bundle, where the subscript pz2_p2 means that diffeomorphisms must restrict to the identity
on a given pair of disjoint discs in 9gM = S?, and C is the 2-dimensional cylinder S! x [0,1]. The
fibre is Diff 5,5 (M) and we obtain an exact sequence

- = 1 (Diff o (C)) — mo(Diffoy ar (M) ~Ls 70(Diffpemz (M) — 70(Diffac(C)).

By [Gra73, Théoréme 1], Diffy5¢(C) is contractible, and hence (x) is a bijection. O
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Since their automorphism groups are the (extended) loop braid groups, we therefore call L3’
and L respectively the extended loop braid groupoid and the (non-extended) loop braid groupoid.
By Lemma 4.3, the groupoids £8" and £ inherit a symmetric monoidal structure from the semi-
monoidal structure of D3. Hence Quillen’s bracket construction defines categories 4LB3" and ULS.
By Lemma 4.4, we see that mo(ULB') = ULB" and mo(ULB) = ULB.

Partitioned versions and an alternative interpretation. For non-negative integers n and
k, the group mo(Diffgec(D3, kS, nS)) is called the partitioned (k,n)-extended loop braid group
and denoted by LB;c,n' Similarly, the group mo(Diffgec(D?, kS%,nSL)) is called the partitioned
(k,m)-loop braid group and denoted by LBy .

We recall here for further use an alternative way to define loop braid groups. Consider the
embedding spaces Fi(D?) = Emb(k, D3 < nS!) and Ux(D3) = Emb"™(kS', D3 \ nS!), where
the superscript " means the path-component of the embedding space corresponding to (n + k)-
component unlinks, and let

Cr(Dy) = Fi(Dy)/6r U (Dy) = Ux(Dy)/Diff " (kSY)  Un(Dy) = Ux(Dy,)/Diff(kS").

The first is usual unordered configuration space of k points in the unlink-complement D3 nS.
The middle space is the space of unordered, oriented k-component unlinks in D3 \ nS* such that
the resulting (n + k)-component link is again trivial. The right-hand space is similar, except that
the k-component unlinks are unoriented. We then have isomorphisms 71 (U, (D?)) = LB,, and
71 (Un(D?)) = LB, and embeddings 71 (U;" (D})) < LBy, and 71 (Uk(D3)) — LB ,,.

5. Global homological representations

In this section, we apply the general construction of §2 to the categories of decorated manifolds
D, introduced and studied in §3.2 and §4. This is the more geometric or topological part of our
construction of representations, whereas §2 is the more algebraic and formal part.

In more detail, in §5.1, we construct continuous functors UD; — Cov,, which lead, via the
general construction of §2, to “global homological representations” mo(UD;) — Mod,. In §5.2.2—
§5.2.3, we study in more detail certain particular cases of these global homological representations,
restricted to the subcategories of Dy and UDs that are relevant for surface braid groups and
loop braid groups (see §4.5-4.6). The key point is that, in many cases, these restrictions of global
homological representations have image contained in a subcategory Modg C Mod,, for some ring
R. In §5.3, we vary this construction in such a way that it is better adapted to mapping class
groups of manifolds (rather than motion groups), and we study particular cases of this construction
for mapping class groups of surfaces in §5.4.

Although we do not discuss it in more detail in this section, one may equally well consider
examples of these global homological representations restricted to subcategories of Dy and UD3
(or UDy for higher d) relevant for automorphism groups of free groups, Torelli groups, handlebody
mapping class groups, pure braid groups and mapping class groups of non-orientable surfaces, as
well as higher-dimensional motion groups and mapping class groups.

Recall (Remark 4.24) that the automorphism groups of the category 4D, contain all mapping
class groups and all motion groups of d-dimensional (decorated) manifolds M with non-empty
boundary. Representations of 4D, therefore give a “global” way to describe representations of all
of these groups simultaneously. Our construction below does not, on the other hand, apply directly
to give representations of mapping class groups or motion groups of closed manifolds M. However,
the idea of the construction may also be carried over to this setting, to produce representations of
these groups too.

5.1. Global functors for motion groups

Fix an integer d > 2, a closed submanifold Z C R? and an open subgroup G < Diff(Z). Also
fix another integer ¢ > 0. From this data, we construct two functors

F‘(Z,G,Z) and F(Z,G,é) : UD,; — Cov,. (5.1)

The construction of these functors occupies §5.1.1-§5.1.3, and their key basic properties are
established in §5.1.4-§5.1.5. In §5.1.6, we discuss possible variations and in §5.1.7 we explain how,
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fixing (Z, G) and allowing ¢ to vary, these functors fit together into a tower that may be thought
of as a single “pro-nilpotent” representation of the category UDy; see diagram (5.15).
Before we begin the construction of these functors, we recall their place in our general con-

struction, which consists in concatenating:

1. one of the functors (5.1),

2. a functor that passes from covering spaces to bundles of modules,

3. an optional fibrewise tensor product with a functor V: UDy — (Mod,,

4. twisted homology.
See §2.2-§2.4 for more details of steps (2)—(4). The resulting functor takes values in the category
Mod,, which is a discrete category, and so it factors through mo($4Dy), which is identified canonically
with Um(Dy), by Lemma 3.6 and Proposition 3.22; yielding a functor:

Li(F(Z,G,Z); V) uﬁo(Dd) — Mod,. (52)

See §2.5, and in particular Lemma 2.19, for the precise construction.

Semi-functors and functors. As discussed in §3.4, the left-hand side of (5.1) is only a (topo-
logical) semi-category, since it is constructed from the (topological) semi-monoidal groupoid Dy.
So (5.1) is, necessarily, just a (continuous) semi-functor. However, it induces a functor on mp; see
Lemma 5.10 below. All of the other steps (2)—(4) in our general construction are functors, so the
final output (5.2) of the construction is a functor (not just a semi-functor). We will not emphasise
this small subtlety in the rest of this section, however, and in particular we will henceforth write
“functor” instead of “semi-functor”.

Borel-Moore homology and functoriality. We will show that the functor F{z g ¢) takes values
in the subcategory Covy' of Cov, with the same objects and whose morphisms are those which
are proper as maps between spaces; c¢f. Lemma 5.11. This functor therefore works equally well
as an input for our general construction when step (4) is twisted Borel-Moore homology, which is
functorial only with respect to proper maps of spaces.

On the other hand, the functor ﬁ( 7,G,0) does not take values in Covy', although its restriction
to the underlying groupoid Dy of UD,; does. Thus, if we wish to use Borel-Moore homology
together with the functor l%( z,G,¢) in our general construction, it will not be fully functorial, but
only functorial for automorphisms: 79(Dg) — Mod,. In other words, we just obtain representations
of the individual groups in this case.

A natural homotopy equivalence. There is a natural homotopy equivalence F( 7,60 =
Fiz.G.0); cf Lemma 5.13. Thus, in the case where step (4) consists of ordinary twisted homol-
ogy (or any other homotopy invariant flavour of twisted homology), it will not matter which of
these two functors (Fz,q,¢) or ﬁ‘(zﬁgﬁg)) we use in step (1).

On the other hand, the natural homotopy equivalence l%( z,c,0) = Fz,G,¢ is not a proper
natural homotopy equivalence. Hence, in the case where step (4) consists of Borel-Moore twisted
homology — which is invariant only under proper homotopy equivalences — the two choices Fz g ¢
and 1:“( 7,G,0) in step (1) will lead to a priori different homological representations. As noted above,
the homological representations obtained using Borel-Moore homology in step (4) are defined on
all of UD; when using F{z,g,¢) in step (1), but only on Dy when using F(Z7G7g) in step (1). Hence
we can only compare them on Dy C UD,.

In certain specific cases, such as the classical Lawrence-Bigelow representations of the braid
groups in Borel-Moore homology, if the coefficients are “generic” — a certain condition on the
fibrewise tensor product taken in step (3) — the two choices of F(z ¢ ) and F(Z7G7g) in step (1)
do in fact lead to the same homological representations, due to the fact that they actually agree
with the corresponding representations using ordinary homology instead of Borel-Moore homology.
This is due to [Koh17, Theorem 3.1] when the ground ring is C; see also [AP20, Proposition D] for
more general ground rings.

Cohomology. One can of course replace step (4) of the general construction with twisted coho-
mology or twisted compactly-supported cohomology, to obtain functors of the form lmg(Dy)°P —
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Mod,. The same considerations apply to compactly-supported cohomology as for Borel-Moore
homology, so choosing the version F{z g ¢ in step (1) together with twisted compactly-supported
cohomology in step (4) leads only to functors 7o (Dy)°P — Mod,.

5.1.1. The construction of the functor on objects

In this section and the next, we describe the construction of the functor (5.1) (on objects and
on morphisms respectively) in its }%( 7,G,0) (“open”) variant. The modifications involved in defining
the Fiz ¢ (“closed”) variant of (5.1) are summarised in §5.1.3.

Let (M, A) € Dy be a decorated d-dimensional manifold. We show how to associate to this:

(i) a based, path-connected space X( Zﬁgﬁg)(M , A) that admits a universal cover,

(i) a surjective homomorphism ¢z g ¢ (M, A): m1(X(z,¢,0(M,A)) = Qz.c.0(M, A).
Together, these data determine an object of Cove. To simplify the notation, since the choice of
(Z,G,0) is fixed throughout this construction, we will drop the subscripts, denoting the space by
X (M, A) and the surjective homomorphism by ¢(M, A): 71 (X (M, A)) — Q(M, A).

The space. We denote by M the interior of B¢y M, where f denotes the boundary connected
sum along boundary-cylinder-germs (the semi-monoidal structure of Dy). Note that the interior of
B¢ may be identified canonically with R?, so there is a canonical embedding R¢ — M. Its image
is disjoint from M, hence in particular disjoint from A C M. Thus, restricting this to Z C R%, we
obtain a canonical embedding Z — M~ A, which determines a basepoint of the relative embedding
space

Eq(Z, M ~ A) = Emb(Z, M ~ A)/G.

Definition 5.1 We define X (M, A) to be the path-component of this space containing the base-
point.

To complete step (i) of the construction, we will show that £g(Z, M ~ A) is locally path-
connected and semi-locally simply-connected (it will then follow that X (M, A) also has these
properties, and hence admits a universal cover). There is a quotient map

Emb(Z, M ~ A) — Ec(Z, M ~ A). (5.3)

Embedding spaces, equipped with the Whitney topology, are locally path-connected. Hence it
follows that £¢(Z, M~ A) is also locally path-connected (since this property is preserved under
taking quotients).

For semi-local simply-connectedness we need to use a stronger property of (5.3) than just the
fact that it is a quotient map. The space Eg(Z, M ~ A) is locally retractile with respect to the
action of Diffc(M ~ A), by [Pal21, Proposition 4.15] (here we use the assumption that G is an open
subgroup of Diff(Z)). Now, the map (5.3) is equivariant with respect to the action of Diff (M~ A),
so by [Pal60b, Theorem A], the map (5.3) is a fibre bundle.

In general, we have the following point-set topological lemma:

Lemma 5.2 Let f: X — Y be a surjective fibre bundle, and suppose that X is semi-locally simply-
connected. Then'Y is also semi-locally simply-connected.

Proof. Let y € Y and let U be an open neighbourhood of y in Y. We need to find a smaller open
neighbourhood V' C U of y such that any loop in V based at y is nullhomotopic in U. First, choose a
smaller open neighbourhood U’ C U such that f is trivialisable over U’, and choose a trivialisation
@: f7HU') 2 U’ x F. Also choose a point z € F (this is possible since we have assumed that
f is surjective). Since X is semi-locally simply-connected, we may find an open neighbourhood
W C f~Y(U’") of § = ¢~ (y, ) such that any loop in W based at 7 is nullhomotopic in f~*(U").
By the definition of the product topology, we may then find open subsets V C U’ and F' C F
such that y € V, 2 € F/ and ¢~ }(V x F’) C W. Now let v be any loop in V based at y. Then
¥ =@ to(yx{z})is aloop in W based at §. By above, we may find a nullhomotopy of ¥ in
f~1(U"). Composing this nullhomotopy with f, it becomes a nullhomotopy of v in U’ C U. O

Corollary 5.3 The space X(M, A) admits a universal cover.
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Proof. As remarked above, it will suffice to show that the space £g(Z, M~ A) is locally path-
connected and semi-locally simply-connected, since X (M, A) is one path-component of this space.
We have already explained why Eq(Z, M~ A) is locally path-connected. For the second property,
note that the embedding space Emb(Z, M ~ A) is locally contractible, thus in particular semi-
locally simply-connected. The quotient map (5.3) is a fibre bundle, so Lemma 5.2 implies that its
target Eq(Z, M ~ A) is also semi-locally simply-connected. O

The surjective homomorphism. To complete the definition of the functor (5.1) on ob-
jects, we need to choose a quotient ¢(M, A) of m1 (X (M, A)) = m1(Ec(Z, M~ A)). .

First note that there is a canonical isomorphism m(Eq(Z, M \ A)) = m(Eq(Z, M \ A)),
where M denotes the interior of M , given by identifying B¢y M with M using one of the boundary-
cylinders of the decorated manifold (M, A);! see the proof of Lemma 4.12. We therefore need to
choose a quotient of 71 (Eg(Z, M ~ A)). To do this, we use the split homotopy fibration sequence
(4.4) of Lemma 4.12, which induces the split short exact sequence (4.6); this is the top row of
diagram (5.4) below. We then apply the functor G — G/I¢(G) that quotients a group by the
{-th term in its lower central series to the middle and right-hand terms. Finally, we factor the
composition of the top-left horizontal map and the middle vertical map in the unique possible way
as a surjection followed by an injection, and use these to define the left-hand vertical map ¢(M, A)
and the bottom-left horizontal map in the 6-term diagram below.

(X (M, A))
I s
1 —— m1(Ea(Z, M~ A)) —— m1(Epiayxa (AU Z, M)) R P (E(ANT)) —— 1
1 —— Q(M,A) 71 (Epirayxa(AU Z, M)) em—n 7Tl(£(A,]\?[g))
Iy(m1(Epigayxa (AU Z, M))) T2 (m (E(AL 1))

This completes the construction of X (M, A) and ¢(M, A), and hence of the functor (5.1) on
objects.

An immediate key observation about this diagram is that the bottom row is again a split short
exact sequence; the only property of the quotient G/Iy(G) that this uses is that it is functorial.
We recall that Grp denotes the category of groups.

Lemma 5.4 Let Q: Grp — Grp be a functorial quotient of groups, i.e., it is equipped with a
natural transformation q: id = Q such that ¢(G): G — Q(G) is a quotient map for each group G.
Then for any split short exact sequence

1 A BY S0 1

we have im(q(B) o f: A - B — Q(B)) = ker(Q(g9): Q(B) — Q(C)). Denoting this group by

Q*(A), this means that we have an induced 6-term diagram

A

1—Q"(4) — Q(B) — Q(C) — 1

in which both rows are split short exact sequences and the middle and right-hand vertical maps are
given by the natural transformation q.

L We recall that (M, A) comes equipped with an ordered pair of germs of boundary-cylinders. We choose the first
of this ordered pair, and then choose a boundary cylinder representing this germ. The identification of ]B‘th with
M depends on this choice of representative, but the induced isomorphism 71(£g(Z, M ~ A)) & m1(Eq(Z, M ~ A))
does not.
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Proof. The second statement is clear, given the first one: we define the right-hand square by ap-
plying the functor @ to the map g and its given section and by applying the natural transformation
q to the groups B and C. We then fill in the left-hand square by factoring ¢(B) o f uniquely as
a surjection followed by an injection. The final thing to check is exactness in the middle of the
bottom row, which is precisely the first statement of the lemma.

To prove the first statement, first note that the inclusion im(¢(B) o f) C ker(Q(g)) follows
immediately from exactness of the top row. To prove the opposite inclusion, let € Q(B) with
Q(g)(xz) = 1; we need to find a lift y € B of = such that y € f(A). To do this, first pick any lift
y' € B of z and set z = g(y’) € C. Denoting the given section of g by s, note that s(z) projects to
1 € Q(B), since z projects to 1 € Q(C). Thus y = 3’ -s(z)~! € B is another lift of x, and moreover
gy)=g(y) 27t =2-271=1,s0y € f(A) by exactness of the top row. O
Notation 5.5 Two notational points concerning the above diagram:

e To be fully rigorous, the vertical morphisms in (5.4) should have subscripts with the data
(Z,G,0), which have been elided above to avoid cluttering the diagram. For example, the
middle vertical morphism is called vz ¢ (M, A) in general.

e As convention, we take IH(G) to be the trivial subgroup of G (of course, when ¢ > 1, I'y(G)
is the ¢-th term in the lower central series of G).

Remark 5.6 We note that when ¢ = 1 we have Q(M, A) = {id}, corresponding to the trivial
cover of X (M, A), and when ¢ = 0 we have ¢(M, A) = id, corresponding to the universal cover of
X (M, A).

5.1.2. The construction of the functor on morphisms

Given a morphism ¢: (M, A) — (N, B) in 4Dy, we use the identification of Proposition 4.8,
which describes it as an embedding of manifolds satisfying the three properties of Definition 3.20.
From this description, we see that it induces a map of split homotopy fibration sequences of the
form (4.4) 5 4y = (4.4) (v p), in particular a map

fo: Ec(Z, M~ A) — Ec(Z, N \ B).

Notation of the form (4.4) , 5) means the diagram (4.4) with each instance of (M, A) replaced by
(N, B). If we first use the semi-monoidal structure of UD,; to multiply ¢ with the identity map of
(B{, ), then we also obtain a map

£5 1 €c(Z, M~ A) — Ec(Z,N \ B),
which preserves basepoints and therefore restricts to a based map
[ X(M,A) — X(N,B).

As explained in §5.1.1 above, 71 (X (M, A)) is naturally identified with 7 (Eg(Z, M ~ A)) (and
similarly for (IV, B)); under these identifications the homomorphisms 7 (f,,) and m ( fg ) agree.

The map of split homotopy fibration sequences (4.4)(M,A) — (4.4)(N7B) induces a map of
split short exact sequences (4.6) 5, 4y — (4.6)(y p), and hence (since the construction of (5.4)
from (4.6) is functorial) a map of diagrams of the form (5.4),; 4) = (5.4)(y p), in particular a
homomorphism

94/7: Q(MvA) — Q(NaB)
That this is a map of diagrams says, in particular, that
990 © ¢(Ma A) = ¢(NvB) © Fl(f‘ﬂ) = Qﬁ(N,B) © Fl(fg)a

and hence 7r1(f ) sends ker(¢(M, A)) into ker(¢(N, B)). Thus (ff,@w) is a morphism in Cov,
from (X (M ), d(M, A)) to (X(N,B),d(N, B)); cf Definition 2.2. This completes the definition
of the functor (5.1) on morph1sms
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Two actions agree. The entire diagram (5.4) is functorial in the input (M, A) as an object
of UD,. If we restrict to the automorphism group Diffgo. (M, A) of a single object (M, A) and look
just at the bottom-left group Q(M, A) of (5.4), we obtain an action of Diff4ec (M, A) on Q(M, A).
Since Q(M, A) is discrete, this factors through an action of mo(Diff gec(M, A)) on Q(M, A). If we
restrict this further to the subgroup mo(Diff5l (M, A)) C mo(Diffgec(M, A)), we obtain an action
of o (Diff55 (M, A)) on Q(M, A).

We also have an action of the top-right group of (5.4) on the bottom-left group Q(M, A) of
(5.4), given either by lifting elements of Q(M, A) along the vertical map ¢(M, A) and using the
conjugation action of the semi-direct product on the top row, or equivalently by projecting along
the vertical map y(M, A) to the bottom-right group of (5.4) and then using the conjugation action
of the semi-direct product on the bottom row. By Proposition 4.23, the top-right group of (5.4)
is naturally identified with mo(Diff5% (M, A)), so this gives us another action of mo(Diff: (M, A))
on Q(M, A).

Proposition 5.7 The two actions of mo(Diff}, (M, A)) on Q(M, A) described above are equal.

ec

Proof. This follows immediately from the second part of Lemma 4.25. O

5.1.3. A closed variant

The construction of the “closed” variant F( g ¢ of the functor (5.1) is a very slight modifica-
tion of the constructions in §5.1.1-§5.1.2, in which we constructed the “open” variant l%( Z,G,0)-

To do this, we simply replace M with M (and similarly M with BI4M) everywhere, and we
consider the embedding space £, (Z, M . A) of Definition 4.14 instead of ¢ (Z, M ~. A). In other
words, we consider embeddings of Z whose image is either contained entirely in the interior or
entirely in the boundary of M. This has the effect of replacing X (M, A) with another space that
is homotopy equivalent (cf. Lemma 4.15),? so it does not change 71 (X (M, A)).> The construction
of the quotient ¢p(M, A): m (X (M, A)) - Q(M, A) is identical. On morphisms, the construction
is exactly analogous, viewing the split short exact sequence (4.6) as (4.7).

5.1.4. Elementary properties

By Lemma 3.5, if we have subgroupoids M and G of Dy such that G is closed under § and M
is closed under the action of G via fj, and if G is moreover a full subgroupoid of Dy, then there is
a natural inclusion of categories

(G, M) — UD,. (5.5)

On objects, this is just the inclusion of the objects of M into the objects of D;. On morphisms,
under the identification of morphism spaces of Proposition 4.8, this is an inclusion of embedding
spaces. Roughly, morphisms in 3Dy are given by embeddings whose complement is another dec-
orated manifold, whereas morphisms in (G, M) are given by embeddings whose complement is a
decorated manifold in the set ob(G); ¢f. Definition 4.7 for precise details.

Summarising the constructions in §5.1.1-§5.1.3, we have:

Proposition 5.8 For any integers d > 2 and £ > 0, closed submanifold Z C R% and open subgroup
G < Diff(Z), the recipe described above gives well-defined functors

F(Z,G,é) and F(Z,G,Z): uDd — COV.7 (56)

and hence, by restriction, well-defined functors ljﬂ(zycyg) and Fizqe0: (G, M) — Cov,, for any
subcategory (G, M) C UDq as in (5.5).

2 Although not proper homotopy equivalent, which is why the open and closed variants of (5.1) give rise to
different homological representations when using Borel-Moore homology.

3 The only small technicality comes when checking that the closed version of X (M, A) has good local properties,
so it admits a universal cover (Corollary 5.3): the argument is exactly analogous, except that one has to use a
variant of [Pal21, Proposition 4.15] where the target manifold is allowed to have non-empty boundary. This may be
proved by a small adaptation of the proof of Proposition 4.15 of [Pal21], using ideas of [Cer61] (where all manifolds
are allowed to have corners of any codimension).
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Remark 5.9 We note that the construction, up to homotopy, depends only on the isotopy class
(mod G) of the embedded submanifold Z C R%. More precisely, if we choose two embeddings of
the closed manifold Z in R such that the corresponding points of Emb(Z, R%)/G lie in the same
path-component, then the two resulting continuous functors UD; — Cov, will be homotopic.

We now record a few immediate observations about the the topological functors (5.6). First,
recall that these are in fact only semifunctors, since 4Dy is only a semi-category; see §3.4. The
first observation says that this technical issue does not matter once we pass to mg.

Lemma 5.10 The topological semifunctors (5.6) induce functors on mg.

Proof. Let (M, A) be an object of m(UDy) (i.e., an object of Dy, a decorated manifold). We have
to show that 7(5.6) sends id(az, 4) to an identity morphism of 7o(Cov,). To do this, we first have
to find the identity morphism of (M, A) in mo(UDy,).

Let e;: D971 x [0,1] = B¢ < M denote one of the boundary cylinders that (M, A) is equipped
with (more precisely, a representative of one of the germs of boundary cylinders that (M, A)
is equipped with). The boundary connected sum (B{,0)s(M, A) may be viewed as the union
of D41 x [~1,1] with M along D4~! x [0,1] via the embedding e;. Choose a diffeomorphism
[-1,1] — [0,1] that is given by ¢t — t 4+ 1 on [-1,—1+ €] and by ¢t — t on [1 — ¢, 1] for some
€ > 0. Multiplying this by D9~! and extending by the identity over M ~ im(e;), this determines
an isomorphism of decorated manifolds

vr,ay: (B 0)8(M, A) — (M, A). (5.7)
Consider the endomorphism of (M, A) in 4Dy given by

Tias,4) = ((BF,0),v(ar,4))- (5.8)

One may check that, for any endomorphism ¢ of (M, A) in UDy, the compositions Y, 4y © ¢ and
¢ o T(ar,4) are both isotopic to ¢. Hence T(ay, 4y is the identity of (M, A) in the category mo(UDq).
Under the identification of Proposition 4.8, this corresponds to the self-embedding of (M, A) given
by restricting the diffeomorphism (5.7) to the submanifold (M, A) C (B¢, 0)4(M, A). Since this
self-embedding is isotopic to the identity, the induced self-map of embedding spaces X (M, A) —
X (M, A) is homotopic to the identity, and hence is an identity morphism in 7o(Covs, ). o

Lemma 5.11 The topological semifunctor Fiz ¢ ¢ of (5.6) takes values in the subcategory Covy
of Cov,.

Proof. We have to show that, for any morphism ¢: (M, A) — (N, B) of decorated manifolds, the
induced map of spaces X (M, A) — X (N, B) (in the closed variant of the construction in §5.1.1) is
a proper map (preimages of compact subspaces are compact). We recall that this is (a restriction
to particular path-components of) an inclusion of embedding spaces

EL(Z,BIM . A) — EL(Z,B{IN \ B)

induced by an embedding of pairs of manifolds (M, A) < (N, B) satisfying the three properties of
Definition 3.20 (cf. Proposition 4.8). In particular, the third property implies that the inclusion
M ~ A — N ~ B has closed image, so the inclusion of embedding spaces above also has closed
image; any closed inclusion is a proper map. o

Remark 5.12 On the other hand, the topological semifunctor ﬁ(z,G,e) of (5.6) does not take
values in the subcategory Covy' of Cov,. The above proof breaks down in this setting because the
inclusion of the interior of M ~. A into the interior of N . B does not have closed image.

Lemma 5.13 There is a natural homotopy equivalence F = F between the two functors (5.6).

Proof. The natural transformation may easily be constructed from the inclusions of spaces of
embeddings into the interior of M ~\ A into spaces of embeddings with image contained either
in the interior or the boundary of M ~ A. The fact that this is a natural homotopy equivalence
(although not a natural proper homotopy equivalence) follows from Lemma 4.15. O
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5.1.5. The image of the functor

Under certain conditions, the functor (5.6), restricted to a subcategory of the form (G, M)
from (5.5), takes values in a subcategory of Cov, of the form Covg or CovggV for a fixed group Q.

Definition 5.14 (Q-stability.) Let M and G be subgroupoids as in (5.5). Suppose that there is a
group @ and there are identifications Q(M, A) = @ for each object (M, A) of (G, M) (recall that
these are exactly the objects of M), such that, for each object (M’, A’) of G, the homomorphism
of groups

QUM, A) — QUM", A'yy(M, A)).

induced by the canonical morphism ((M’, A’),id) of (G, M), is equal to the identity under these
identifications. In this case, we say that the functor F(z q ¢ is Q-stable on (G, M).

We recall that Covg” C Cov, is the full subcategory on objects (X, ¢: m1(X) — Q') where
Q' = Q. As an immediate observation, we note:

Lemma 5.15 Suppose that F(z q gy is Q-stable on (G, M). Then Fz g ¢ is equivalent to a functor
with image contained in COVE?W C Cov,.

Proof. The hypothesis implies that the image of F(z ) is contained in the slightly larger full
subcategory CovthQ C Cov,e on objects (X, ¢: m1(X) — Q') where Q' is isomorphic to Q. Then
we observe that the inclusion CovggV — Covt%WQ is an equivalence of categories. (]

Under certain additional conditions, when ¢ = 2, we may restrict the image further to Covg,
after passing to mg. Write |G| for the set of isomorphism classes of objects of mo(G), which is
naturally a monoid, and similarly write | M| for the set of isomorphism classes of objects of mo(M),
which is naturally a |G|-set.

Proposition 5.16 Let M and G be subgroupoids of Dy such that G is closed under j and M is
closed under the action of G via §. Set £ = 2, suppose that F(z ¢ 9) is Q-stable on (G, M), and
e G is full in Dg and M is 0-full in Dy,
e for each object (M, A) of M, the subgroup Aut p(M, A) C Diffgec (M, A) lies in Diffggc(M, A),
o |G| is free as a monoid and | M| is free as a |G|-set.
Under these assumptions, the functor

mo(F(z.6.2l@m): (G, M) — mo(Cove)
is equivalent to a functor with image contained in my(Covg) C mo(Cov,).

Proof. To prove this, we will go step by step through the following diagram, where F' = F(z,q,2)|(g,.m)-

(G, M) Fef Cov,
(G, M) 2 (70(G), mo(M)) mo(F) 70(Cova) (5.9)
(Go, Mo) mo(F) mo(Covg)

The functor F is defined just like F, except that, on objects, the surjection ¢(M, A): my (X (M, A)) —
Q(M, A) is composed with the given identification Q(M, A) = @ from the definition of Q-stability.
It is easy to see that this is again a well-defined functor, and the isomorphisms Q (M, A) = @ induce
an isomorphism of functors F' = F. Clearly, F' has image contained in CothW: this is a slightly
different alternative proof of Lemma 5.15, with the slightly stronger conclusion that Fiz q ) is
isomorphic to a functor with image contained in CothW. Moreover, the definition of @-stability
immediately tells us that each canonical morphism (M’,id): M — M'tM in (G, M) is sent by F
to the subcategory Covg.
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We now pass to the middle row of diagram (5.9). Using the first assumption of the proposition,
Lemma 4.4 gives us a canonical isomorphism of categories my((G, M)) = (m(G), 7o(M)), so we
may view mo(E) as defined on the category (mo(G), mo(M)). Since mo(G) has a monoidal unit 1, we
may consider, for each automorphism ¢ of (M, A) in mo(M), the automorphism (1, ¢) of (M, A)
in (mo(G), mo(M)). More precisely, since the unit 1 = (B%,0) of (m¢(G), mo(M)) is not strict, the
corresponding automorphism of (M, A) in (mo(G), mo(M)) is given by (1,p0A(as,4)), where X is the
left unitor for the monoidal structure. Under the functor ('), this is sent to an automorphism of
the object (X (M, A), (X (M, A)) - Q(M, A) = Q), so in particular it induces an automorphism
of . We now show that this is the identity automorphism; in other words, this says that WO(F)
sends (1, ¢) into the subcategory Covg. Since the induced automorphism of @) is pulled back along
the given identification Q(M, A) = @ from the induced automorphism of Q(M, A), it is equivalent
to show that the induced automorphism of Q(M, A) is the identity. To see this, note that, by the
second assumption of the proposition and by Proposition 5.7, the action of (1,¢) on Q(M, A) is
given by viewing ¢ as an element of the top-right group of diagram (5.4) (via the identification of
Proposition 4.23), projecting it to the bottom-right group and then letting it act on Q(M, A) via
the semi-direct product structure of the bottom row of (5.4). But we have assumed that ¢ = 2, so
all groups on the bottom row of (5.4) are abelian, so the semi-direct product is a direct product,
and the action on Q(M, A) is trivial.

Putting together the two paragraphs above, we see that the functor 7T0(F ) has image contained
in (Covg"), and moreover it takes all canonical morphisms (M’,id) and all automorphisms of
the form (1,¢) (for ¢ an automorphism of my(M)) into the subcategory my(Covg). However, we
cannot yet conclude: although each morphism of (my(G), mo(M)) decomposes into a composition
of a canonical morphism (M’,id) followed by (1,¢) for an isomorphism ¢ of mo(M), it is not
necessarily the case that ¢ is an automorphism of wo(M).

To deal with this, we now choose skeleta Gy C m(G) and My C mp(M) such that:

e Gy is a monoidal subcategory of my(G), and

e My is a Go-module subcategory of mo(M).
It is possible to construct skeleta with these properties due to the third assumption of the propo-
sition. Since the set |G| of isomorphism classes of objects of m(G) is a free monoid, we may choose
a free generating set for |G|, then choose arbitrarily one object of mo(G) in each isomorphism class
corresponding to a generator, and then use the monoidal structure of my(G) to choose all other
representatives of isomorphism classes of objects. This procedure is well-defined since we used a
free generating set for the monoid |G|. We then define Gy to be the full subcategory of 7o(G) on the
objects that we have chosen in this way. Exactly the same idea allows us to construct a skeleton
My of mp(M) that is closed under the action of Gy C m(G), using a free generating set for |[M| as
a |G|-set.

There is a canonical functor (Gy, Mo) — (mo(G), mo(M)) that is full, faithful and essentially
surjective on objects. In other words, it is an inclusion of a subcategory that is also an equivalence
of categories. It will therefore suffice to show that 71'0(13‘ ), restricted to (Go, M), takes values in
mo(Covg). This now follows from what we have already shown above: We have shown that mo(F')
sends any morphism of the form (A’,id) or (1, ¢) for ¢ an automorphism of wy(M) into my(Covg).
Now, any morphism in (Gy, Mg) decomposes as (1, ¢) o (M’,id) for an isomorphism ¢ of My; but
My is a skeletal category, so ¢ must be an automorphism. O

In several of our examples, Q-stability does not hold on (G, M) C UD, (for certain G and M),
but does hold on the full subcategory (G, M’) C (G, M) for a certain full sub-G-module M’ C M.
Typically, the isomorphism classes of objects of G will form the monoid N, the isomorphism classes
of objects of M will form the N-module N (acting on itself by addition), and M’ will correspond
to the sub-N-module {n,n+ 1,n+2,...} for some n > 1.

The functor Fz ¢ o) restricted to mo((G, M')) will therefore factor (up to equivalence) through
mo(Covg), and hence the general construction will result in a functor of the form mo((G, M')) —
Modg for some ring R. It will sometimes be convenient to extend this functor “trivially” to the
larger category mo((G, M)) 2 mo((G, M’)) with the help of the following observation.

Lemma 5.17 Let D be a category and C C D the full subcategory on a subset ob(C) C ob(D).
Assume that there are no morphisms in D from ob(C) to ob(D) \ ob(C). Then any functor C — A
to a category A with initial object I may be extended to D by sending each object of ob(D) \ ob(C)
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to I.

5.1.6. Choosing quotients

The construction of quotients of 7 (X (M, A)) in diagram (5.4) admits several natural gener-
alisations.

Functorial descending normal series. We recall that a functorial descending normal series is
a sequence of endofunctors s;: Grp — Grp with s; = id, such that s,41(G) C s;(G) for each i and
these inclusions assemble to a natural transformation s;11 = s;, and each subgroup s;,(G) C G
is normal in G. Examples are the lower central series and derived series. In the construction
of (5.1), we have used the lower central series to define certain quotients of fundamental groups.
However, exactly the same construction goes through if one replaces the lower central series by any
other functorial descending normal series. More generally, one could alternatively index series by
all ordinals, i.e., consider transfinite series. We have chosen to focus on constructions based on
the lower central series due to the fact that the lower central series of (partitioned) surface braid
groups and loop braid groups are well-understood (see for example [DPS21]), which helps us to
understand the specific examples of homological representations fitting into this framework that
we discuss in §5.2.

Functorial quotients of groups. More generally, it would suffice to fix any functorial choice
of normal subgroup (rather than an entire functorial descending normal series), in other words, a
functor s: Grp — Grp with the property that s(G) < G for all groups G and s(¢) = ¢|¢ for any
homomorphism ¢: G — H (so that the inclusions assemble into a natural transformation s = id).
We may then define v(M, A) and (M, A) in (5.4) by the natural transformation G — G/s(G).

Invariant non-functorial quotients. The diagram (5.4) is functorial in 4Dy, so in particular
there is an action of Autp,(M, A) on Q(M, A). If we focus on the single object (M, A) and its
automorphisms, we may wish to modify the construction so that the quotient of 7 (X (M, A)) has
the trivial action of Autp,(M, A). There are two options:
e Restrict the automorphism group Autp, (M, A) to the kernel of its action on Q(M, A); see
§5.4.1.1 for a specific example of this.
e Replace Q(M, A) by a further quotient that is invariant under the action of Autp, (M, A);
see Corollary 5.37 for a specific example of this.

5.1.7. Pro-nilpotent representations

If we fix the inputs Z C RY and G < Diff(Z) in our construction and allow the integer
{ to vary, one may package together the homological representations arising from the general
construction for each value of ¢ into a kind of “pro-nilpotent” homological representation, which
may be truncated to recover the representation corresponding to each level £. Namely, the resulting
homological representations fit together into a tower, which one may think of as a single pro-
nilpotent representation. In this section we explain how this may be done.

Remark 5.18 More generally, one may do this for any functorial descending normal series in place
of the lower central series; in particular one may easily adapt this section to describe “pro-solvable”
homological representations.

Definition 5.19 For an integer ¢ > 0, let COVEZ) be the full subcategory of Cov,e on those objects
(X, m(X) — Q) where the group @ has nilpotency class at most ¢. If £ = 0 this means @ must be
the trivial group, corresponding to the trivial covering of X. If £ = 1, this means that ) must be
abelian, so Covsl) is the category of spaces equipped with abelian coverings.

Definition 5.20 Fix a unital ring A and an integer £ > 0, and let Modﬂe) be the full subcategory
of Mod, on those objects (R,V) where R = A[Q)] for a group @ of nilpotency class at most £.
Similarly, Top{?) is the full subcategory of Top, on those objects (X, R,¢) where R = A[Q] for a
group @ of nilpotency class at most ¢ (and ¢ is a bundle of right R-modules over the space X).
We also write Modsoo) C Mod, for the full subcategory on objects (R, V) where R = A[Q] for any
group @, and similarly Top{™ c Top,.
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Construction 5.21 For k > 0, there is a functor
wi: Cove — Covsk),
which is a section for the inclusion Covsk) C Cov,, defined as follows. On objects, it is given by
(X, m(X) = Q) — (X, m(X) > Q — Q/T(Q)).

We recall that a morphism (X, 71(X) - Q) — (X', m(X’) - Q') is a based map f: X — X' with
the property that 71 (f) descends to a map @ — @Q’. Clearly this implies that it also descends to
amap Q/I(Q) = Q'/I(Q"). Hence we may define the functor on morphisms simply by f — f.

Construction 5.22 Similarly, for £ > 0 there are functors
@i : Mod{™) — Mod{® and @it Topl™ —s Top)

which are sections for the inclusions Modsk) - Modsoo) and Topsk) - TopEOo)7 defined as follows.
The first is defined on objects by

(AlQL, V) +— (A[Q/T(Q)], V @10 AlQ/Tk(Q)])

and the second is defined on objects by
(X, A[Q],&: m<1 (X) = Modyq)) — (X, AlQ/Tk(Q)], m<1(X) = Modyq) = Modaq/r.(@)),

where the functor Modjg) — Modajg /1, (@) is given by —®4[0/A[Q/Tk(Q)]. As in the construction
above, it is easy to see how to extend these constructions to morphisms.

The functors Lift: Cove — Top, and H;: Top, — Mod, respect the filtrations of these cate-
gories given by nilpotency class. With respect to the functors wyg, they fit together as follows:

. o,
Cov, _ L Top{® ———— Mod (>

wkl 7w 7 @ (5.10)

) (k) (k)
Cov, Life | ToPe o Mod

The left-hand square commutes on the nose, but the second one does not. However, for any
space X, local system £ on X defined over a ring R and ring homomorphism 6: R — S, there is
a natural homomorphism of S-modules

where S is viewed as an (R, S)-bimodule via 6. This homomorphism is the subject of the universal
coefficient theorem (although we will not need more than its existence). This natural homomor-
phism provides the natural transformation filling the right-hand square as indicated.

Lemma 5.23 The homological functor F(z g ¢ : #Dg — Cove has image contained in Covsé).

Proof. This follows from the fact that, in diagram (5.4), the middle group on the bottom row has
nilpotency class at most ¢ by construction. The property of having nilpotency class at most ¢
passes to subgroups, so Q(M, A) also has nilpotency class at most /. O

This means that we may consider the following triangle, where ¢ > k.

Covse)

UD, (5.11)

Covgk)
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Lemma 5.24 There is a natural transformation 7: @y o Fiz a e = Fizak) filling the triangle
(5.11).

Proof. The functor going clockwise around (5.11) sends the object (M, A) of UD, to the space
X (M, A) together with the quotient

wi o gp(M,A): m (X (M, A)) — Qe(M,A) — Qu(M,A)/I't(Qe(M,A)), (5.12)

where ¢y (M, A) is defined in diagram (5.4). The functor going anticlockwise around (5.11) sends
the object (M, A) to the same space X (M, A) together with the quotient

d(M,A): m (X (M, A)) — Qr(M, A). (5.13)

We recall that a morphism in Covsk) is a based map of spaces f having the property that m(f)
descends to a homomorphism between the respective quotients. We define the natural transforma-
tion 7(ps, 4y to be the identity map X (M, A) — X (M, A). To see that this really is a morphism,
we have to check that the quotient (5.13) factors through the quotient (5.12). Naturality will then
be clear. First, note that the quotient of 71 (X (M, A)) onto Qi (M, A) factors through its quotient
onto Q¢(M, A), by the construction of these quotients in the diagram (5.4), so we have a quotient

Qe(M, A) — Qr(M, A).

But its target is nilpotent of class at most &, so the subgroup I'x(Q¢(M, A)) must be sent to zero
under this quotient. Hence it factors further through the quotient onto Q/(M, A)/T,(Q¢(M, A)),
as required. O

Putting together the diagrams (5.11) and (5.10) (with its top row restricted to the subcate-
gories (—)®)), we obtain:

. o,
Covg) L;ft> Top{) ——— Modsé)

UDy llT J{Wk Vi JWk 74 JWk
et

Cov¥) ———— Top(k) ———— Mod®
d Lift * H; d

(5.14)

Composing these functors and pasting together the natural transformations, this gives us a
tower of homological representations L;(F{z q,¢)) of the category UDy:

wWe

Modse)

TWe—1

w2

Mod® (5.15)

w1

Mod{V

wo

UDy Mod{”

We emphasise that this diagram does not commute. Instead, the natural transformations
of (5.14) paste together to give a natural transformation going “downwards” filling each of the
triangles in (5.15).
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Definition 5.25 The tower (5.15) of homological representations of 4Dy is called the pro-nilpotent
homological representation of D, associated to the input data (Z,G).

To justify this name, note that, if we restrict to a single object (M, A) of UD,, we obtain a
tower of (possibly twisted) representations of the mapping class group mo(Diff 4o (M, A)) defined
over the tower of groups Qe(M, A). Since the group Q¢(M, A) has nilpotency class at most ¢ by
construction, the inverse limit of this tower of groups is a pro-nilpotent group.

Recall from §5.1.5 above that if the functor F{z ¢ ¢) is Q-stable on a subcategory (G, M) C UDqy
(in the sense of Definition 5.14), then the homological representation L;(F(z q,¢)) restricted to
(G, M) takes values in a subcategory of Mod, of the form ModgjZ for some fixed group Q. Hence
also in this case we have a tower of (possibly twisted) representations over a tower of groups Qe
whose inverse limit is a pro-nilpotent group.

In many specific examples, the tower of groups @, actually stops at a finite stage, so we only
have finitely many different representations in the corresponding tower. However, there are also
many examples in which the tower of groups Q, does not stop, and hence we have a tower of
representations that becomes richer at every stage. The question of whether and when the tower
Qe stops is investigated in many important examples related to surface braid groups and loop
braid groups in the article [DPS21] by Darné and the authors.

Remark 5.26 In all of the discussion of this section, we may replace the ordinary twisted homology
functor H; with Borel-Moore twisted homology HZM  and everything goes through in exactly the
same way. In this case, of course, we also have to restrict the category Top, to its subcategory of
proper maps.

5.2. Applications for motion groups

We apply the general construction of §5.1 to families of motion groups (c¢f. Definition 4.22)

of the type {Moty, (M) | n € N}, where M is a manifold of dimension d € {2,3} and Y}, is a
closed submanifold of M. For this purpose, we consider the restriction of the continuous func-
tor }%(ng,g): UD; — Cove of Proposition 5.8 to the appropriate full subcategory of the form
(G, M) whose automorphism groups correspond to the family of motion groups: these are given
by Lemma 3.5 applied to the examples of subgroupoids G and M described in §4.5-4.6. We will
restrict to the following particular choices for the type of submanifold Z and the group G as inputs
for the construction:

e 7 is either a finite set k of size k > 1 in R or an unlink kS' with & components in R3;

e G =& (when Z = k) or G = Diff(kS') or Diff " (kS!) (when Z = kS').
Furthermore, the possibilities on the parameter ¢ on the lower central series degree will generally
be restricted to ¢ < 3, because the lower central series of the considered motion groups generally
stop at I or I's. Taking the ground ring A to be Z, the construction of §2.5.1 (or Definition 2.20
and Remark 2.23) produces homological functors for all 7 > 1:

Li(Fiz.6.0): (G, M) — Mod.,. (5.16)

For ¢ = 0, we obtain the representations corresponding to the action on the homology groups of the
universal covers of the spaces X (M,Y,,), and we recover the natural action of the motion groups
on the homology groups of the spaces X (M,Y,,) for £ = 1; ¢f. Remark 5.6. For { =2 or ¢ =3, as a
consequence of some abelianisation computations, we will typically show that Qz . ¢)(X(M,Y,))
does not depend on n for n > iz g ¢, and denote this quotient of by Q(z g.¢)- In these cases we
will deduce the following meta-proposition:

Proposition 5.27 For all i > 0, trivialising the assignment for n < p(z ), the functor (5.16)
defines homological functors

Li(ﬁ‘(zﬂg’g))i 7T0<g,./\/l> — MOdz[ and Li(}%‘(Z,G,B)): 7T0<g,M> — MOd%W

Q(z,a,2)] Qz,a,3]"

Proof. Let (G, M)>,, ., denote the full subcategory of (G, M) on all objects n > p(z,a,0). By
Proposition 5.16, the functor (5.16) restricts to

Li(F(Z7G72)): 7T0<gv M>>u(z,c,2) — MOdZ[Q(z,G,z)]
Li(F(Z,G,S)): 7T0<gv M>>H(z,c,3) — MOd%vE’Q(Z,G,S)]
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for £ € {2,3}. By Lemma 5.17, we may extend them to functors over (G, M) by sending the objects
n < p(z,a,e to the trivial module. o

General alternatives: partitioned configurations. For all of the constructions presented
in §5.2.1-§5.2.3, we can also define interesting alternatives by taking G = Ogyp the trivial group
and thus obtain Li(ﬁ(zjong)): m0{G, M) — Mod, and Li(ﬁ(Z,OGrp,k)): m0(G, M) — Mod, for
each ¢ > 0 and k > 1. This corresponds to taking ordered configuration spaces for the parameter
X (M, A) of §5.1.1 instead of unordered configuration spaces as done in §5.2.1-§5.2.3.

More generally, interpolating the parameter G between O, and Diff(Z), one may in particular
take it such that we consider partitioned configurations. The associated lower central series of
the corresponding fundamental group is in general more complicated: in particular, it does not
always stop and therefore more sophisticated representations arise from these alternatives. This is
illustrated in Remark 5.29 for the case of classical braid groups, and may be adapted easily for the
other examples addressed in this paper. We do not detail all of these partitioned cases here for
sake of simplicity; the relevant, more sophisticated transformation groups may be computed from
the results of [DPS21].

5.2.1. Classical braid groups

We consider the restriction of the continuous functor F| (z.G,0): YDa — Cov, of Proposition 5.8

to the full subcategory UBrP*. Thus we have M = D? the unit 2-disc and Y,=nasetofn>0
distinct points in its interior. Moreover, we take Z = k a set of k > 1 points in R? and G = &;,.
These choices determine a homological functor

Li(ﬁ(&,ek,é))5 UB — Mod,, (5.17)

for any non-negative integers ¢,k > 1 and £ > 0. We recall from [DPS21, Theorem 3.5] that:

o I5(Byy) =I53(Bgy) for k€ NN {2} and n > 3;

[ ] FZ(Bgyn) 7é Fi+1(B27n) for all ¢ 2 1.
Therefore, if k& # 2, the construction produced for each ¢ > 2 is equivalent to the one for £ = 2,
which is detailed in §5.2.1.1 below. In contrast, when k = 2 each choice of £ > 2 provides a different
construction, see §5.2.1.2, and these fit together into a pro-nilpotent tower as explained in §5.1.7.

5.2.1.1. Standard situation of the abelianisation

As a direct consequence of the computation for the abelianisations of partitioned braid groups
of [DPS21, Proposition 3.4], we have that for alln > 2, Qx,s, 2)(D) = Zif k = 1 and Z2ifk > 2.
We denote these quotients of by @ and deduce from Proposition 5.27:

Proposition 5.28 For each i > 0 and k > 1, the functor (5.17) for £ = 2 defines a homological
Junctor Li(Fig,s,,2)): 4B — Modgzq,) trivialising the assignment for n < 1.

Remark 5.29 Let k = (kq, ..., k) be a partition of k with k1 = -+ = ks = 1 and keg1,..., &k = 2.
If we take G = 6 = G, X --- X &y, instead of &y, it follows from the computation of [DPS21,
Proposition 3.4] that Q e, 2)(Dn) = Z(r(r+3)/2)=s for all n > 2. We denote these quotients by

o

Qx, and Proposition 5.8 with £ = 2 defines a homological functor L;(F(x,a, 2)): 48 — Modzg,]
trivialising the assignment for n < 1. These alternatives do not appear yet in the literature.

Bigelow’s construction and the Lawrence-Bigelow representations. Bigelow introduced
in [Big04] a general method to construct representations of all braid groups B,, starting from a
representation of a particular braid group By for a fixed integer k. As a special case, it builds
the well-known families of Lawrence-Bigelow representations, originally introduced by Lawrence
[Law90] as representations of Hecke algebras. The most famous among these are the Burau repre-
sentations, originally introduced in [Bur35], and the Lawrence-Krammer-Bigelow representations
that Bigelow [Big01] and Krammer [Kra02| independently proved to be faithful. We will show
below that the Lawrence-Bigelow representations are recovered by the constructions of the present
section; see Theorem 5.31.

49



Remark 5.30 In fact, Bigelow’s more general construction, which includes the Lawrence-Bigelow
representations as a special case, is also recovered by our construction, using its more general
version in §2.5.2 (incorporating a functorial fibrewise tensor product), instead of §2.5.1.* Fix an
associative, unital ring R and an integer £ > 1. We consider the following ingredients:
e The functor
Big: UBrP* «Cov,

that sends n to Ci(ID,,) together with the jointly surjective pair of quotients W: By (D,,) — Z
(counting the total winding number of k points around n punctures) and 7: Bi(D,,) — By
(induced by the inclusion of D,, into D?). Recall from Proposition 4.8 that the morphism
spaces of UBrY” are certain embedding spaces Emby n2 (Dp,,Dy,), whose elements induce
maps of configuration spaces. One straightforwardly checks from the definitions that these
maps commute with the quotients W and 7T, so they preserve their kernels, making Big a
valid functor into ¢Cov,.
e Choose a left R[By]-module V' and let

V: UBr® — ;Mod,

be the constant functor at (R[By], R, V).
Using Definition 2.20, Bigelow’s construction [Big04, §2] corresponds to the functor

L (Big; V): U8 — «Mod.,.

In other words, the n-th term of Bigelow’s construction applied to the By-representation V' is the
representation of B,, on the R[Z]-module Ly (Big;V)(n).5

Assigning R = Z and V' = Z[Z] to be the By-representation where By, acts on Z through the
abelianisation and left-multiplication, the functor Ly (Big; Z[Z]) encodes the k-th Lawrence-Bigelow
representations. In particular, the representations encoded in L;(Big; Z[Z]) are the reduced Burau
representations, and those encoded in Lo (Big; Z[Z]) are the Lawrence-Krammer-Bigelow represen-
tations; see [Big03; Big01]. By [PP02, Theorem 1.2], the tensor product Lo(Big; Z[Z]) ®zz2] Q(Z?)
with the field of fractions Q(Z?) of Z[Z?] is isomorphic to the Lawrence-Krammer representation
[Kra02] tensored with Q(Z?).

The following result may be verified directly by unwinding the constructions.

Theorem 5.31 For each k > 1, the functor (5.17) with i = k and £ = 2 is isomorphic to the
functor Ly (Big; Z[Z]), and thus recovers the Lawrence-Bigelow representations on autormorphism
groups. We denote it £B: UB — Modyq,] and call it the k-th Lawrence-Bigelow functor.

5.2.1.2. Exceptional situation for k =2

Recall from [DPS21, Theorem 3.5] that I;(Bz2,) # [it1(B2y,) for all ¢ > 1. Applying the
procedure of §5.1 thus provides an infinite pro-nilpotent tower of homological representations, i.e. a
different homological representation for each ¢ > 2.

We fix some ¢ > 3 and n > 2. We consider the variant of the global homological representation
construction using Borel-Moore homology and we restrict to taking the second homology group.
The adaptation of the diagram (5.14) using Borel-Moore homology (c¢f. Remark 5.26) defines a
B.,-equivariant map 1., : LM (Flo,e,,0)(n) = LEM (F2,6,,2)) (n).

A general property of [Big04, Lemma 3.1] describes the Borel-Moore homology of a configu-
ration space of points in the punctured disc and thus provides isomorphisms

LIM(Flo.6,,0)(n) 2 Z[Qn]®" " V7% and LM (Fip e, ) (n) = Z[27]®"(=D/2,

Moreover, under these identifications, the map 7, is the (necessarily surjective) map induced by
a fixed quotient of groups Qg , — Z? on each summand.

41In fact, we use the mild generalisation of the construction of §2.5.2 mentioned at the beginning of Remark 2.25.

51In fact, to exactly recover Bigelow’s definition in [Big04, §2], one should not use the version of our construction
in which we apply ordinary (twisted) homology, but instead take the quotient of ordinary (twisted) homology given
by its image in Borel-Moore (twisted) homology relative to the boundary; cf. Remark 2.21.

50



Faithfulness results. We first note the following general property on the faithfulness of a rep-
resentation and its quotients.

Lemma 5.32 Let (p, V) be a representation of a group G over a ring R. If any quotient (u, W)
of (p, V') is faithful, then so is (p, V).

Proof. We denote by a: (p, V) — (i, W) the quotient G-equivariant map. Let g be an element of
G such that p(g) = idy. Then u(g) o @« = a and therefore p(g) = idw since « is surjective. We
deduce from the faithfulness of (i, W) that g = idg, which ends the proof. O

Recall from [Big02, §4] that for each n, the B,-representation LZM (F5, s, 2))(n) is faithful.

Corollary 5.33 For each ¢ > 3, the functor LQBM(F@’@Q’@) encodes a faithful linear representation
of B, for each n.

5.2.2. Surface braid groups

Let S be a compact, connected surface with boundary different from the 2-disc: it is therefore
isomorphic to either ¥, ; or Ny, ; for some g or h > 1. We consider the restriction of the continuous
functor ﬁ‘(zygyg)Z UDy; — Cov, of Proposition 5.8 to the full subcategory (BTD2,BTS>. Thus we
have M = S and Y,, = n a set of n > 0 distinct points in its interior. Moreover, we take Z = k a
set of k > 1 points in R? and G = &;. These choices determine a homological functor

Li(Fge,.0): (8,8%) — Mods (5.18)

for any non-negative integers i,k > 1 and £ > 0. We recall from [DPS21, Theorem 6.27, Proposi-
tions 6.35 and 6.41] that for any n > 3 and for S =%, or Nj, 1:

o I[5(Byn(S)) # I3(Brn(S)) = Iu(Bg o (S)) if k > 3;

[ ] FZ(Bl,n(S) 7& F4+1(B17H(S) if S 7é Nl,l and F[(Bgyn(S) 7é F4+1(B27H(S) for all ¢ 2 1.
Hence we study the construction for ¢ = 2 in §5.2.2.1 in all the situations and then we consider the
further situation of ¢ = 3 for orientable surfaces in §5.2.2.2. As in §5.2.1.2, the procedure of §5.1
for the particular parameters k € {1,2} provides an infinite pro-nilpotent tower of homological
representations, i.e. a different homological representation for each ¢ > 2, which will however not
be addressed in detail here.

5.2.2.1. Standard situation of the abelianisation

We deduce from the computation for the abelianisations of partitioned surface braid groups of
[DPS21, Proposition 6.23] that for all £ > 1, if n > 2 then Q(&Gkg)(S(”)) > 7Ps @ (7,)2)% where

2g if S=341, 0 if k=1,
ps = 7 anddy =
h if S =Ny, 1 ifk>2.

We denote this quotient by Q(x,2y(S) and deduce from Proposition 5.27 that:

Proposition 5.34 For each i > 0 and k > 1, the functor (5.18) for £ = 2 defines a homological
functor Li(Fy,s,.2)): (B, B — Modz(q,, ., (s)) trivialising the assignment for n < 1.

5.2.2.2. Situation of ¢/ =3

First of all, we note the following general result.

Lemma 5.35 For all k > 1, if n > 3 then Q(E,6k73)(5(”)) = Q(&gkﬁ)(S(’”l)). For each k, we
denote the common quotient by Q. 3)(S).

Proof. We fix k > 0 and n > 3. The presentation of the group By ,(S) = B(S™) x B,(9) is
detailed in [BGG17, Proposition 3.2] for S = ¥, 1, and for S = N}, 1, the presentation is easily
deduced from the presentation of B, (Np 1) (see [DPS21, Proposition A.15]) and the presentation
of B, (N} ;) (see [DPS21, Proposition A.16]) using the method of presentation of an extension of
[DPS21, §A.3]; see the proof of [DPS21, Proposition 6.31] for further details. The key properties
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of these presentations which we will now use for our proof are the same for orientable and non-
orientable surfaces. We thus take up the notations and conventions of [BGG17, Proposition 3.2].
More precisely, we note that the elements that depend on n in these presentations are the set of
braid generators {o1,...,0,-1} of B, (S) and the set of the pure braid generators {&1,...,&,}
of B(S™). Because of the commutativity of (5.4), we abuse the notation 43 to denote the
projections onto the 2-nilpotent quotients.

First, since v3([o;, [0i+1, 0i]]) = 1, it follows from the braid relation ¢;0;10; = 0;4+10;0;4+1 that
~v3(0;) = v3(0i+1) for all i € {1,...,n — 2}. Moreover, we have the relations O’ifz'O'i_l = 5;1§i+1§i,
O'»L'giJrlO'i_l =¢&; and O’iij'i_l =¢&;ifj & {i,i+1}; see [BGGL7, Proposition 3.2, relations (c.3)] or the
proof of [DPS21, Proposition 6.31] for further details. Then, since v3(0;) = v3(0i+1) = Y3(0it2),
we deduce that v3(&i4+1) = 73(0;1&01-) = 73(0@12&0”2) =3(&) for all i € {1,...,n —2}. Hence
the presentation of By, ., (S)/I3(Bk,,(S)) is independent of n. In particular, this holds for k£ = 0, so
B,.(S)/I5(By(S)) is also independent of n. Thus the canonical morphism By, ,,(S)/I5(Bg.n(S)) —
B,.(S)/I5(By(S5)) is independent of n for each k > 1, and hence so is its kernel Q(E,Gﬁ)(S(")). O

For k,n > 3, explicit calculations of By, ,(S)/I3(Bg,(5)) and B, (S)/I'3(By(S)) are provided
by [BGG17, Corollaries 3.9(i) and 3.14(i)] for S = ¥,; and by [DPS21, Propositions 6.9 and 6.31]
for S = Nj 1. In particular, for & > 3, we deduce that Q(j 3)(34,1) is isomorphic to Z x (797 % 79)
and that Q(x,3)(Np,1) is isomorphic to Z'*" @ Z/27Z. 1t then follows from Proposition 5.27 that:

Proposition 5.36 For eachi > 0 and k > 1, the functor (5.18) for £ = 3 provides the homological
functors (trivialising the assignment for n < 2):

Li(ﬁ(ﬁﬁk,s))i (B, %) — MOdth[VQ(k’S)(ggyl)] for each g > 1
Li(ﬁ(E,Gk,3))i <B,,8N’“1> — ModtZV[VQ(k’S)(Nh’l)] for each h > 1.

In order to obtain wuntwisted representations, in other words a homological functor taking
values in a category of the form Modyq) rather than ModtZ“[’Q], we need to take a quotient of
Q(k,3)(S) on which the natural action of each B,,(S) is trivial (for n > 3).

Corollary 5.37 For k > 3, we obtain homological functors for S =¥41 or Ny 1 for each g,h > 1
(B,B%) — Modzqs ()]

(k,3)

where QE‘k 3)(2%1) =791 79 and Q‘(lk 3) Np1) =Z" 0 Z/27 = Qk,2)Nn,1). In particular, for
non-orientable surfaces, this representation is nothing but the one introduced in Proposition 5.3/
defined by taking £ = 2. These quotients are optimal in the sense sense that any other quotient of
Q(k,3)(S) giving untwisted representations is a quotient of Q‘(lkﬁg)(S).

Proof. For k > 3, there is a Z summand in the quotient group Q(x3)(S), generated by (the
image of) the surface pure braid £ where one of the first k strands winds once around one of the
last n strands. For n > 3, it follows from the presentations of By »(S)/I3(Bgn(S)) (given by
[BGG17, Corollaries 3.9(i) and 3.14(i)] for S = ¥, 1 and by [DPS21, Propositions 6.9 and 6.31]
for S = Ny, 1) that the coinvariants of the action of B, (S) on Q4 3)(S) are given by killing the Z
summand generated by &. O

Conjecture 5.38 For each g > 1, we conjecture that By ,,(Xg1)/153(B1,0(3g,1)) = (Z* < Z29) 1229
and Bo n(2g,1)/T3(Bon(Sg,1)) = (Z% x Z29) x 229 for all n > 3. Therefore Q1 3)(Xy,1) would be
equal to Z29™! and Q2.3)(Zg,1) would be equal to Z x (Z9t! x Z9).

For each h > 1, we conjecture that By ,,(Np1)/I3(B1.n(Nn1)) & Z/27 x (Z x Z") x Z" and
Ba.(Niu1)/Ts(Bon(Ni1)) = (Z/2Z)% x (Z x Z') x Z! for all n. > 3. Therefore Q(1 3 (Nj.1) would
be isomorphic to Z'*" and Q2 3)(Np,1) would be isomorphic to Z'*" @ Z/27.

Remark 5.39 Conjecturally, when & € {1,2}, there is again a Z summand in the quotient group
Q(x,3)(S), generated by (the image of) the surface pure braid { where one of the first & strands

winds once around one of the last n strands. Again, for n > 3, the coinvariants of the action of
B,.(S) on Q1,3 (S) are given by killing this Z summand. Thus, we obtain homological functors

(8, 5S> N MOdZ[Q'&,s)(S)] for S =341 or Np1 for each g, h > 1, where:
o Q5 (Xg,1) is Z% for k =1 and Z9*! x 29 for k =2,
® Q3 Naa) is 7" for k =1 and Z" © 7./27 for k = 2.
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The An-Ko representations. The procedure described above for orientable surfaces is in a
sense a reinterpretation following [BGG17] of the work [AK10] to extend some homological repre-
sentations from the classical braid groups to the surface braid groups.

Namely, the functor Lk(ﬁ(ﬁ,gkﬁ)) induces representation of B, (X, 1) for any £ > 1 and

n > 3. The k-th An-Ko representation of B, (X, 1) is a certain tensor product of Lk(ﬁ(ﬁ,gkﬁ))
with a quotient of By n(Xg,1)/I3(Bkn(Xg,1)); see [AK10, Theorem 3.2]. The group Q,a,,3) is
abstractly defined in [AK10] in terms of group presentations to satisfy certain technical homological
constraints: [BGG17, §4] gives all the connections to the third lower central quotient. The general
method applied in §5.2.2 underlines the mainspring of these groups, proving moreover that the
use of the third lower central quotient is a key tool to define the homological representations and
giving an alternative to the technical result [AK10, Lemma 3.1]. We refer the reader to [AK10,
§3.B, pp. 273-274] for explicit computations for k € {1,2,3} of the matrices of the representation
of B,,(21,1). On the contrary, the untwisted versions introduced in Corollary 5.37 are specific to
the present paper.

5.2.3. Loop braid groups

To apply the construction of §5.1 to extended loop braid groups, we consider restrictions of
the continuous functor Zj“( z.G.0): UD3 — Cov, of Proposition 5.8 to the full subcategory ULB" of
UD;3 (see §4.6), thus assigning M = D? and A = Y,, = nS! a set of n disjoint, unlinked circles in
its interior. For non-extended loop braid groups, we instead consider restrictions to LB C ingr
of the analogous continuous functor

ﬁ‘(zﬁgﬁl)l LlD;r — Cov,

given by the analogue of Proposition 5.8 for D;r instead of Dy. This general construction is exactly
parallel to the construction of the non-oriented version, the only difference being that, in diagram
(5.4), embeddings of the manifold A are always considered modulo Diff*(A), rather than the full
diffeomorphism group Diff (A). The space X (M, A) is therefore the same in this construction, but
the quotient Q(M, A) of its fundamental group is generally different.

Two choices for the submanifold Z naturally arise as relevant parameters to construct homo-
logical representations: either we consider a set of points (studied in §5.2.3.1 below), or we take Z
to be an unlink (detailed in §5.2.3.2).

5.2.3.1. Using configurations of points
We take Z =k a set of k > 1 points in R? and G = &j,. We therefore consider the functors

o

Fl o0 4LB" — Cov,  and EFlpepn: 4LB — Cov,

associated with a pair of non-negative integers (k, £) where k > 1 and ¢ > 0. By the construction
of §2.5.1, these determine the following homological functors for all ¢ > 1:

Li(Flye0): WLB — Mods  and  Li(Fie,.0): ULB — Mod,. (5.19)

We denote by Qa0 (D3) the quotient group Q(M,A) in diagram (5.4) for (Z,G,{) =
(k, Sk, ) and recall from [DPS21, Theorem 5.8] that for any n > 4,
e Iy = I for the groups 71 (C(D3)) x LB,, and 71 (Cx(D?)) x LB/, if k =1 or k > 3;
o Iy # Iyyy for all £ > 1 for the group 7 (C2(D?)) x LB,,;
e Iy # I's = Iy for the group 71 (Co(D3)) x LBY,.
Hence we just focus on the construction for £ = 2 here. For the non-extended loop braid groups,
the procedure of §5.1 for the particular parameter k = 2 provides an infinite pro-nilpotent tower
of homological representations of the category ULB, and thus a different representation for each
¢ > 2, which will however not be addressed in detail here. For the extended loop braid groups,
we also obtain one additional representation by taking k£ = 2 and ¢ = 3, although this will not be
discussed here.
We deduce from the computation for the abelianisations of tripartite loop braid groups of
[DPS21, Proposition 5.7] that for all n > 2, Q.e,2(D3) =Zif k =1and Z$ Z/2 if k > 2,
whereas Q(; ¢, o)(D5) = Z/2if k=1 and (Z/2)% if k > 2. We deduce from Proposition 5.27 that:

93



Proposition 5.40 For each i > 0 and k > 1, trivialising the assignment for n < 1, the functors
(5.19) determine homological representations:

(fOI‘ k= 1) LB — Modz[z/g] and LB — Modz[z] ;s

(fOI‘ k> 2) LB — Modz[z/2®z/g] and LB — ModZ[Z$Z/2].

Notation 5.41 We denote these homological representations by L;(LB}, ;) and L;(£Bg,2) respec-
tively. When i = k we will also write them as £y (k, £LB) and £ (k, LB) respectively.

Among the families of representations constructed by Proposition 5.40, the easiest to under-
stand are those corresponding to ¢ = k = 1 and are explicitly computed in [PS21b]. We recall
that the loop braid group LB, admits a presentation given by generators {o;, 7 | 1 <i < n — 1},
where {01, ...,0,-1} satisfy the relations of the classical braid group B,, and {7,..., 7,1} those
of the symmetric group &, together with three additional mixed relations; see [Dam17, Propo-
sitions 3.14 and 3.16] for details. We show in [PS21b] that the matrices of the representations
Li(LB12)(n): LB, — Autyy)(Z[Z]®"~!) are those of:

e the reduced Burau representation of the braid group B,, for the generators {o1,...,0,-1};

e the standard representation of the symmetric group &,, for the generators {7y, ..., 7 —1}.
The matrices for the representations Li(L£B] 5)(n) of the extended loop braid groups LB, over
R = Z|Z/2] = Z[t*1]/(t?> — 1) are more subtle, since the underlying R-module of the representation
is not free in this case: it is R"~! @& R/(t — 1). They can however be fully computed; see [PS21b)].

On the other hand, the representations encoded by the other functors of Proposition 5.40 are
new and will be studied in detail in the sequel paper [PS22a].

5.2.3.2. Using configurations of unlinks

We now set Z = kS a k-component unlink in R3. We focus on two choices for the groups G,
the full diffeomorphism group of kS! or its subgroup of orientation-preserving diffeomorphisms.

The oriented version. We take G = Diff " (kS!) and consider the homological functors
Li(FD‘(/ESl,Diﬁ‘*(ESl),E)): LLC,B/ — Mod, and Li(FD‘(ESl,Diﬁ‘+(ES1),2)): uﬁﬂ — Mod, (520)

for i,k > 1 and £ > 0. We recall from [DPS21, Theorem 5.8] that for any n > 4, the lower central
series of the groups LBy, ,, and m (U, (D2)) x LB, satisfy:
e Ih =13 when k € N\ {2,3};
o I'y# Iyyq forall £ >1 when k € {2,3}.
We detail below the construction produced for ¢ = 2. Similarly to §5.2.1.2, the procedure of §5.1
for the particular parameters k € {2,3} provides an infinite pro-nilpotent tower of homological
representations of the categories ULB and ULB’, i.e. a different homological representation for each
¢ > 2, which will however not be addressed in detail here.
It follows from the abelianisation computations of [DPS21, Proposition 5.7] that for n > 2:
. Q/(ESI,DiH+(Esl),2)(D%) ~7@0Z/2ifk=1and Z2 @ (Z/2)? if k > 2;
o Qus pifit(ks1),2) (D) = 2% if k=1 and Z3 ® Z/2 if k > 2.
It then follows from Proposition 5.27 that:

Proposition 5.42 For each i > 0 and k > 1, trivialising the assignment for n < 1, the functors
(5.20) for £ =2 define homological functors:

(for k = 1) ULB" — Modzzez/2] and ULB — Modzz2;

(fOI‘ k> 2) LB — Modz[z2$(z/2)2] and LB — Modz[zs@z/g].

These representations all appear to be new and will be studied in detail in the sequel paper [PS22a).

The unoriented version. We take G = Diff (kS!) and consider the homological functors
Li(ﬁgﬁsl,Diﬂ(ESI),Z)): ME,BI — Mod, and Li(ﬁ(ESI,Diﬂ‘(ESI)7g)): ME,B — Mod, (521)
for i,k > 1 and £ > 0. We recall from [DPS21, Theorem 5.8] that for any n > 4, the lower central

series of the groups LBy, ,, and 71 (Ux(D3)) x LB, satisfy:
e Ih =13 when k€ N\ {1,2,3};
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o Iy # Iyyq forall ¢ >1when k € {1,2,3}.
The construction produced for £ = 2 is detailed below. Again, the procedure of §5.1 for the particu-
lar parameters k € {1,2,3} provides an infinite pro-nilpotent tower of homological representations
of the categories LB and ULA', i.e. a different representation for each £ > 2, which will however
not be addressed in detail here.
It follows from the computations of [DPS21, Proposition 5.7] that for n > 2:
* Qust pirasty2) (D) = (Z/2)% if k=1and (2/2)° if k > 2;
[ ] Q(ESI,Diﬂ‘(ESI)72) (Di) = Z D (Z/2)2 if k = 1 and Z D (Z/2)4 if k 2 2.
We then deduce from Proposition 5.27 that:

Proposition 5.43 For each i > 0 and k > 1, trivialising the assignment for n < 1, the functors
(5.21) for £ = 2 define homological functors:

(fOI“ k= 1) LB — MOdZ[(Z/Q)B] and ULB — MOdZ[Z@(Z/2)2] ;

(for k > 2) ULB — MOdZ[(Z/Q)s] and ULB — MOdZ[Z@(Z/2)4]-

As above, these representations all appear to be new and will be studied in detail in the sequel
paper [PS22a].

5.3. Global functors for mapping class groups

The construction in §5.1 of functors Dy — Mod, is well-adapted for motion groups (a.k.a. braided
mapping class groups, cf. Proposition 4.23). This is reflected in the fact that, if one restricts to a
subcategory of Dy of the form (G, M), where the automorphism groups of M are contained in
the corresponding braided diffeomorphism groups, then Proposition 5.16 implies (under additional
conditions) that the functor takes values in Covg C Cov, (after passing to mg), for a fixed group
Q. Hence, applying the general construction of §2, we obtain a functor into Modp for some fixed
ring R, rather than just Mod,. Thus the construction of §5.1 is effective for constructing families
of untwisted representations of motion groups (braided mapping class groups). However, for (full)
mapping class groups, this construction typically only gives twisted representations, and one must
restrict to smaller subgroups in order to obtain genuine, untwisted representations.

In this subsection, we describe a variant of the construction of §5.1, based on the split short
exact sequence (4.9) instead of (4.6), which has good properties for the full mapping class groups.
More precisely, this variant satisfies an analogue of Proposition 5.16 where one does not have to
assume that the automorphism groups of M are contained in the corresponding braided diffeo-
morphism groups; c¢f. Proposition 5.48 below.

Since the construction is very similar, we just sketch an outline and point out the differences
from the construction of §5.1. The following is the analogue of Proposition 5.8.

Proposition 5.44 For any integers d > 2 and £ > 0, closed submanifold Z C R and open
subgroup G < Diff(Z), there are well-defined functors

F(Z,G,é) and F(Z,G,Z): UD,; — Cov,, (522)
constructed as described below.

The construction of the functor ﬁ‘(zﬁg’g) on objects is similar to that of §5.1. The space
X (M, A) is defined in exactly the same way, but the quotient ¢(M, A): m (X(M,A)) - Q(M, A)
is defined using the following 6-term diagram instead of (5.4).

m (X (M, A))
12 o
1 — Wl(gG(ZyM AN A)) E— WO(Diﬁ‘dec(M7A7Z|G)) L—> WO(Diﬁ‘dec(M7 A)) 41
B(M, A) V(M A) 5(M, A) (5.23)
mo(Difface (M, A, Z|G)) «=~  mo(Diffacc (M, A))
1—— Q(M7 A) FZ(WO(Dinec(M,A,Z‘G))) FZ(WO(Diﬁ‘dec(M, A))) — 1

The top row is the split short exact sequence (4.9) of Corollary 4.19 when G = Diff(Z); more
generally it is the middle row of diagram (4.12) for open subgroups G < Diff(Z). The rest of the
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diagram is constructed from this just as in §5.1, using Lemma 5.4. The construction of the functor
on morphisms is then exactly as in §5.1.2, using the fact that the diagram (5.23) is functorial in
the object (M, A).

The closed variant Fz ¢ ) of the functor (5.22) is constructed similarly, using the embedding
space £,(Z, M ~\ A) instead of £g(Z, M~ A) (cf. §5.1.3).

The observations in §5.1.4 hold also for the functors (5.22): they induce functors (not just
semifunctors) on o, the closed version F(z,a,¢) takes values in Covy" and there is a natural homo-
topy equivalence ljﬂ(zycyg) = F(z,c,r) between the two versions of (5.22).

The possible variants of the construction mentioned in §5.1.6, replacing the functorial quotient
G — G/I;(G) by other quotients, apply similarly to the functors (5.22). Moreover, the construc-
tions of §5.1.7 also carry over to these functors, and show that if we fix (Z, G) and allow ¢ to vary,
the functors (5.22) form a “pro-nilpotent” tower of representations of 4D.

Remark 5.45 There is a natural morphism of diagrams (5.4) — (5.23) induced by the map of
split short exact sequences from the top row to the middle row of diagram (4.12). This induces a
natural transformation of functors

(5.6) = (5.22). (5.24)

Two actions agree. The diagram (5.23) is functorial in (M, A) as an object of UDy, so
there is an action of Diffqec(M, A) = Autp,((M, A)) on the bottom-left group Q(M, A). Since
Q(M, A) is discrete, this factors through an action of mo(Diff gee (M, A)) on Q(M, A).

On the other hand, my(Diffqec(M, A)) is also the top-left group of (5.23), so it has another
action on Q(M, A) given either by lifting elements of Q(M, A) along ¢(M, A) and using the con-
jugation action of the semi-direct product on the top row, or equivalently by projecting along
F(M, A) to the bottom-right group of (5.23) and then using the conjugation action of the semi-
direct product on the bottom row. The following is the analogue of Proposition 5.7.

Proposition 5.46 The two actions of mo(Diff gec (M, A)) on Q(M, A) described above are equal.
Proof. This follows immediately from the first part of Lemma 4.25. O
The definition of Q-stability in the setting of this section is exactly analogous to Definition 5.14.

Definition 5.47 Let M and G be subgroupoids as in (5.5). We suppose that there is a group @
and there are identifications Q(M, A) = Q for each object (M, A) of (G, M), such that, for each
object (M’, A") of G, the homomorphism of groups

Q(M, A) — Q((M', A")§(M, A)),

induced by the canonical morphism ((M’, A’),id) of (G, M), is equal to the identity under these
identifications. In this case, we say that the functor F(z q ¢ is Q-stable on (G, M).

The only difference between Definition 5.14 and Definition 5.47 is that, in the former, the group
Q(M, A) and the induced homomorphism Q(M, A) — Q((M’', A")t(M, A)) are those obtained from
the 6-term diagram (5.4) (and its functoriality), whereas in the latter, they are obtained from the
6-term diagram (5.23) (and its functoriality).

The analogue of Lemma 5.15 is again immediate: @-stability implies that F 7 g ¢) is equivalent
to a functor taking values in Covg” C Cov,. Moreover, we have an analogue of Proposition 5.16,
except that we drop the second assumption of Proposition 5.16 in the following.

Proposition 5.48 Let M and G be subgroupoids of Dy such that G is closed under j and M is
closed under the action of G via §. Set £ = 2, suppose that F(z ¢ 9) is Q-stable on (G, M), and

e G is full in Dg and M is 0-full in Dy,

o |G| is free as a monoid and |[M| is free as a |G|-set.
Under these assumptions, the functor

T0(F(z,6,2)l(g,m)): m0({G, M) — mo(Cova)

is equivalent to a functor with image contained in wo(Covg) C mo(Cov,).
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Proof. The proof is exactly analogous to the proof of Proposition 5.16, except that we use Proposi-
tion 5.46, instead of Proposition 5.7, to understand the action of automorphisms of M on Q. Since
Proposition 5.46 applies to the whole mapping class group mo(Diff goc (M, A)) (whereas Proposi-
tion 5.7 applies only to the subgroup wo(Diffgrec(M ,A)), the braided mapping class group), we do
not need to assume that the automorphisms of M are contained in the braided diffeomorphism
groups Diff5" (M, A), as we had to for Proposition 5.16. O

5.4. Applications for mapping class groups of surfaces

Although it is best adapted to motion groups, the general construction of §5.1 may also be used
to construct representations of mapping class groups, and recovers several classical constructions.
This is detailed in §5.4.1. We then apply in §5.4.2 the adapted method for mapping class groups
of §5.3 to define other representations of these groups.

Recall from §4.4 the subgroupoid MY of Dy and let M;’+ (respectively /\/lg_) denote the
full subgroupoids of M} with objects the orientable surfaces (respectively non-orientable surfaces
together with the disc) with one boundary-component. Set M7 = mo(M5T) and My = mo(M5 7).

5.4.1. Homological representations from motion group functors

A first idea to construct representations of the mapping class group of a d-manifold M is to use
its action on covering spaces constructed as in §5.1. Let uDg denote the full subcategory of D,
on the objects (M, () and consider the restriction of the continuous functor 1%( z,c,0): UDg — Cov,
of Proposition 5.8 to MDE. Note that this has the effect that the short exact sequences of the
diagram (5.4) degenerate in the sense that the right-hand side is the trivial group.

We now restrict to dimension d = 2 and the groupoids My ™+ and M§~ mentioned above. Let
Z =k be a set of k > 1 points in R?. We thus consider the functors

ﬁ(z,G,l): MMZ’JF — Cove and F(E,G,e): il./\/l;’f — Cov, (5.25)

for integers £ > 0, k > 1 and subgroups G < &;. We will consider the two extremal choices of
G = 6, and G = {id}, corresponding to unordered configurations spaces (see §5.4.1.1) and ordered
configurations spaces (see §5.4.1.2) respectively.

5.4.1.1. Using unordered configuration spaces

Similarly to the constructions of representations for motion groups in §5.2, we take G = &.
The construction of §2.5.1 produces homological functors for all 7 > 1:

Li(E*

(E,GM)): UMF — Mod, and Li(F;

(k,61,0)) UMy — Mod,. (5.26)

For ¢ = 0, we obtain the representations corresponding to the action on the homology groups of
the universal covers of the spaces X (M, (), and we recover the natural action of the mapping class
groups on the homology groups of the spaces X (M, D) for £ = 1; ¢f. Remark 5.6. We now give
more details of some representations encoded by LZ(F(Z S Z)) when k> 3.

We recall from [BGGO8, Theorem 2] that for any g > 1 and k > 3, the lower central series of
the group By (X,1) satisfies I # I's = I'y. Hence the two relevant cases to study are £ € {2,3}.
We determine in each case the best subgroup of the mapping class group for which we obtain
untwisted representations.

We fix a symplectic basis {A1, B1,..., Ay, By} for the first homology group of the surface
H, := Hq(Xg,1;Z) with respect to the algebraic intersection form wg: Hy x Hy — Z. The operation
(z,¢) (2z,0) = (24 2" +wg(A,N), A+ X) for all z,2" € Z and A\, \' € H, defines a central extension
of H, by Z that we denote by Z X, H,.

Lemma 5.49 The abelianisation By(Xg1)/T2(Br(X4,1)) s isomorphic to the product Z/2 x H,.
The third lower central quotient Bi(X41)/Ts(Br(X4,1)) is isomorphic to the central extension
Z X, Hy. In both situations, the action of the mapping class group T'y 1 on the quotient H is the
natural action ag.
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Proof. For ¢ = 2, the result directly follows from the presentation of By (X, 1) of [Bel04, Theorem 1]:
the factor Z/2 is the image of the braid generators {o1,...,0;-1} and the factor H, is the image
of the generators {ai,b1,...,aq4,b5}. For £ = 3, by [BGG17, Corollary 3.14] the third lower
central quotient B (3,,1)/I'3(Bx(X4,1)) is isomorphic to the semi-direct product (Z x Z9) x Z9,
the first factor Z is central and is generated by o := ~3(0;) for all ¢ € {1,...,k — 1}, the second
factor Z9 is generated by {a; := v3(a;) | i € {1,...,9}}, and the third factor Z9 is generated
by {b; :== v3(b;) | i € {1,...,9}}; for all j € {1,...,g}, the generator b, acts trivially on a; for
i€{l,...,9} ~{j} and for i = j we have ajb; = o%b;a;, in other words b; sends a; to a; + 20
in additive notation. The isomorphism is given by sending ¢ to a generator of Z in the central
extension, a; to 4; and b; to B; for all i € {1,...,g}. The relation a;b; = o?b;a; is preserved
through this morphism by the definition of the intersection form. O

By Lemma 5.49, we must restrict to a subgroup of the Torelli group to obtain a trivial action
both on the abelianisation and on the third lower central quotient. In particular the Z/2 summand
is generated by the image o of the braid generators of B,,(X,1). We recall from Corollary 4.19 that
the splitting I'y; < I'Y, is induced by the embedding of surfaces g1 — 3 183, 1 = X7 ;@ this
implies that T'y; acts trivially on o, since o is supported in the subsurface g ;. Also the action
of I'y 1 on Hy is induced by a,. Hence the result of Lemma 5.49 on By (X4,1)/T2(Br(X4,1)) is an
isomorphism of Iy ;-modules, not just of abelian groups, if we view Z/2 x H, as a product of Z/2
equipped with the trivial action and H, as the symplectic I'; ;-module. Therefore, for £ = 2, the
homological representations defined by Ll(F (2 6k72)) are untwisted, i.e. they act through untwisted
automorphisms of Z[Z/2 x Hg)-modules, if we restrict to the Torelli groups.

For ¢ = 3, we deduce that there exists a map x: I'y 1 — Hom(H,, Z) so that the action of the
mapping class group on the central extension Z x,,, H, is described by the matrix

IdZ K
0 a4 |°
We denote by Chill: T'y 1 — Hom(H,,Z) the Chillingworth crossed homomorphism [Chi72; Tra92]
which describes the action of I'y 1 on the winding numbers of the curves of ¥, . Its kernel is called
the Chillingworth subgroup and denoted by €4 1. By [Chil2, Corollary 4.8], it is the subgroup

generated by the union of the simply intersecting pair maps and the Johnson subgroup [Joh83],
which is the kernel of the natural map I'y1 — Aut(m1(Zg1)/I3(m1(Zg,1)))-

Lemma 5.50 The map k is a crossed homomorphism and its kernel coincides with Cg 1.

Proof. Since the action of the mapping class group on the central extension is a morphism, we
deduce that k(g o ) = k() + k(p)ag(y) for all p,9p € T'yq: this proves that x is a crossed
homomorphism. Moreover, by [Mor89, Proposition 6.4] we have H' (T 1, H,) = Z. Hence, up to
principal crossed homomorphisms, we have p -k = A - Chill for integers u, A € Z. In particular, we
have -k = A-Chill on the Torelli group, since principal crossed homomorphisms with values in H,
vanish on the Torelli group. It is easy to check that x and Chill are both not the zero homomorphism
on the Torelli group, so 4 and A are both non-zero integers. Thus ker(x) = ker(Chill) = C,;. O

Hence the homological representations defined by Li(ﬁ(z - 3)) act by untwisted Z[Z x ., Hg]-

module automorphisms if we restrict to the Chillingworth subgroups.

Remark 5.51 There is in fact a quotient of Bx(X, 1) onto the Heisenberg group Z x,, H, for
all k > 2 (not just k > 3); for k = 2 the kernel of this quotient lies strictly between I'y and I's.
Homological representations arising from this quotient for k& > 2 are studied in detail in [BPS21],
where it is shown how this induces a family of untwisted representations of the Torelli group and
of the stably universal central extension of the mapping class group.

5.4.1.2. Using ordered configuration spaces

Alternatively, we consider ordered configuration spaces of points on the surfaces: we take the
same assignments as in §5.4.1.1 except that G = {id}. By §2.5.1 we have homological functors
Li(Ef ay.0): $M3 — Mode and Li(F 14y ) M5 — Mod, for all i > 1.
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An interesting modification of this construction consists in removing the basepoint py € 9.5
from the surface and allowing the configuration points to be in the boundary of the surface. Namely,
we use the closed variant F' of §5.1.3 instead of the functor F and consider the configurations in
the surface S \ {po} for each object S. By Lemma 5.11, Borel-Moore homology may be applied
for this alternative and has the advantage of being endowed with a natural free generating set; cf.
[Big04, Lemma 3.1], [AK10, Lemma 3.3], [AP20, Theorem 6.6] or [PS21a, §3]. The representations
arising from this variant for £ = 1 have been studied by Moriyama [Mor07].

5.4.2. Homological representations from mapping class group functors

The quotient groups Q) defining the representations constructed in §5.4.1 for the mapping class
groups of the surfaces are typically not independent of the surface (i.e. we do not have Q-stability
in the sense of Definition 5.14). The advantage of the method of §5.3 applied here is that it is
much more effective for this property to be satisfied. We consider the restriction of the continuous
functor }%( z,c.0): UD2 — Cov, of Proposition 5.44 to the appropriate full subcategory of the form
4G given by Lemma 3.5 applied to the examples of subgroupoids G of §4.4 (whose automorphism
groups correspond to the family of mapping class groups). Moreover we take Z = k a set of k > 1
points in R? and G = &;,.

The construction of §2.5.1 produces homological functors for all i > 1:

Li(ﬁ‘(ﬁ,Gk,l)): Fo(ug) — MOd. (527)

for i,k > 1 and £ > 0. For £ = 0, we obtain the representations corresponding to the action on
the homology groups of the universal cover of the configuration spaces of points in the surface,
and we recover the natural action of the mapping class groups on the homology groups of these
configuration spaces for £ = 1; ¢f. Remark 5.6. For ¢ = 2, we will typically prove that the adapted
Q-stability property (Definition 5.47) is satisfied. When this is the case, denoting by Q(x,&, 2) the
associated stable quotient, we deduce that:

Proposition 5.52 We obtain a homological functor Li(ﬁ(ﬁ,gk,g)): mo(UG) — MOdZ[Q(k,Gk,Z)] from
the functor (5.27) for all i > 0.

Proof. Let UGgtap be the full subcategory of 4G on all objects except those for which the obtained
quotient is not isomorphic to Q(x,e,,2)- By Proposition 5.48, the functor (5.27) induces homological

o

functors L;(F(x,a,,2)): To(UGstan) — MOdZ[Q(k,Gk,Z)]' By Lemma 5.17, we extend them to functors
on 7y (4G) by sending the other objects to the trivial module. O

As far as the authors know, the representations encoded by the functors based on the above
procedure and described in the following Propositions 5.54 and 5.57 appear to be new.

General alternatives: partitioned configurations. For all the constructions presented here,
we could define interesting alternatives by interpolating the parameter G between the trivial group
{id} and &j: in particular, this includes considering partitioned configurations. The associated
lower central series being more complicated (see [DPS21]), the representations that arise from these
alternatives are more sophisticated, as in Remark 5.29 for classical braid groups. The following
Lemmas 5.53 and 5.53 can easily be generalised in order to compute the associated transformation
groups. Again we do not detail all these partitioned cases here for the sake of simplicity, but we
note that all the methods explained here could be repeated mutatis mutandis.

5.4.2.1. For orientable surfaces

Consider the restriction of the continuous functor Zjﬂ(&GM) : UDs — Cov, of Proposition 5.44
to the full subcategory LlMg’Jr. By §2.5.1 we obtain a homological functor

Li(ﬁ'(&gk,g)): uM; — MOd. (528)

for i,k > 1 and ¢ > 0. To obtain some restrictions on the possibilities for the parameter ¢, we
study the lower central series of the mapping class group FZ,I' We compute its abelianisation:
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Lemma 5.53 For each g >3, (T'% )™ is trivial if k = 1 and isomorphic to Z/2 if k > 2

Proof. We recall from Corollary 4.19 that I‘k 1 is the semi-direct product By (X, 1) x T'y;. By
abehamsatlon of a semi-direct product (see [GG09 Proposmon 3.3] for instance), we deduce that
(Th )™ is 1somorph1c to (Bi(24,1)*)r,., ® (Tg,1)*", where (B (3,4,1)*")r, , denotes the coinvari-
ants of Bx(3,1)*" under the natural action of 'y 1 on X4 1. We recall from [Kor02, Theorem 5.1]
that the abelianisation of (I'y1)2P is trivial for any g > 3. It therefore just remains to study the

left-hand summand. By [BGG17, Proposition 3.4], we know that

By (Sy1)™ = {Hl(zgvl)@Z/Q k=2, (5.29)
Hi(241) k=1,
where the generator o of the Z/2 summand is the image of all the braid generators of By (X, 1).
The splitting I'y 1 — I‘g 1 of the exact sequence is induced by the embedding of surfaces ¥, ; —
E’g 10X = EZ 1, s0 I'g 1 acts trivially on o, since o is supported in the subsurface EO 1-

The action of I'g 1 on the left-hand summand of (5.29) is induced by the natural action of
I’y 1 on the homology of the surface. Together with the fact that its action on ¢ is trivial, this in
particular implies that (5.29) is a splitting of representations of I'y 1, not just of abelian groups.
The action of the Dehn twists Ta,,Ts, € T'y1 on H1(Xy1) = (A1,...,Ag, B1,...,By) satisfies
Ta,(Bi) — B; = A; and T, (A;) — A; = By, so we have Hy(¥,1)r, , = 0. Putting this all together,
we end the proof. O

In particular, the abelianisation (I‘k )2P is cyclic, generated by o. It therefore follows from

[DPS21, Corollary 2.2] that I3(T'F,) = I3(T% ) for all k > 1 and g > 3. In the exceptional
cases g € {1,2}, there is an additional cychc summand in (I‘Zjl)ab generated by a Dehn twist
T around a non-separating curve (of infinite order if ¢ = 1 and order 10 if g = 2), by [Kor02,
Theorem 5.1]. Since the two generators T' and o have representatives with disjoint support, the
methods of [DPS21, §2] imply that, also in these exceptional cases, the lower central series stops
at I, in other words I»(T'F ;) = I'3(T% ). Hence we may restrict our study to the case of £ = 2.
The quotient group Qx,e,,2)(Xg,1) is isomorphic to the coinvariants (Bx(X4,1)*")r, ,; see the
first two sentences of the proof above. The arguments of that proof imply that, for all £ > 1 and
g > 1, we have:
0 ifk=1,

N .)
Qk,61.2)(Xg,1) {2/2 5> 2

We denote this quotient by Q(X) and deduce from Proposition 5.52 that:

Proposition 5.54 For each i > 0 and k > 1, the functor (5.28) for ¢ =2 defines a homological
functor L (F(E,Gk72))' HMQ — Modz[Qk(Z)] .

Remark 5.55 As far as the authors know, the representations arising in Proposmon 5.54 are new.
In particular, we prove in [PS21a, §3] that the representations defined by Lk(F(k & 2)) are not

symplectic, in the sense that they do not factor through the symplectic group Sp2g( ).

5.4.2.2. For non-orientable surfaces

Consider the restriction of the continuous functor ljﬂ(&GM) : UDs — Cov, of Proposition 5.44
to the full subcategory Ll/\/lg’_. By §2.5.1 we obtain a homological functor

Li(Fe,.0): UMy — Mod,, (5.30)

fori,k>1and £ > 0.
Let £ > 0 and h > 5. By [Stul0, Theorems 6.21 and 6.22], the abelianisation (Nl,iﬁl)ab is
isomorphic to a direct sum of copies of Z/2, generated by:
e a cross-cap slide y supported in a genus-2 subsurface,
e a Dehn twist T" along a non-separating curve (when h € {5,6}),
e a marked point slide ¢ sending a marked point through the core of a cross-cap (when k > 1),
e a braid-type element o that interchanges two marked points (when k > 2).
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Using the same type of disjoint support arguments as [DPS21, §2], one may deduce from this that,
for all K > 3 and h > 6 an even number, the lower central series of the mapping class group N 2,1

stops at I, in other words, I (N’Zl) =13 (N’Zl) Hence we restrict our study to the case ¢ = 2.
Lemma 5.56 For h > 2, we have Hy(Np1)nr,, = 7Z/2, generated by the core of a cross-cap.

Proof. The first homology group Hi (N 1) is isomorphic to Z", generated by the cores of the cross-
caps, which we denote by 71,...,v,. The inclusion of surfaces 3¢ 11 < Np,1 given by gluing in
h Mébius bands induces a homomorphism Bj, — N 1. In particular, we have an element of N b1
that cyclically permutes the h cross-caps. This element induces the relations v = v = -+ =3,
when we take co-invariants. Let y be the cross-cap slide that takes the first cross-cap through the
core of one of the others. Then y(vy;) = —v1, so this element induces the relation (y1)? = id when
we take co-invariants. Thus we have shown that the co-invariants are either as claimed, or trivial;
it remains to show that they are non-trivial.
First, assume that A > 5. From the identity

N3)™ = (Be(Nu)™ ), & Nia)™ (5.31)
for k = 1, together with the results of Stukow quoted above, we deduce that
Hi(Np ) = BNk ™), 2 Z/2,

in particular, the co-invariants are non-trivial.® To see that they are non-trivial for h € {2,3,4},
we first consider the case h = 1. In this case, the mapping class group of the Md&bius band is
trivial, so we have Hy(N11)ar, , = H1(N1,1) = Z. Next, consider the commutative diagram

Z zh VAL
I I Il
Hl(Nl,l) _— Hl(Nh,l) —_— H1(N5,1)

- i L

? 72

where h € {2,3,4} and the vertical maps are the quotients onto the respective co-invariants.
The top horizontal maps are the standard inclusions and the right-hand vertical map sends each
standard generator of Z° onto the generator of Z/2. Hence the map across the bottom of the
diagram is surjective, so 7 cannot be 0. O

Using Lemma 5.56, we may deduce that we have Q-stability in the range h > 2, as follows.
From the identity (5.31), we see that the quotient group Q s, 2)(Nn,1) is isomorphic to the
co-invariants (Bj(Np,1)*®)ar, - Similarly to the orientable case, we have

H(Ny1)®Z/2 k> 2,

B (Np,1)™ =
k( h,l) {H1(Nh,1) k=1,

see [DPS21, Proposition 6.23]. Again, this is a splitting of representations of AN, ; and the action
on the Z/2 summand is trivial. Combining this with Lemma 5.56, we deduce that

72 ifk=1,

Ny 1) 2
Qe.e1,2)(Nn,1) {(2/2)2 if k> 2.

We denote this quotient by Qr(N) and deduce from Proposition 5.52 that:
Proposition 5.57 For each i > 0 and k > 1, the functor (5.30) for £ = 2 defines a homological

o

functor Li(Fy,e,.2)): UMy — Modgzq, (n)-

As far as the authors know, the representations encoded by the functors of Proposition 5.57
do not appear in the literature, and are therefore new.

6 An alternative argument, which works for h > 3, is to consider Stukow’s generating set for the mapping class
group Nh,l in [Stul0, Theorem 5.2], and study how these generators act on y1 = --+ = 7. There are only three
that act non-trivially: ¢y, if the genus h is odd and tc, and tp,, if the genus h = 2r + 2 is even. In each case, one
may verify that these elements do not introduce any new relations in the co-invariants.
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