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Abstract

We study a wide range of homologically-defined representations of surface braid groups
and of mapping class groups of surfaces, including the Lawrence-Bigelow representations of
the classical braid groups. These representations naturally come in families, defining homo-
logical representation functors on categories associated to surface braid groups or all mapping
class groups. We prove that many of these homological representation functors are polynomial.
This has applications to twisted homological stability and to understanding the structure of
the representation theory of the associated families of groups. Our polynomiality results are
consequences of more fundamental results establishing relations amongst the coherent repre-
sentations that we consider via short exact sequences of functors. As well as polynomiality,
these short exact sequences also have applications to understanding the kernels of the homo-
logical representations under consideration.

Introduction

The representation theory of surface braid groups and of mapping class groups has been the
subject of intensive study for several decades, and continues to be so; see for example the survey
of Birman and Brendle [BB05, §4] or the expository article of Margalit [Marl9]. These groups
naturally come in families — we will consider the following ones, where all surfaces are assumed
connected, compact and with one boundary component: the family of surface braid groups B,,(.5)
for each fixed surface S (in particular the classical braid groups B,, when S is the 2-disc D), as well
as the two families I'y; and N h,1 of the mapping class groups of orientable and non-orientable
surfaces respectively.

Homological representation functors. One way to make the representation theory of these
groups more tractable is to study coherent representations of each family of groups. Here, coherent
representation means a collection of one representation of each group in the family so that the whole
collection of representations is compatible, in a certain sense, with the natural homomorphisms
between the groups. This structure is encoded by a functor (G, M) — R-Mod, where (G, M) is a
certain category whose automorphism groups are the family of groups in question. The categories
(G, M) associated to the families of surface braid groups and mapping class groups of surfaces
are described in §1.1. In particular, the objects of (G, M) are always indexed by non-negative
integers n, whose automorphism group is either B,,(S), T',,1 or M, 1, depending on the context.
For instance, for the classical braid groups B,,, we take G = M = 3 where 8 is the braid groupoid.

The coherent representations of surface braid groups and of mapping class groups that we
study in this paper are constructed systematically from natural actions on the homology of con-
figuration spaces on the underlying surface, with coefficients twisted by certain local systems on
these configuration spaces. Special cases of this construction recover, for example, the Lawrence-
Bigelow representations of the classical braid groups [Law90; Big04] (Example 1.15), the An-Ko
representations of surface braid groups [AK10] (Example 1.17) and the Moriyama representations

2020 Mathematics Subject Classification: Primary: 18A22, 20C07, 20C12, 20F36, 57K20; Secondary: 18A25, 18M15,
20J05, 55N25, 55R80, 57M07, 57M10.

Key words and phrases: homological representations, polynomial functors, surface braid groups, mapping class
groups, configuration spaces, homology with local coefficients, Borel-Moore homology.



of mapping class groups [Mor07] (Example 1.20). In general, our construction depends on a choice
of an ordered partition A of a positive integer k (see the definition below), corresponding to the
number and partition of points in the configuration space, together with a positive integer ¢, cor-
responding to the depth of an associated lower central series quotient that determines the local
system. This produces a functor

2()\7[)2 <Q7M> — R—MOd, (01)

called a homological representation functor. This construction (together with some variants) is
described in §1.2-§1.3, where we also explain how it fits into the larger framework of [PS24b]; we
refer the reader there for a full introduction to this notion and we focus on presenting our results
about these functors in the rest of the introduction. We mention for the sake of accuracy that the
target category of (0.1) must in general be enlarged to the category R-Mod™ of twisted R-modules:
this has the same objects as R-Mod but morphisms are permitted to act on the underlying ring
R as well as on the modules; see §1.2.2. We will elide this subtlety in the introduction, although
we are careful in the rest of the paper about when the target is R-Mod™ and when we may
restrict to R-Mod. (One may always compose with the functor R-Mod™ — Z-Mod that forgets
module structures to avoid this twisting.) Homological representation functors have already proved
themselves of key use for the questions of the linearity of groups (see Example 1.15) and form a
natural pathway for the construction of families of irreducible representations (see the forthcoming
work [PS]). This paper aims to establish polynomiality properties (see §4.1 for an introduction to
these notions) for these functors.

When we are not working in a specific setting, we denote the homological representation
functors that we construct by £, ), as in (0.1) above. When we are working in the setting of
surface braid groups on a fixed surface S, we write £\ ¢ = £, (S). In the special case of
classical braid groups (S = D) we also write £() ¢)(ID) = £B, ¢, since they extend the Lawrence-
Bigelow representations. In the setting of mapping class groups of orientable surfaces, we write
L0 = £0,g(T); in the setting of mapping class groups of non-orientable surfaces, we write

Lo = Lo WN).

Short exact sequences of functors. Our main result proves the existence of fundamental
short exact sequences relating different homological representation functors; see Theorem A. Our
polynomiality results, as well as results establishing other properties of these representations, are
corollaries of these.

The short exact sequences depend on a “translation” operation 74 defined on functors (0.1),
which is defined precisely in §3.1.1. Also, for £ > 1 a positive integer, we recall that an ordered
partition A F k is an ordered r-tuple A = (A1,..., ) of integers A\; > 1 (for some r > 1 called the
length of A) such that k=32, ., A;. (Note that we do not impose the condition that A\; > Ai11.)
Also, for a fixed A F k, we write A[j] for the tuple obtained by subtracting 1 from the jth term
(and removing the jth term entirely, if it is now zero); see also Notation 3.2. Our main result is
the following.

Theorem A (Theorems 3.17, 3.24 and 3.35) For any positive integer k > 2, any ordered partition
A= (A1,..., ) Bk and any positive integer £ > 1, there is a short exact sequence

0—— 2%0\7@) e 7‘12%@\7@) e @ Tls%(/\[j],g) — 0 (0.2)
1<isr

of functors (B, B) — R-Mod. There are analogous short exact sequences of functors in the settings
of surface braid groups — see (3.17) — and mapping class groups of surfaces — see (3.26) and (3.27).
In the last case, these short exact sequences are moreover split.

Polynomiality. Our first corollary of Theorem A, and its analogues for surface braid groups and
mapping class groups of surfaces, is that many of the functors (0.1) are polynomial in the senses
recalled precisely in §4.1.

Corollary B Fix a positive integer k > 1, an ordered partition A - k and a positive integer £ > 1.
In the setting of the classical braid groups:



e The functor £B (1), is strong polynomial of degree 2 and weak polynomial of degree 1.
o For k > 2, the functor £By 4 is both very strong and weak polynomial of degree k.
In the setting of surface braid groups on S =X,1 or Ny 1 for g,h > 1:
o The functor £(x ) (S) is weak polynomial of degree k and strong polynomial of degree k or
k+1.
In the setting of mapping class groups of surfaces:
o The functors £ ¢(T') and S(Mg)(./\f) are both split and weak polynomial of degree k.

The indeterminacy between k and k + 1 for the strong polynomial degree of the functor
£(x,0)(8) is a side effect of the interactions between the B, (S)-representations for n < 2 encoded
by this functor; see Remark 4.10. In each setting, we also define an alternative version of each of
the functors £y ¢), which we call its “vertical-type alternative” functor, denoted by EE)M 0 (This
terminology refers to the shape of the homology cycles representing a basis for the underlying
modules of these alternative representations; see Figure 2.3.) In general, these functors have very
different polynomiality behaviour:

Theorem C Fiz a positive integer k > 1, an ordered partition A+ k and a positive integer £ > 1
In the setting of the classical braid groups:
e The functor E‘BE’)\@ s mot strong polynomial, but it is weak polynomial of degree 0.
In the setting of surface braid groups on S = X1 or Ny 1 for g,h > 1:
e The functor 2&7@(5) is mot strong polynomial, but it is weak polynomial of degree 0.
In the setting of mapping class groups of surfaces:
o gor 1 6}6{172}, the functors £, ,(T) and £, , (N) are both split and weak polynomial of
egree k.

Corollary B and Theorem C are proven in §4.2 for the classical braid groups and surface
braid groups and in §4.3 for mapping class groups of surfaces. Closely related to the functors
2( \¢) are certain other functors £, \£) which are defined on automorphisms by the duals of the
representations corresponding to the ‘effect of £(x,¢0) on automorphisms; see §2.3. The statement of
Theorem C also holds for these functors, as we prove in Theorems 4.14 and 4.15.

Applications of polynomiality. Corollary B and Theorem C have immediate consequences for
twisted homological stability of surface braid groups and mapping class groups of orientable or non-
orientable surfaces. More precisely, it follows from the work of Randal-Williams and Wahl [RW17,
Theorems D, I, 5.23, 5.26, 5.29] (see Theorem 4.2) that twisted homological stability holds in each
of these settings with coefficients in each functor that is proven in Corollary B or Theorem C to
be strong, very strong or split polynomial; see Corollaries 4.9 and 4.16.

Furthermore, functors of the form (G, M) — R-Mod that are weak polynomial of degree at
most d form a category Poly((G, M)) that is localising as a subcategory of Polgy1({G, M)) in the
sense of [Gab62, Chapitre III, §1]; see Proposition 4.7. This allows one to define a sequence of
quotient categories

51(d)

D Pola((G, M)) [Pola_1((G, M)) LD

Bi(d+2)

Pola+1((G, M))/Pola((G, M)) +— (0.3)

where each functor d; (i) is induced by the difference functor defined in §3.1.1. It then follows from
Corollary B that:

Corollary D Fiz a positive integer k > 1, an ordered partition X\ = (A1,...,\) F k and a positive
integer £ > 1. The (A, £)-Lawrence-Bigelow functor £By ¢ is a non-trivial element of

Poli({B,B))/Poli—1({B, B)).

Moreover, for each i € {1,...,r}, the functor £Bxj,e) is a direct summand of d1(k)(£Bx ).
Similar results hold for the other functors of Corollary B, which encode representations of B,,(5),
I‘g71 and Nh71.

The notion of polynomiality thus provides a precise organising tool for coherent representations
of these families of groups.



Faithfulness. A second application of the short exact sequence (0.2) of Theorem A is to deduce
the faithfulness of certain homological representations of the classical braid groups:

Corollary E For any £ > 2 and any ordered partition X = (A1,...,A\,) b k where \; > 2 for at
least one i € {1,...,r}, the By, -representation £B (5 o (n + 1) is faithful.

More precisely, the short exact sequence (0.2) of Theorem A implies the existence of inclu-
sions between the kernels of different homological representations of the braid groups; see Propo-
sition 3.19. Combining this with the celebrated result of Bigelow [Big01] and Krammer [Kra02] on
the faithfulness of certain homological representations of the braid groups, we deduce Corollary E,
which tells us that many other homological representations of the braid groups are also faithful.

Analyticity. As a final application, we prove analyticity (and non-polynomiality) of a functor
encoding certain quantum representations of the braid groups.

There is a representation V of Ug(sl2), the quantum enveloping algebra of the Lie algebra sls,
defined over the ring L := Z[s*!, q*!], introduced by Jackson and Kerler [JK11] and called the
generic Verma module. The structure of U,(sl2) as a quasitriangular Hopf algebra induces a B,,-
representation on its nth tensor power V&, which we call the nth Verma module representation.

Corollary F (Corollary 4.18) There is a functor Ger: (B, 8) — L-Mod whose restriction to the
automorphism group of the object n of (B, B) is the nth Verma module representation. Moreover,
this functor is analytic, i.e. a colimit of polynomial functors, but it is not polynomial.

Remark 0.1 Theorem C and Corollary F illustrate that polynomiality is not an “automatic”
property of coherent representations, even in cases (such as the first two points of Theorem C)
where the dimensions of the underlying modules of the representations grow polynomially with n.
See also Remark 4.19 for more examples of non-polynomial homological representation functors.

Module structure. Finally, a key tool to prove Theorem A is an explicit computation (see
Theorem G below) of the underlying module structures of the homological representation functors.
Let S be a compact, connected surface with one boundary component and let A C S be either a
finite subset of its interior or one point on its boundary. For an ordered partition A = (Mg, ..., A) F
k, we consider the A-partitioned configuration space

O\(S~A) = {(z1,...,21) € (SN A)F | 2; # a; for i # j} /Gy,

where &) 1= Gy, X -+ x 6y, C Sj. Let L be a local system on Cy(S \ A), defined over a ring R,
and denote its fibre by V. The underlying modules of all of our representations are given by the
twisted Borel-Moore homology modules HPM (C, (S \ A); £).

Theorem G (Proposition 2.6) The twisted Borel-Moore homology HEM(C\(S \ A); L) is trivial
except in degree k. There is an isomorphism of R-modules

HPM(C (SN A) L) = PV, (0.4)

where the direct sum on the right-hand side is indezxed by the following combinatorial data. Let T' be
an embedded graph in S with set of vertices A, such that S deformation retracts onto I' relative to
A; see Figure 2.1 for illustrations. There is then one copy of V' in the direct sum for each function
w assigning to each edge of T' a word in the alphabet {1,...,r} so that each letter i € {1,...,r}
appears precisely \; times as w runs over all edges of T.

In each of our examples, £ will be a rank-1 local system, i.e. V"= R, so Theorem G says that
HBM(C\(S \ A); L) is a free R-module, with a free generating set given by the set of functions w
described above. We note that, in the special case when A = (k), the direct sum in (0.4) is indexed
by functions w assigning non-negative integers to each edge of I that sum to k.

Remark 0.2 We refer the reader to [Bre97, Chap. V] for a detailed introduction to Borel-Moore
homology. The principal reason why we work with Borel-Moore homology instead of ordinary
homology is the structural result of Theorem G. In contrast, the ordinary (co)homology of con-
figuration spaces on surfaces is in general much more complicated, and the few cases in which
the computations are known lead to representations that are much harder to work with; see for
instance [Sta23, Th. 1.4].



Outline. In §1, we explain the categorical framework for the families of groups that we work
with (§1.1), construct the functors (0.1) in this framework (§1.2) and then discuss this construction
in more detail (§1.3) in each of our three settings: classical braid groups, surface braid groups and
mapping class groups of surfaces. In §2, we study the underlying module structure of these repre-
sentations, proving Theorem G. In §3 we then construct the short exact sequences of Theorem A,
recalling first the necessary background on translation, difference and evanescence operations on
functors (§3.1), and also prove Corollary E. Finally, in §4 we prove our results on polynomiality
(Corollary B and Theorem C) and analyticity (Corollary F).

General notation. We denote by N the set of non-negative integers. For a small category C, we
use the abbreviation ob(C) to denote the set of objects of C. For D any category and C a small cate-
gory, we denote by Fet(C, D) the category of functors from C to D. For X a manifold with boundary,
X denotes its interior. For an ordered partition A = (A1,...,A\+) F k and a topological space Y,
we denote by C,\(Y) the A-configuration space {(z1,...,z) € Y*F | z; # x; if i # j} /&), with
Gy = 6y, X --- X G,,, where G,, denotes the symmetric group on a set of n elements. Fur-
thermore, the A-partitioned braid group By, . 1. (Y) on k strings on Y is the fundamental group
m1(Cx(Y), co), where ¢y € C\(Y) is a fixed A-partitioned configuration.

For R a non-zero unital ring, we denote by R-Mod the category of left R-modules. For an
R-module M, we denote by Autr(M) the group of R-module automorphisms of M. When R = Z,
we omit it from the notation as long as there is no ambiguity. The lower central series of a group G
is the descending chain of subgroups {I;(G)}s>1 defined by I'1(G) := G and I'v41(G) := [G, [1(G)],
the subgroup of G generated by the commutators [g, h] for g € G and h € I';(G). For the sake of
simplicity, each quotient G/Iy(G) is denoted by G/I%.
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1. Background

This section recollects the construction of homological representation functors introduced in
[PS24b]; see §1.2. We first recall the underlying categorical framework in §1.1 and then detail in
§1.3 the outputs of the construction of [PS24b, §2-§3] for the families of groups studied in this

paper.

1.1. Categorical framework for families of groups

We introduce here the categorical framework that is central to this paper to deal with families
of groups.

Preliminaries on categorical tools. We refer to [Mac98] for a complete introduction to the
notions of strict monoidal categories and modules over them. We generically denote a strict
monoidal category by (C,t,0), where C is a category, f is the monoidal product and 0 is the
monoidal unit. If it is braided, then its braiding is denoted by bICLLB: AhB 5 BYA for all objects A
and B of C. A left-module (M, ) over a (strict) monoidal category (C, 8, 0) is a category M with a
functor f: C x M — M that is unital and associative. For instance, a monoidal category (C, f,0) is
equipped with a (strict) left-module structure over itself, induced by its monoidal product. Each
left-module structure £ in this paper is defined from some underlying monoidal structure f (see
§1.1.2), so we abuse notation by using the same symbol f for £.

Considering the category of (small skeletal strict) braided monoidal groupoids Bt®, there
is always an arbitrary binary choice for the convention of the braiding. We may pass from one
to the other by the following inversion of the braiding operator. Let (—)7: Bt& — Br® be the
endofunctor defined on each object (G,,0) by (G,4,0)" = (G,4,0) as a monoidal groupoid but

whose braiding is defined by the inverse of that of (G,f,0), i.e. bitB = (b%A)’l.

1.1.1. The Quillen bracket construction

In this section, we describe a useful categorical construction to encode families of groups:
the bracket construction due to Quillen, which is a particular case of a more general construction
described in [Gra76, p.219]; see also [RW17, §1]. A reader familiar with [RW17] may skip this
subsection.

Throughout §1, we fix an object (G, f,0) of Br® and a (small, strict) left-module (M, ) over
G. The Quillen bracket construction (G, M) on the left-module (M, t) over the groupoid (G, 1, 0)
is the category with the same objects as M and whose morphisms are given by:

Homg a)(A, B) = colgilfn[HomM(—hA7 B)].

Thus, a morphism from A to B in (G, M) is an equivalence class of pairs (X, ¢), denoted by
[X,¢]: A — B, with X an object of G and ¢: XA — B a morphism in M, and where [X, @] ~
[X',¢'] if X = X' and there exists x € Autg(X) such that ¢’ o (xtida) = ¢. Also, for two
morphisms [X, ¢]: A — B and [Y,¢]: B — C in (G, M), the composition is defined by

Y, 9]0 [X, ] = [Y3X, ¢ o (idylp)]. (1.1)

There is a canonical faithful functor M — (G, M) defined as the identity on objects and sending
f € Homa (A4, B) to [0, f]. From now on, we assume that M is a groupoid, that (G, 1, 0) has no zero
divisors —i.e. XfY = 0 if and only if X 2 Y =0 for X,Y € Obj(G) — and that Autg(0) = {ido}.
These properties are satisfied in each setting that we consider in this paper; see §1.1.2. Then M is
the maximal subgroupoid of (G, M) and, when considering elements of Hom g ) (A, A), we abuse
notation and write f for [0, f] for each A € Obj(M) and f € Auta(A); see [RW17, Prop. 1.7].



Module structure over G. The following discussion is a direct generalisation of [RW17, Prop. 1.8]
to which we refer for further details. The category (G, M) inherits a (strict) left-module structure
over (G, 1,0) as follows. The module bifunctor § extends to (G, M) with the same assignment on
objects, by letting, for ¢ € Autg(X) and [Y,¢] € Homg ) (B, C):

eV, ¥] = [V, (o) o ((b.y) tidp)]. (1.2)

Extensions along the Quillen bracket construction. Note that precomposing by the canon-
ical inclusion M — (G, M) induces the restriction functor Fet((G, M),C) — Fct(M,C). The fol-
lowing result provides a way to extend a functor out of the category M to a functor with (G, M)
as source category. Its proof repeats mutatis mutandis that of [Sou22, Lem. 1.2].

Lemma 1.1 Let C be a category and F an object of Fct(M,C). Assume that, for each X € Obj(G)
and A € Obj(M), there exists a morphism ax a: F(A) — F(XhA) such that ay xpa © ax a4 =
ayyx,a for allY € Obj(G) and ao 4 = idp(ay. Then the assignments F([X,p]) = F(¢) o ax,a to
all morphisms [X, ¢]: A — B of (G, M) extend the functor F: M — C to a functor F: (G,M) — C
if and only if for all X € Obj(G) and A € Obj(M), and for all ¢’ € Autg(X) and ¢” € Autp(4),
the following relation holds:

F(¢'he") oax,a = ax.ao F(¢"). (1.3)

Similarly, we may extend a morphism in Fct(M,C) to a morphism in Fet((G, M), C) thanks
to the following result, whose proof repeats verbatim that of [Soul9, Lem. 1.12].

Lemma 1.2 Let C be a category, F and G objects of Fet((G, M),C) and n: F — G a natural
transformation in Fct(M,C). Then n is a natural transformation in the category Fet((G, M),C)
if and only if for all A, B € Ob(M) such that B = XtA with X € Ob(G):

np o F([X,idg]) = G([X,idB]) o na. (1.4)

1.1.2. Categories for surface braid groups and mapping class groups

We now describe the categories associated to the families of groups that we study. For our
purposes, we shall construct each of our skeletal categories synthetically, rather than distilling
them from some more natural, larger categories. This will allow us to get a more concrete handle
on them for direct calculations.

All of the categories that we consider will be of the form (G, M) for a braided monoidal (small)
groupoid G and left G-module (small) groupoid M, both of them skeletal and strict. Moreover, in
each case we also have Obj(G) = Obj(M) = N, with the monoidal structure and left action given
on objects by addition and both denoted by . Thus we just have to describe the groupoids G and
M, in each case, at the level of morphisms. This consists in specifying, for all m,n € N:

(1) groups G, and M,;

(2) group homomorphisms 6y, n: Gm X Gy — Gmn that are associative and unital;

(3) group homomorphisms a, n: Gm X M,, = M,y that associate with 6,, , and are unital;
(4) elements by, , € Gmtn that conjugate 0y, (91, 92) t0 05, (g2, 91) for each g1 € Gy g2 € Gy

In fact, it is enough to specify the above for positive m and n (ignoring the unitality conditions)
and then set §9 = My = {1}, extend 6,,,, and o, , by unitality and set by, = bpo =1 € G,,.
This is what we will do in each case. In some cases we will have G = M, which corresponds to
9, =M, and 6, , = . In these cases we will therefore not separately specify M,, and oy, p.

The groupoids M5, M5, B and BS that we construct are equivalent to those of [RW17, §5.6]
and [Sou22, §3.1]. The Quillen bracket category (M3, M3 ) is also similar to the category used
in [Iva93] to index local coefficient systems. We also note here that all of these groupoids have no
zero-divisors, since they are skeletal and their underlying monoid of objects is N.

1.1.2.1. Some injectivity results

In each of the examples that we construct in §1.1.2.2 and §1.1.2.3, the group homomorphisms
(2) and (3) will be injective. In order to prove this, we collect here some general injectivity results
for homomorphisms of mapping class groups and surface braid groups. We use the following general
notation for mapping class groups.
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Figure 1.1 The four building blocks to construct the groupoids M;L, M5, B and B5.
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Figure 1.2 The monoidal structure on /V(2+ and the left action of 8 on 8°.
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Figure 1.3 The braidings on M;r and on S.

Notation 1.3 For a surface S, we write MCG(S) for its mapping class group, namely the group
mo(Diff5(5)) of isotopy classes of diffeomorphisms of S that fix a neighbourhood of 95 pointwise.
For example, in this notation we have I'y; = MCG(Z,1) and N1 = MCG(Np,1). For a non-
negative integer k, we write MCG(S, k) for the mapping class group of S with k& marked points,
namely the group o (Diff5(S, k)) of isotopy classes of diffeomorphisms of S that fix a neighbourhood
of 0S pointwise and also fix a subset P C S of cardinality k setwise.

Lemma 1.4 Let Sy, So be two compact surfaces, possibly with finitely many punctures, and let
S14Ss denote their boundary connected sum along specified intervals in their boundaries. Then the
homomorphism MCG(S1) x MCG(S2) — MCG(S1452) induced by extending diffeomorphisms by
the identity is injective.

Proof. For i € {1,2}, let f; be a diffeomorphism of \S; fixing a neighbourhood of its boundary
pointwise, and suppose that fiffs is isotopic to the identity on S14S5. We must show that f; is
isotopic to the identity on S; for ¢ = 1,2. Let C be any simple proper arc or simple closed curve
in S; that does not bound a disc. By the Alexander method [FM12, Prop. 2.8], it is enough to
show that f;(C) is isotopic to C'. By a preliminary isotopy, if necessary, we may assume that the
endpoints of C' (if it is an arc) do not lie on the interval along which the boundary connected
sum is taken; thus we may view C as a simple closed curve or simple arc in S1455. Since fihfs is
isotopic to the identity, we deduce that f;(C) is isotopic to C' in S14S5. Applying any retraction
S18S2 — S; to this isotopy, it follows that f;(C) is homotopic to C in S;. By [Eps66] (see also
[Bae27; Bae28]), this implies that f;(C) is isotopic to C in S;. O

Corollary 1.5 In the setting of Lemma 1.4, consider the map Cy,(S1) X Cp(S2) = Crapn(S1852)
defined by taking unions of configurations. Then the induced homomorphism B,,(51) x B,,(S2) —
Bnn(S1052) of braid groups is injective.

Proof. There is a commutative square

Bm(Sl) X Bn(SQ) Bm+n(slh52)

l l

MCG(S’l,m) X MCG(SQ,TL) _— MCG(SleQ,m + 7?,)




where the vertical maps are the inclusions of the Birman exact sequence (see for instance [FM12,
Lem. 4.16] or [PS24b, Cor. 1.34]), the top horizontal map is the homomorphism under consideration
and the bottom horizontal map is the homomorphism of Lemma 1.4. Since the bottom horizontal
map is injective, by Lemma 1.4, so is the top one. O

1.1.2.2. For mapping class groups of surfaces

The setting for mapping class groups of surfaces corresponds to two braided monoidal groupoids,
M7 and M, , which we define by specifying the data (1)-(4) above. Denote by T the one-holed
torus, with its boundary identified with a fixed rectangle, as in Figure 1.1. For an integer n > 1,
write T for the result of gluing n copies of T side by side; see Figure 1.2 for the case n = 2. For
the groups (1), we set G,, to be the mapping class group MCG(T#) = 7o(Diff 5(T%")), i.e. the group
of isotopy classes of self-diffeomorphisms of T?" restricting to the identity on a neighbourhood of
A(T"). The monoidal structure (2) is given by the homomorphisms

O MCG(TH™) x MCG(T™) —s MCG(T™+7), (1.5)

for m,n > 1, that send (1, 2) to the diffeomorphism of T#"*+" that acts by ¢; on the left-hand
m copies of T and by 5 on the right-hand n copies of T. (This is a well-defined diffeomorphism
since @1 and 9 agree on and are the identity in a neighbourhood of the interval in which their
domains of definition intersect.) This operation is clearly associative. The homomorphisms (1.5)
are also injective by Lemma 1.4.

For m,n > 1, we specify the element b,, ,, € MCG(T¥*") in (4) to act as follows. First, for
an interval of integers A C {1,...,m+n}, let S4 C T#*" denote the union of the |A| consecutive
copies of T indexed by A minus a collar neighbourhood of the boundary of this subsurface. For
example, the left-hand side of Figure 1.3 illustrates the subsurfaces S¢;y and Sgzy in T%2. The diffeo-
morphism by, ,, is then defined separately in three regions. It restricts to Si1.. m)y = S{i4n,....m+4n}
by translating n steps to the right, it restricts to Sgq1,.. myn} = S{1,....n} Dy translating m steps
to the left and it restricts to

Thm+n N (S{l,“.,m} U S{m+1,...,m+n}) — Thm+n N (S{l,.‘.,n} u S{1+n,.‘.,m+n})

by a positive half-Dehn twist, i.e. an anticlockwise half-twist. For example, the left-hand side of
Figure 1.3 illustrates the diffeomorphism b; ; of T%2. This completes the definition of the braided
monoidal groupoid M3 .

The definition of M3 is almost identical, the only difference being that the basic building
block is the Mébius band M (see Figure 1.1) instead of T.

We denote the mapping class groups MCG(T%) and MCG(M™) by T, ; and N, ; respec-
tively. We thus say that the braided monoidal groupoid Mj encodes the sequence of orientable
mapping class groups I',, 1 (together with the extra structure of the operations (1.5) and the
braidings b, ,); similarly, M5 encodes the sequence of non-orientable mapping class groups N, ;.

1.1.2.3. For braid groups on surfaces

The setting for surface braid groups corresponds to the braided monoidal groupoid 8 and the
left B-module groupoid B° (for a surface S), which we define by specifying the data (1)—(4). This
definition makes sense for any surface S with one boundary component, but we will be particularly
interested in the cases S = T% and S = M, which we denote by ¥4,1 and Np, 1 respectively.

To begin, we recall the definition of partitioned surface braid groups. There are several ways
to define these; see for example [DPS22, §6.2-6.3] for an overview. For an ordered partition
A= (A1,..., A) F n, we recall that the A-partitioned braid group By, ., (S) on n strings on the
surface S is the fundamental group w1 (Cx(S), co) of the A-partitioned configuration space C(.5),
where cg € C(S5) is a fixed A-partitioned configuration. The braid groups on the 2-disc D are the
classical braid groups; we write By, . ., = By, ... . (D) in this case. Full presentations of these
groups are recalled in [PS24b, Prop. 4.1] (see also [HL02; Bel04; BGGL17])).

Let us fix a 2-disc D viewed as a rectangle and equipped with a marked point p in its interior
as in Figure 1.1. For each integer n > 1 let us denote by (D", py,...,p,) the result of gluing
n copies of (D, p) side by side: topologically this is a 2-disc with a set of n marked points in its



boundary. Similarly, if S is a surface with one boundary component that we have identified with
a fixed rectangle, as in Figure 1.1, then for each n > 1 we denote by (D45, p1,...,p,) the result
of gluing n copies of (D, p) and one copy of S (on the right) side by side, as in Figure 1.2.

For the groups (1), we set G,, = B,,(D!") and M,, = B,,(D!"4S), where the base configuration
is {p1,...,pn} in each case. The monoidal structure (2) is then given by the homomorphisms
Ot By (D) x B,, (D) — B, 4, (DF™+7) induced by the maps

Cp (DF™) x C,y (D) — Chpypp (DFF) (1.6)

that send a pair of configurations (cy, ¢2) to the configuration in D™+ that consists of ¢; in the left-
hand m copies of D and cs in the right-hand n copies of D. This operation is clearly associative. The
operation (3) is given by the homomorphisms ., ,, : B,,(D¥") x B,,(DF"4S) — B,, 1, (D H745)
induced by the maps

Con (D¥™) X C, (D4S) — Copyn (DFF7S) (1.7)

that send a pair of configurations (c1,co) to the configuration in D¥™*™ that consists of ¢; in the
left-hand m copies of D and ¢ in the right-hand n copies of D together with S. The homomorphisms
O, n and oy, , are all injective, by Corollary 1.5.

For integers m,n > 1, we specify the element b,, ,, € B,,1,(D*"*") in (4) to be the loop
constructed as follows. First, the right-hand n points in the base configuration {p1,...,Pm+n}
move vertically upwards in D17 then they move m steps to the left while the left-hand m points
in the base configuration move n steps to the right; then the n points in the interior (which are now
on the left of the picture) move vertically downwards again. For example, Figure 1.3 illustrates
the element by, € B3 (D). This completes the definition of the braided monoidal groupoid 8 and
the left B-module groupoid 8. To finish, we make explicit some conventions:

Convention 1.6 For each n € N, we denote the punctured disc D¥ ~ {p1, ..., p,} by D,,, with the
punctures ordered from left to right, and we write B,, = B,,(D) = 7o(Diff5(D, {p1,...,pn})),
i.e. the group of isotopy classes of self-diffeomorphisms of D" restricting to the identity on a
neighbourhood of 9(D") and fixing the punctures {py,...,p,} setwise. We take the convention
that the element o; € B, is the geometric braid that swaps the points ¢ and ¢ + 1 anticlockwise
(in other words it acts locally as b11); see Figure 4.1 for an illustration of o7y.

1.2. Construction of homological representation functors

Here we explain the constructions introduced in [PS24b] of homological representation functors
for surface braid groups and mapping class groups of surfaces. Namely, we follow the method and
ideas of [PS24b, §2-§3], but follow a more direct method (although equivalent in the end) to simplify
the presentation; see Remark 1.12. A reader familiar with [PS24b] may skip this subsection.

1.2.1. Framework

Let G be one of the small strict braided monoidal groupoids {M3, M5, B} introduced in
§1.1.2 along with any associated G-module M defined there (typically M;, M; or ,BS respec-
tively). Recall from §1.1.2 that in each case Obj(G) = Obj(M) = N: from now on, we denote
the objects of G and M by non-negative integers n. We denote by {G, },en the family of auto-
morphism groups {Aut y(n) }neonjam) encoded by M. (These automorphism groups were denoted
in §1.1.2 by M,,, but henceforth we shall always write G,,.) They come equipped with canonical
homomorphisms id;f(—),: G, = Gn+1 induced by the G-module structure: precisely, these ho-
momorphisms are a4, (ids, —) in the notation of §1.1.2. In each of the settings described in §1.1.2,
the homomorphisms o, ,, are injective (see Lemma 1.4 and Corollary 1.5), and hence so are the
maps id1f(—), = @1, (ids, —). The first key ingredient to define homological representations is to
find a family of spaces on which the family {G,}nen acts. In the case of surface braid groups,
this will involve considering “partitioned versions” of the groups G,,, which we define in a general
context:

Definition 1.7 (Partitioned groups.) Let Gy be a group equipped with a surjection s : Gy — Sk.
Given an ordered partition A = (A1,...,A;) bk, for j < r, we define ¢; := >, - A; (including
to = 0). Then the set {t;—1 +1,...,t;} is referred to as the jth block of A, and A; is called the

10



size of the ith block. The preimage Gy := s, ' (&) (where &) := &), x --- x &,,) is called the
A-partitioned version of Gi. The extremal situations are the discrete partition A = (1,...,1), which
corresponds to the pure version of the group Gi, and the trivial case A = (k), which is simply the
group Gy itself. The group Gy fits into the short exact sequence: 1 — Gy, 1) = Gy — &\ — 1.

In all the situations addressed in this paper, the parameter k corresponds to the motion of k
points, while the surjection corresponds to the permutations of these points. For the remainder of
§1.2, we consider an ordered partition A = (A1,...,\.) F k of an integer k > 1. Furthermore, for
each n € N, we consider the surface S,, defined from the object n € Obj(M) as follows:

e When G,, = B,(S) (where S = X,1 or Nj, 1), we set S, := D,hS and G, := By (S5)
equipped with the evident surjection By ,(S) — Gy; thus Gy, = Ba, . a,. n(S5).
e When G,, = MCG(8™) (where 8§ = T or M, see §1.1.2.2), we set S,, := (8%) \ I, where T
denotes the closed interval in 98" given by the bottom edge of the rectangle in Figure 1.2
(see Remark 1.19 for an explanation of this choice). We also set G}, := MCG(8™, k) (see
§1.1.2.1) equipped with the evident surjection MCG(8™, k) —» &y; thus G ,, = MCG(8™, \).
In each case, considering the A-configuration space C(S,,) and its fundamental group By, . x,.(S»),
there is a split short exact sequence

1 —— B>\1 _____ )\T(Sn) G)\_’n Gn 1. (18)

Moreover, this split short exact sequence is functorial with respect to n, in the sense that the maps
idiff(=)n: Gn = Grya lift to maps G, — G nt1, and these together induce maps of split short
exact sequences of the form (1.8). In more detail:

o If G, = B,(95), the sequence (1.8) is the classical Fadell-Neuwwirth exact sequence (see for
instance [DPS22, Prop. 6.15] or [PS24b, Cor. 1.30]), and its section, denoted by s(» ), is
induced by the embedding of configuration spaces Cy,(S;,) < Ci »(S,) defined by considering
an isotopy equivalent proper subsurface S/, of S,, and by fixing a A-partitioned configuration
of k points in S,, — S}, (see also [DPS22, Prop. 6.15] or [PS24b, Cor. 1.30] for further details).
We note in passing that the composition of the section s(y ) with the canonical injection
Gan < Gign is equal to idgl(—)n: Gn = Grtn.

The lift G5, = G n+1 is defined analogously to idii(—)n : G», — Gp41, taking the boundary
connected sum with a disc containing an additional configuration point, where we specify
that this new configuration point belongs to the ‘n’ block of the partition (A,n).

e If G, = MCG(8""), the sequence (1.8) is known as the Birman short exact sequence (see
for instance [FM12, Lem. 4.16] or [PS24b, Cor. 1.34]), and its section is induced by extend-
ing diffeomorphisms of 8" along the inclusion 8 < D, 48" by the identity on Dy, as in
Lemma 1.4 (see also [PS24b, Cor. 1.34] for further details).

We note that the kernel of (1.8) in this case is a priori equal to By, ., (8%), but removing
an interval from the boundary of 8 does not change its isotopy type and so B, ..., (8™)
is identified with BAI,...,AT,(SM N 1) =By, 0.(Sh).
The lift G5, = G n41 is defined exactly like idif(—)n: Gy, = Gp41: at the level of diffeo-
morphisms, it is given by extending by the identity on the new copy of 8.

Finally, we note that the short exact sequence (1.8) provides an action (by conjugation) of G,, on

,,,,, Ar (Sn)
1.2.2. Twisted representations

Another preliminary is the recollection of the notion of twisted representations.

Definition 1.8 (Category of twisted modules.) Let A be a non-zero associative unital ring and let
R be an associative, unital A-algebra. The category of twisted R-modules, denoted by R-Mod™,
is defined as follows. An object of R-Mod™ is simply a left R-module V. A morphism V — V' is
an automorphism ¢ € Auta aig(R) of unital A-algebras together with a morphism (: V — ¢*(V”’)
of left R-modules.

We will henceforth set A := Z, so that A-algebras are just rings. From §1.2.3 onwards, we will
typically work with group rings R := Z[Q)] for a given group Q.

A functor F: (G, M) — R-Mod"" encodes twisted R-representations. More precisely, at the
level of group representations, it means that the action of G,, on the corresponding R-module
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commutes with the R-module structure only up to a “twist”, i.e. an action a, : G,, = Autring(R)
where Ring is the category of associative, unital rings. When this action a,, is trivial, we recover
the classical notion of an R-representation (also called genuine R-representation) of the group G,.

Furthermore, the module category R-Mod is by definition the subcategory of R-Mod"™ on
the same objects and those morphisms (¢, () with ¥ = idg, so there is a canonical embedding
R-Mod C R-Mod™. In particular, a representation encoded by a functor F': (G, M) — R-Mod"™"
is a genuine R-representation if and only if F' factors through the module subcategory R-Mod:

F: (G, M) — R-Mod «— R-Mod". (1.9)

In any case, representations encoded by functors (G, M) — R-Mod"™ may always be viewed as
genuine Z-module representations. Indeed, there is a forgetful functor R-Mod"™ — Z-Mod, where
we forget the R-module structure on objects and the ¥ component of a morphism (1, () in Defi-
nition 1.8. Hence, we may always form the composite

(G, M) — R-Mod"™ — Z-Mod, (1.10)

in order to view twisted R-module representations as genuine Z-module representations.

1.2.3. Local coefficient systems

We now introduce the key parameter to define a homological representation functor. For the
remainder of §1.2, we consider an integer ¢ > 1 corresponding to a lower central series index.
For each n, we use the short exact sequence (1.8) to define a group Q(x,n) S0 that we have the
commutative diagram:

1 — B)\l,...,)\r (Sn) G)\,n S Gn 1

d’“*e’”i l . l (1.11)

Il ——— Quen) — Gan/Ie —— Gu /I —— 1.

More precisely, the right-exactness of the quotient — /Iy gives the right half of the bottom short
exact sequence and ensures that the right-hand square of the diagram is commutative; the group
Q(x,¢,n) is defined as the kernel of the surjection G, /I — Gy /Iy; themap ¢(x ¢ ny: Ba,,.. 2, (Sn) —
Q(x¢,n) is uniquely defined by the universal property of By, . x,(Sn) as a kernel and its surjec-
tivity follows from the splitting of the short exact sequence (1.8) and the fact that the lower
central series defines a functorial quotient of groups in the sense of [PS24b, Def. 2.22]; see [PS24b,
Lem. 2.24]. Furthermore, the functoriality of (1.8) with respect to n and the universal property of
Gan/Ie and G, /I as cokernels ensure that there exist unique maps G /It — Gan+1/I7 and
Gn/ITy — Gpy1/T making the following square commutative:

G)\vn/Fg —_—> Gn/Fg

| |

Gans1/T0 — Guyr/ 1.

Hence, by the universal property of a kernel, there exists a canonical map g ¢n): Qren) —
Q(,¢,n+1) making the obvious diagram commutative. The colimit of the groups {(Qx,¢n))}nen
with respect to the maps q(y ¢ is denoted by Q(x ¢). Let us write ¢y ¢): Bx,,... 2, (Sn) = Qa0
for the composition of ¢y ¢,,) with the map to the colimit. Since the configuration space Cx(Sy) is
path-connected, locally path-connected and semi-locally simply-connected, the map ¢y ) defines
a regular covering of Cx(S,) with deck transformation group Im(¢(x ) € Qre by classical
covering space theory (see for instance [Hat02, §1.3]). Equivalently, it defines a rank-1 local
system on C(S,,) with fibre Z[Im(¢( ¢))]. We then take the fibrewise tensor product with respect
to the inclusion Z[Im(¢p(x,¢))] € Z[Q(x,¢)], and thus change the ground ring to Z[Q(x ¢)]. By abuse
of notation, we denote the resulting rank-1 local system on C,(S,) by the name of its fibre,
i.e. Z[Q(N@]'

Moreover, we deduce from (1.11) that the group G, naturally acts by conjugation on the
transformation group Qx ¢,n). Via the inclusions id,,j(—)n : Gri = Gmn, it also acts (compatibly)
by conjugation on Q¢ n) for each N > n and thus on the colimit @y ¢ of this direct system.
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Untwisted local system. A natural goal (for the purpose of constructing genuine, rather than
twisted, representations) is to choose transformation groups such that the actions of the groups G,,
on their colimit group are trivial. The optimal way to do this consists in taking the coinvariants
of the group @y ) under the action of each G,.

Namely, we consider for each n the coinvariants (Q(x,¢,n))a, , i-. the largest quotient of Q(x ¢»)
that collapses the orbits of the G,-action. Let Q?AJ) be the colimit of the groups {(Q(x,¢,n))G, fnen
with respect to the maps (Qxn))a, —+ (Qren+1))a,,, induced by the canonical morphisms
id14(—)n: Gn = Gny1. In particular, there is a canonical surjective morphism Q¢ — Q%A,Z).
The “u” in the notation stands for untwisted since the G,-actions for all n on Q?)\’ ¢) are trivial.

Remark 1.9 Recall that coinvariants are particular instances of coequalisers (see [Mac98, §I11.3]
for instance), so they commute with colimits (see [Mac98, §IX.8] for instance). Therefore, the group
Q?MZ) is isomorphic to the coinvariant group (Qx,))a.., where G is the colimit of the groups
{G,. }nen with respect to the maps idsfj(—),. In particular, the quotient group Qq(ﬂw) of Qxe is
optimal in the sense that any other untwisted (i.e. with trivial G,-actions for all n) quotient @’ of
Q¢ is a quotient of Qq(g\’e) (in other words, it is the initial untwisted quotient of Qx ).

1.2.4. Definition of the homological representation functors

We may now define the homological representations and their associated functors. In §1.2.3,
we introduced actions of the group G,, on 71(C)(S,)) and on the associated rank-1 local system
Z[Q(x,p), induced by the splittings of (1.11). Now we define from these a representation

Gn — AUtZ[Q(M)]-ModtW (HEM(CA (Sn); Z[Q(A,Z)D) (1.12)

using the functoriality of (twisted) Borel-Moore homology (see [Bre97, Chap. V, §3] for instance).
(In fact, a priori, we need more: we need an action up to homotopy of G, on the based space
C»(Sy) that induces the action on 71(—). However, since C)(S,,) is aspherical, i.e. a classifying
space for its fundamental group, by [FN62, Cor. 2.2], this exists and is unique, so it comes “for
free”.) These combine to define a functor

Lot M — Z[Q( p))-Mod™. (1.13)

Alternatively, considering instead the untwisted transformation group Q?A 0 each group G,, acts
trivially the rank-1 local system Z[Q{, ] and thus the analogous representation to that of (1.12)
preserves the Z[Q{, ,]-module structure of HPM(C\(Sn); Z] \p))- Therefore, the analogue of
(1.13) using the untwisted transformation group Q?)\ 0 is a functor

£ M — Z[QP, ,-Mod C Z[QP, ,)-Mod™. (1.14)

Notation 1.10 We generically denote by £f, /) the functors (1.13) and (1.14) and by Z[Q7, e)]—Modtw
the associated target categories for simplicity, where x either stands for the blank space or x = u.

We now extend the functors (1.13) and (1.14) along the canonical inclusion M — (G, M) for
the source category thanks to Lemma 1.1. In each situation described in §1.2.1, for each m € Obj(G)
and n € Obj(M), the morphism [m, idpga] of the category (G, M) corresponds to a proper embedding
Sn = Sptn, which in turn induces a map HEPM(C(S,); Z| ol = H,?M(CA(Sm+n);Z[Qf)\7€)]),
which we denote by iy p.

Lemma 1.11 Assigning £, ,([m, iduga]) 0 be tnn for eachm € Obj(G) andn € Obj(M), we extend
the functor £3, ,: M — Z[QE‘A’@]-ModtW to a functor £7, : (G, M) = Z] E‘)\’Z)]-Modtw.

Proof. By Lemma 1.1, it is enough to prove that the compatibility relation (1.3) is satisfied. We
consider f € Autg(m) and g € Autpg(n), and denote by S/, the surface D,, if G = 8% and 8™ if
g = ./\/12jE so that Spqn = S),0S,. We note that the image of ¢y, consists of homology classes of
configurations that are fully supported in the subsurface S,, < S;,4. Then, since the action of
fhid, is supported in the subsurface S, < Sy4n, the map SfA’z)(fhidn) acts trivially on the image

of tnn, and so SE‘A’Z)(fhidn) Olpn = lmpn-
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Furthermore, the above description of the image of ¢y, implies that the action of 26 é)(idmh g)
on the image of ty, is fully determined by the action of 20\ z)( g) on the homology classes of
configurations supported in the subsurface S,, < S;,+n (because the action of id,hg is supported
in this subsurface). Hence £7, , (idnfg) © tnn = tnn 0 £, ) (9)- Since £7; ;) (fbidz) o £7, , (idatig) =

f)\ Z)( fg) (because of the compatibility of the monoidal structure f with respect to composition
and the fact that £7, , is a functor), we deduce that £7, ;) (fg)© tnn = tmn© £() 4)(9) and so (1.3)
is satisfied, which ends the proof. O

Remark 1.12 (Comparison with [PS24b].) The way we extend the homological representation
functors along the Quillen bracket construction (G, M) in Lemma 1.11 may seem a little ad hoc
since we make an apparently arbitrary choice for this extension. In [PS24b], there is a more
conceptual (although equivalent) method of the construction of the homological representation
functors Sf)\’ 0 In particular, the fact that these functors are well-defined on the category (G, M)
is already encoded in the method of [PS24b, §2-§3], and our choice for the morphism [m, idpgm)
in Lemma 1.11 matches with this alternative definition. We refer to [PS24b, §2-§3] for further
details.

Finally, we note that the homological representations obtained with the parameters ¢ € {1,2}
are always untwisted:

Lemma 1.13 There are equalities Q%‘/\ 0= Q) and )37{/\ 0= Loney for £ <2

Proof. The result for £ = 1 is obvious since Q1) = 0. For £ = 2, the G,-action on Q(x2,,) is
trivial for each n, since this is induced by conjugation in the abelian group Gy, /I>. Hence the
surjection Q¢ — Q ) is an equality. The result for 2( N0) then follows by construction. O

1.2.5. The vertical-type alternatives

Finally, we describe an important general modification that we may make in the parameters
of the construction. We recall that we consider the configuration space Cy(S,) of k points in a
surface S, which is obtained from a compact surface by removing finitely many punctures from
its interior or by removing a closed interval (equivalently, one puncture) from its boundary. For
such surfaces, we introduce the associated notions of blow-up and dual surfaces:

Definition 1.14 (Dual surfaces.) Consider a finite-type surface S \ P, namely a compact surface
S minus a finite subset P C S. Its blow-up S is then obtained from S by blowing up each p € P
to a new boundary component (if p € S\ 05) or an interval (if p € 95). Furthermore, its dual
surface S is obtained by removing from S the original boundary 8(S ~. P). Note that (S; S~ P, 5)
is a manifold triad.

Hence, we may alternatively use the dual surface S‘n instead of S,, and repeat mutatis mutandis
the construction of §1.2.1-§1.2.4. This modification has a deep impact on the module structures
of the representations, in particular for the basis we obtain for the modules for surface braid group
representations; see §2.2. We single this variant out by calling it the wvertical-type alternative as
a reference to the shape of the homology classes in the alternative module basis (see Figure 2.3),
and we denote it by £, /) (where “v” stands for “vertical”).

1.3. Applications for surface braid groups and mapping class groups

We now review the application of the construction of §1.2 to produce homological representa-
tion functors for classical braid groups (see §1.3.1), surface braid groups (see §1.3.2) and mapping
class groups of surfaces (see §1.3.3). Throughout §1.3, we consider an integer k > 1 and an ordered
partition A = (A1,...,A.) F k and we denote by ' the number of indices i < r in A such that
A = 2.

1.3.1. Classical braid groups

We apply the construction of §1.2 in the setting G,, = B,,, S, = D,, and G = M = 3, denoting
by Q) = Q(r,0)(ID) the colimit transformation group defined in §1.2.3 with these assignments.
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Taking quotients by the Iy terms for each £ > 1, the construction of §1.2 provides functors
LB0: (B,8) — Z[Q(r ) (D)-Mod™ and £BY, ;) : (8, 8) — Z[Q{ 4 (D)-Mod,  (1.15)
which we call the twisted and untwisted (A, £)-Lawrence-Bigelow functors.

Example 1.15 (The Lawrence-Bigelow representations [Law90; Big04].) This terminology for the
above functors comes from the fact that, when A = (k) and £ = 2, the functor £9(1),2) encodes the
kth family of the Lawrence-Bigelow representations; see [PS24b, Th. 3.5]. These representations
were originally introduced by Lawrence [Law90] as representations of Hecke algebras and then
by Bigelow [Big04] via topological methods. The Burau representations originally introduced in
[Bur35] are encoded by the functor £8 (1)), while the Lawrence- Krammer-Bigelow representations
that Bigelow [Big01] and Krammer [Kra02] independently proved to be faithful are encoded by
the functor £9B(s)2); see [PS24b, §3.2.1]. Also, each functor £B(;),1) corresponds to the trivial
specialisation Z[Q(x),2)(ID)] = Z of the functor £B () 2y, and Lawrence [Law90, §3.4] proves that
it encodes the representations factoring through B,, - &,,.

Remark 1.16 (Calculations of transformation groups and dependence on £.) By [PS24b, Lem. 4.3],
we have Q) 2)(D) = 77 x Zrr=D/2 5 7r If A\ > 3 forall 1 < i < ror \is either 1 or (1,1),
it follows from [DPS22, Th. 3.6] that Q¢ (D) = Qf, ,)(D) = Q(12)(D), and a fortiori that
£B0e = 2%7{/\,5) = £%B(52) by construction. In contrast, it follows from [PS22, Tab. 2] that
as soon as A is of the form (2,)'), (1,1,1,)), (2,2,X) or (1,2, \'), then £By o) # £B (5 s41) for
each ¢ > 1. Furthermore, when A = (2, \') for A’ such that each A} > 3, the transformation group
Q(r,¢)(D) is computed in [PS24b, Prop. 4.5]. We prove in [PS22, §5] that the representations are
untwisted in this case, and a fortiori that £B, » = LB (\¢)- We may also compute the explicit
formulas of the B,-actions; see [PS22, Tab. 1 and Rem. 4 9]

Considering the dual surface S, = D, rather than S,, = D,,, the construction of §1.2.5 defines
for each ¢ > 1 the vertical Lawrence-Bigelow functors £B() »: (8, 8) — Z[Qx 0 (D)} Mod"™ and

(/\ 0 (B,B) = Z[Q{, 4)(D)]-Mod. The properties dlscussed in Remark 1.16 for the functors
(1 15) are the same for these vertical-type alternatives.

1.3.2. Braid groups on surfaces different from the disc

We fix two integers g > 1 and h > 1, and a surface S that is either ¥, ; or else N} ; defined
in §1.1.2.3. We apply the construction of §1.2 in the setting G,, = B,(S), S, = D,15, G = 8
and M = ﬂs, denoting by Q(x,¢) = Qx,0)(S) the colimit transformation group defined in §1.2.3
with these assignments. Taking quotients by the Iy terms for each ¢ > 1, the construction of §1.2
provides homological representation functors, for S € {41, Np1}:

Lonp(8): (B,8%) — Z[Qx,)(S)-Mod™ and £ ,(S): (B, 8%) — Z[QP 4(S)-Mod. (1.16)

Example 1.17 (The An-Ko representations [AK10].) For orientable surfaces, the trivial partition
A = (k) and £ = 3, the B,,(3y,1)-representation £(1)3)(Xg,1)(n) ®zQ (1 4 (Z4.1)] Z[Br,n(Xg,1)/13]
is isomorphic to the one introduced by An and Ko in [AK10, Th. 3.2]; see [PS24b, Ex. 3.6]. The
group Q(x),3)(Xg,1) is abstractly defined in [AK10] in terms of group presentations to satisfy certain
technical homological constraints, while [BGG17, §4] explains all of the connections to the third
lower central series quotient. On the other hand, the untwisted representations encoded by the
functor £, 5)(Xg,1) are specific to [PS24b, §3.2.1].

Remark 1.18 (Calculations of transformation groups and dependence on £.) We know from
[PS24b, Lem. 4.3] that Qx2)(S) = (Z/2)" x H1(S;2)*" for S € {S,1, Ny} If \; > 3 for
all 1 < i < r, it follows from [DPS22, Th. 6.52 and Prop. 6.62] that £, ¢ (S) = SE‘)\I)(S) =
£x,3)(S) for £ > 4. Moreover, we explicitly compute the transformation groups Qx 3)(X4,1),
Q?)\73)(Zg,1)7 Qr,3)(Nn,1) and Q”(‘)\,3)(Nh71) in [PS24b, Prop. 4.5]. In particular, we deduce that
L0 () # Loy () if A = 3 for all 1 <4 < r. In contrast, it follows from [PS22, Tab. 2] that if A
is of the form (2, ') or (1, ) (assuming that S # M for the latter), then £ ,)(S) # £ e+1)(5)
for each ¢ > 3. It is unclear whether £(5 ¢)(5) = £{, () (S5) in this situation; see [PS24b, Rem. 4.6].
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Considering the dual surface S, = (D,hS)" instead of S, = D,1S, the construction of §1.2.5
defines the vertical homological representation functors 21(‘)’\?[)(2971)7 ’QE)/\I)(EQJ)’ EE‘A’?@ (Np,1) and
2“(3\ 0 (Np,1) for each £ > 1. Their source and target categories are the same as for their non-vertical
counterparts, and the properties discussed in Remark 1.18 for the functors (1.16) are the same for
these vertical-type alternatives.

1.3.3. Mapping class groups of surfaces

We apply the construction of §1.2 in the setting G,, = T'1 or N1, Sp = (8%) . I where
8 =T or M respectively and G = M = M3 or M; respectively. We denote by Qe = Qo (8)
the colimit transformation group defined in §1.2.3 with these assignments.

Remark 1.19 A more natural assignment for applying the construction of §1.2 would be to take
S,, = 8™, i.e. not to remove the subinterval I C 98" given by the bottom edge of the rectangle in
Figure 1.2. We do however choose (5“") ~.[ instead because it is necessary for applying Theorem 2.1
in order to compute the underlying modules of the representations; see §2.2.

Otherwise, the calculations of the representations using S,, = 8% are much more complicated.
See for instance the work of Stavrou [Sta23, Th. 1.4], who computes the I';, 1-representation equiv-
alent to that obtained from the construction of §1.2 with S,, = T™, ¢ = 1, taking Q as ground ring
and using classical homology instead of Borel-Moore homology.

Taking quotients by the Iy terms for each £ > 1, the construction of §1.2 defines homological
representation functors

Lo @) (M3, MF) = Z[Q(r,0(T)]-Mod™ and €4y ) (T): (M3, M3) = Z[Q{ ;) (T)]-Mod,

(1.17)
LN (Mg, M3 ) = Z[Q (0 (M)]-Mod™ and Lhy W) (Mg, My) — Z[QY, 4 (M)]‘(M()d)
1.18

Example 1.20 (The Moriyama representations [Mor07].) For orientable surfaces, the discrete
partition A = (1,...,1) and £ = 1, the functor £, 1)1)(T") encodes the mapping class group
representations introduced by Moriyama [Mor07]; see [PS24b, Prop. 3.9] or [PS24a, Prop. 2.1]. It
is thus called the kth Moriyama functor. In particular, the representations encoded by the functor
£((1),1)(T) are equivalent to the standard representations on Hy (X, 1;Z), which factor through the
symplectic groups Spy,(Z).

We record here the computations of the transformation groups for the functors (1.17) and
(1.18) when ¢ = 2, the proofs of which are elementary (see [PS24b, Cor. 4.9] for instance). They
will be of key use later; see Lemma 3.30.

Lemma 1.21 ([PS24b, Cor. 4.9], [PS24a, Prop. 1.1, Rem. 1.3]) We have Q» 2)(T) = (Z)2)"" and
Q2 (M) = (Z)2)" x (Z/2)". More precisely:

e FEach of the (first) ' Z/2-summands is generated by the image in the abelianisation of a
standard braid generator interchanging two points in the p-th block of the partition, for each
p€{l,...,r} such that X\, > 2. This is known as the writhe (modulo 2) of the p-th block of
strands; see [PS24a, Prop. 1.1].

e The last r Z/2-summands in Qx 2)(M) measure the number of times that a strand from the
p-th block of the partition passes through a crosscap, for each p € {1,...,r}; see [PS24a,
Rem. 1.3].

Remark 1.22 (Further computations of transformation groups and dependence on £.) For ori-
entable surfaces, it follows from [PS24b, Cor. 3.8 and 3.9] and [PS24a, Prop. 1.2] that, for all £ > 3,
we have Qx.¢)(T) = Qx,2)(T). A fortiori, £5 ¢)(T') = £(5,2)(T) for all £ > 3 by construction. On
the other hand, for non-orientable surfaces, it is unclear whether Q(y ¢ (M) = Q(x 2)(M) for £ > 3;
if not, the functors £ )\,g)(N ) will give rise to more sophisticated sequences of representations of
the mapping class groups of non-orientable surfaces; see [PS24a, Rem. 1.4].

Finally, we may consider the dual surface S, = ((8%%)~.I)”instead of S,, = (8t*)~.I (as before,
8 is either T or M). In other words, instead of removing the interval I from the (rectangular)
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boundary of 8%, we remove the complementary interval, i.e. the closure of 9(8*") \. I. However,
in this case, we also change our convention on the braiding for the groupoid My by choosing its
opposite:

Convention 1.23 In this setting, we apply the construction of §1.2 taking G = M to be equal
to one of the braided monoidal groupoids (M3 )" or (M5 )T (depending on the case, orientable or
non-orientable), instead of the braided monoidal groupoids M3 or M . Recall from the beginning
of §1.1 that this simply consists in choosing the opposite convention for the braiding. This purely
arbitrary choice is motivated by the construction of short exact sequences; see Theorem 3.36. These
rely on computations explained in §3.3.1 that would not be satisfied defining these functors over
M3 and M; ; see Remarks 3.32 and 3.37.

Then, for each £ > 1, the construction of §1.2.5 defines the vertical homological representation
functors £7, ) (T): (MP)T,(MP)T) = Z[Q(r,0)(T)]-Mod™ and £7(JA7€)(N): (M), (MDT) —
Z]Q (>0 (M)]-Mod"™ as well as their untwisted versions 27(3’”@(1") and SE@\”Z) (N). The properties of
Lemma 1.21 and Remark 1.22 are exactly the same for these vertical-type alternatives.

2. Module structure

The homological representations described above (see §1.2.4) are constructed from actions on
the twisted Borel-Moore homology of configuration spaces on surfaces. In this section, we study
the underlying module structure of these representations.

In §2.1 we prove a general criterion implying that the (possibly twisted) Borel-Moore homology
of configuration spaces on a given underlying space is isomorphic to the Borel-Moore homology
of configuration spaces on a subspace. Roughly, this works when the underlying space has a
metric and the subspace is a “skeleton” onto which it deformation retracts in a controlled, non-
expanding way. See Theorem 2.1 for the precise statement and Examples 2.3 for several examples
corresponding to the underlying modules of representations of surface braid groups, mapping class
groups, loop braid groups and related groups.

In §2.2 we study several applications of Theorem 2.1 in more detail, describing explicit free
generating sets for certain Borel-Moore homology modules. In §2.3 we then describe their “dual
bases” with respect to certain perfect pairings. These dual bases, together with some diagrammatic
reasoning, are used to prove some key lemmas needed in our arguments of §3.

In total, this gives us a detailed understanding of the underlying module structure of the
surface braid group and mapping class group representations that we consider. One may then
attempt to derive explicit formulas for the group action in these models. We shall not pursue
this here (beyond the qualitative diagrammatic arguments referred to above), since such explicit
formulas are not needed to prove our polynomiality results.

2.1. An isomorphism criterion for twisted Borel-Moore homology

The main goal of this section is to prove the following criterion for an inclusion of metric
spaces to induce isomorphisms on the (possibly twisted) Borel-Moore homology of their associated
configuration spaces. This generalises previously-known results described in Examples 2.3.

Theorem 2.1 Let M be a compact metric space with closed subspaces A C B C M, where M and
B are locally compact. Suppose that there exists a strong deformation retraction h of M onto B,
in other words a map h: [0,1] x M — M satisfying the following two conditions:

o h(t,z) =x whenevert=0 orx € B,

e h(l,z) € B forallz € M,
such that moreover the following two additional conditions hold:

o h(t,—) is non-expanding for all t, i.e. d(x,y) = d(h(t,z),h(t,y)) for allx,y € M,

e h(t,—) is a topological self-embedding of M for allt < 1.
Then, for all k € N and partitions A - k, the inclusion of configuration spaces

Cyx(BNA)— C\(M N A)
induces isomorphisms on Borel-Moore homology in all degrees and for all local coefficient systems

that extend to C\(M).
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The point of this theorem, for the present paper, is that the Borel-Moore homology of the
configuration space C (M \ A) is the underlying module of a representation that we are studying,
whereas the Borel-Moore homology of its subspace Cy(B ~\ A) is easily computable.

Remark 2.2 The condition that the local coefficient systems under consideration must extend
to the larger space C(M) is automatically satisfied in all of the examples that we shall consider,
since in these examples the inclusion Cy\(M ~ A) < C\(M) is a homotopy equivalence. Indeed,
this holds whenever M is a manifold and A C M is a subset of its boundary. Notice also that
the hypotheses on A are rather weak in Theorem 2.1: it is simply any closed subset of B; the
non-trivial hypothesis is the existence of a controlled deformation retraction of M onto B, without
reference to A. We will apply Theorem 2.1 in situations where M = S is a surface that deformation
retracts onto an embedded graph B=1 C S.

Proof of Theorem 2.1. For t € [0,1], we write hy = h(t,—): M — M and recall that hy = id and
hi(M) = B. For € > 0, we define

Ce = {lc1,...,cx] € Cx(M) | d(ci, ¢j) < € for some i # j or d(c;,a) < € for some a € A}.

For each t € [0,1], every compact subspace of Cy(hi(M) \ A) is disjoint from C, for some € > 0,
so we may write its Borel-Moore homology as the inverse limit

HZM(Co(he (M) N A); £) 2= lim H. (Cx(he (M) N A), Cx(he (M) ~ A) N Ce; L)
e—
for any local system L. In particular, it suffices to show that the inclusion of pairs
(CA\(BNA),C\(BNA)NC,) — (Cx(M N A),Cx(M ~A)NC,) (2.1)

induces isomorphisms on twisted homology in all degrees for all local systems extending to Cy(M),
for all € > 0. This fits into a diagram of inclusions of pairs of spaces

(C)\(B\A),C)\(B\A) ﬂCe) — (C)\(M\A),C)\(M\A)ﬂce)

j j (2.2)

(CA(B),CA\(B)NCe) = (C\(M),Cx(M) N C).

The vertical inclusions in (2.2) induce isomorphisms on twisted homology in all degrees by the
excision theorem; see [Hat02, Th. 2.20] (recalling that excision holds also with local coefficients,
see [DKO1, Th. 5.13] for example). Hence, abbreviating C* := Cy(h(M)) and C := C?, it will
suffice to show that the inclusion of pairs (C*, C*NC.) < (C, C.) induces isomorphisms on twisted
homology in all degrees, for all € > 0.

Let us now fix € > 0. The hypothesis that h;: M — M is a topological self-embedding for ¢ < 1
implies that it induces well-defined maps of configuration spaces that define a strong deformation
retraction of C' onto C* for any t < 1. Moreover, the hypothesis that h; is non-expanding means
that these maps of configuration spaces preserve the subspace C,, so we in fact have a strong
deformation retraction of the pair (C,C.) onto the pair (C*,C* N C.) for any ¢ < 1. On the other
hand, we cannot conclude the same statement for ¢ = 1, since hy: M — M is not assumed to
be an embedding (and in our key examples it will not be). In order to continue the deformation
retraction of configuration spaces, we first pass to a subspace: for any ¢ < 1, we define

Ct={lc1,...,cx] € C' | hi(hy*(ci)) # ha(hy *(c;)) for each i # j}.

This additional condition precisely ensures that points do not collide if we continue applying the
deformation retraction h; to configurations until time ¢ = 1. Thus there is a strong deformation
retraction of the pair (C*,C* N C,) onto the pair (C',C' N C,) for any ¢ < 1. It therefore remains
to show that there exists some ¢t < 1 (depending on €) such that the inclusion

Ct,CtnC.) —s (CCt N C.
(

induces isomorphisms on twisted homology in all degrees. By excision, it suffices to show that Ct
and C* N C, form an open covering of C*. It is clear that these are both open subspaces, so we
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just have to show that there exists some ¢ < 1 such that C* U (C* N C.) = C*, or equivalently such
that C* \. C* C C..

By continuity of h and compactness of M, there exists ¢ < 1 such that d(hs(z), h1(x)) < €/2
for all z € M. By the argument so far, it suffices to show that C? ~CP CC.. Letc= [c1,...,cx] be
a configuration in C? ~ C?, in other words we have ¢; = hy (x;) for some configuration [z1, ..., zk]
in C = C\(M) and hi(x;) = hi(z;) for some ¢ # j. The distance from ¢; to ¢; is therefore at
most the sum of the distances from ¢; = hs(x;) to hi(x;) and from hi(x;) = hi(z;) to hs(z;) = ¢;.
These latter distances are both less than /2 by our choice of §, so we have d(c;, ¢j) < € and hence
c € C.. Thus we complete the excision argument in the previous paragraph with ¢t = 4.

In summary, we have proved Theorem 2.1 by showing that, in the diagram

(CA\(B~ A),Cx\(B~ A) N C.) — (Cx(M ~ A),Cx(M ~ A) N C.)
(+) (%)

€3]

©chotne) —P ¢t etne) ()

©t,ctne) —2 3 (¢,

the arrows (%) induce isomorphisms on twisted homology in all degrees (by excision), the arrows
(1) are homotopy equivalences and for each ¢ > 0 there exists ¢ € (0,1) such that the arrow (xx)
induces isomorphisms on twisted homology in all degrees (again by excision). O

Examples 2.3 We describe several examples of nested subspaces A C B C M satisfying the
hypotheses of Theorem 2.1 and the corresponding inclusions of configuration spaces

Cn(B ~ A) — C\(M ~ A). (2.3)

o (Configurations on punctured discs.) Let us first consider the n-holed disc M = X¢ 5,41, let
A be the union of the n inner boundary components and let B be the union of A with n — 1
arcs connecting the consecutive components of A. With respect to an appropriate metric,
this satisfies the hypotheses of Theorem 2.1. Moreover, since A is part of the boundary of M,
all local coeflicient systems on C (M \ A) extend to Cy(M). Thus Theorem 2.1 implies that
(2.3) induces isomorphisms on twisted Borel-Moore homology in all degrees. This special case
recovers [Big04, Lem. 3.1], which may also be deduced from the work of Kohno in [Koh86,
Th. 1] and [Koh87, Prop. 3.2]. In this setting, M ~ A is the n-punctured 2-disc and B \ A
is a disjoint union of n — 1 open arcs.

e (Configurations on non-closed surfaces.) Generalising the previous point, we take M = S to
be any compact surface with non-empty boundary and B =T C S to be an embedded finite
graph onto which it deformation retracts. Choosing an appropriate metric, this satisfies the
hypotheses of Theorem 2.1. If we then take A to be any closed subset of I', we conclude that
the inclusion (2.3) induces isomorphisms on twisted Borel-Moore homology in all degrees (for
local systems on C\(S ~ A) that extend to C)(S); this is automatic if A C T'N9S). In the
case S = X, 1, this recovers [AK10, Lem. 3.3], [AP20, Th. 6.6] and [BPS21, Th. A(a)].

e (Higher dimensions.) Extending to higher dimensions, we may take M to be the manifold
Wy1 = (S™ x S™)# < D?" where # denotes the connected sum. This deformation retracts
onto a subspace B C W, ; that is homeomorphic to Vv295™ . with the basepoint of the wedge
sum corresponding to a point p in the boundary of Wy ;. Taking A = {p}, Theorem 2.1 then
implies that the twisted Borel-Moore homology of configurations in W, 1 ~\ {p} is given by
the twisted Borel-Moore homology of configurations in disjoint unions of Euclidean spaces.

2.2. Free bases

The key setting for the rest of the paper will be the second point of Examples 2.3, which we
now consider in more detail. Let .S be a connected, compact surface with one boundary component,
let T" be the embedded graph pictured in Figure 2.1 and let A denote the set of vertices of T'.

To apply Theorem 2.1, it will be convenient to modify these spaces a little in cases (a) and (b)
of Figure 2.1, where the vertices lie in the interior of S. In these cases, let S be the result of blowing
up each vertex of I' to a boundary component (so that the total number of boundary components
of S is |A|+1), let T be the result of replacing each vertex v of I with a circle (coinciding with the
corresponding new boundary component of S) subdivided into v(v) vertices and v(v) edges, where
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(a) The model for orientable surface braid groups. (b) The model for non-orientable surface braid groups.

(C) The model for orientable mapping class groups. (d) The model for non-orientable mapping class groups.

Figure 2.1 Four examples of the setting of Theorem 2.1 where S is a compact, connected surface with
one boundary component, I" is the embedded graph (in green) and A is its set of vertices (blue).

v(v) is the valence of v, and finally let A C T be the union of these circles (equivalently, the new
boundary components of S). We clearly have homeomorphisms S\ A=~ S\ Aand TN AT\ A.
In cases (c) and (d) of Figure 2.1, we simply take S =S, T =T and 4 = A.

By Theorem 2.1, the inclusion

C)\(F\A)ECA(f\Z)‘%C)\(g\Z)gC)\(S\A) (2.4)

induces isomorphisms on Borel-Moore homology for all local coefficient systems on Cy (S~ A) that
extend to Cy(S). But A is contained in the boundary of S (the purpose of replacing S,T', A with
S,T', A was precisely to ensure this) so, by Remark 2.2, the inclusion (2.4) induces isomorphisms
on Borel-Moore homology with all local coefficient systems.

The twisted Borel-Moore homology of C) (S~ A) may therefore be computed from the twisted
Borel-Moore homology of C) (I'\. A), where we may now consider I as an abstract graph (forgetting
its embedding into S) with vertex set A, as depicted in Figure 2.2. Since the complement I' \ 4
is simply the disjoint union of the (open) edges of the graph T, its configuration space C(T" \ A)
is a disjoint union of k-dimensional open simplices, one for each choice of:

e the number of points that lie on each edge of T';

e for each edge of I', an ordered list of blocks of A, prescribing which blocks of the partition
the configuration points that lie on this edge must belong to, as we pass from left to right
along the edge (with respect to an arbitrary orientation of the edge, chosen once and for all).

We summarise this combinatorial information as follows.

Notation 2.4 For a set X, write M(X) for the free monoid of words on X. For a graph I' and an
ordered partition A = (A1,...,A.) F k&, denote by E(T") the set of edges of T and define W, (T') to
be the set of all functions w: E(T") — M({1,...,r}) such that each i = 1,...,r appears precisely \;
times as a letter in the collection of words {w(e) | e € E(I')} (thus the total length of these words
is k). For each word w(e), we denote by |w(e)| its length.

In this notation, the labelled graphs depicted in Figure 2.2 correspond to the different com-
ponents of the configuration space Cy(I"' \ A) indexed by Wy (T').

Example 2.5 For example, if A\ = (2,1,3,1) and the graph T' has four edges enumerated as
E(T') = {e1, ea,e3,e4}, then the assignment (w(ey),w(es), w(es), w(eq)) = (34,12, &,313) specifies
an element w € W, ('), where @ denotes the empty word.

We summarise this discussion in the following result.
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(a) The graph for orientable surface braid groups. (b) The graph for non-orientable surface braid groups.

(C) The graph for orientable mapping class groups. (d) The graph for non-orientable mapping class groups.

Figure 2.2 The graphs from Figure 2.1, considered now as abstract graphs and equipped with labels,
viewed as generators of the Borel-Moore homology of C(I" \ A); equivalently, by Proposition 2.6, the
Borel-Moore homology of Cy (S \ A).

Proposition 2.6 Let S be a connected, compact surface with one boundary component, let A be
either a finite subset of its interior or a single point on its boundary and let \ be a partition of a
positive integer k. Let I' be the abstract graph depicted in Figure 2.2. Then there is a proper map

|| A" — s~ A, (2.5)
’LUEW)\(F)

where A* denotes the k-dimensional open simplex, that induces isomorphisms on Borel-Moore
homology in all degrees and with coefficients in any local system L on Cx\(S ~ A) defined over a
ring R. Thus the Borel-Moore homology HEM(C\(S \ A); L) is concentrated in degree k and the
R-module

HPM(CA(S \ A); £) (2.6)

decomposes as a direct sum of |[Wx(T')| copies of the fibre of L.

Notation 2.7 It will be convenient later to fix some standard notation for the different parts of the
graphs I' appearing in Proposition 2.6 and depicted in Figure 2.2. In cases (a) and (b), assuming
that there are n punctures, i.e. |A| = n, let us write [, for the linear (or “tail”) part of the graph,
which is a linear graph with n vertices and n — 1 edges. When the surface S is orientable (cases
(a) and (c)), we write W§ for the “wedge” part of the graph, which is a graph with one vertex and
2g edges, where g is the genus of S. When the surface S is non-orientable (cases (b) and (d)), we
write instead W;’f for the “wedge” part of the graph, which is a graph with one vertex and h edges,
where h is the non-orientable genus of S. The elements of W, (T") indexing the decomposition of
(2.6) will typically be denoted by

(Wi, Woe1, [Wny W], - - - [Whp2g—2, Wni2g—1]) (2.7)

when S = 3,1 and by
(W1, ..oy W1, [Wal, - oy [Wntn-1]) (2.8)

when S = Nj ;. The first n — 1 terms are the values of w on I,, and the remaining 2g (resp. h)
terms in square brackets are the values of w on W§ (resp. WiY).

Recall from Definition 1.14 the notion of the dual surface of a punctured surface, which we
will apply to the surfaces depicted in Figure 2.1. In cases (a) and (b), the blow-up S is obtained
from the punctured surface S ~\. A by blowing up each (interior) puncture in A to a new boundary
component and the dual surface S is given by removing the original boundary component 95 from
S but keeping the |A| new boundary components. In cases (c¢) and (d), the blow-up S simply

21



—_ —_ —_

w1 wo Wn—1

(b) Dual basis for non-orientable surface braid groups.

W1

(C) Dual basis for orientable mapping class groups. (d) Dual basis for non-orientable mapping class groups.

Figure 2.3 A linearly independent set of elements of Hy (C (S~ A), 9; LRO) whose span is isomorphic
to the dual of HEM(C,\(S N\ A); £) via the perfect pairing (2.10). See Definition 2.11.

replaces the single boundary puncture A in 95 with a closed interval and the dual surface S is the
union of the interior of S with this closed interval in the boundary of S. We may also take the
dual of the graph I':

Notation 2.8 We denote by I" the embedded dual graph of I" as illustrated in Figure 2.3. (For
the purposes of this description of f‘7 each collection of parallel green arcs in Figure 2.3 labelled
by w; is to be considered as a single edge; the collections of parallel arcs will become relevant only
later in §2.3, for Definition 2.11.) Precisely, I" is an embedded disjoint union of edges, with one
edge €' for each edge e of T, intersecting e transversely exactly once and disjoint from the other
edges of ', and with its endpoints on the boundary of S.

The twisted Borel-Moore homology HBM(C\(S); L), considered in §1.2.5 to define vertical-
type alternatives, has an explicit description as a module similar to that of HEM(Cy\ (S \ A); £) in
Proposition 2.6. This is another direct application of Theorem 2.1, this time applied to the triple
(M’,B', A’) where we set M’ = 5, A’ = 9(S ~ A) (so that M’ ~ A’ = §) and B’ = A/ UT =
(S~ A)UT. We record this as follows:

Proposition 2.9 Let S and A be as in Proposition 2.6 and define S as in Definition 1.14. Let A
be a partition of a positive integer k. Then the statement of Proposition 2.6 holds verbatim with
S~ A replaced with S, and the graph I' replaced with its dual T'.

Remark 2.10 The embedded graphs I' and I" are dual in the sense that each edge of I intersects
exactly one edge of I' and vice versa. This determines a bijection E(I') 2 E(I), which induces
a bijection Wy (T') = Wy(I) (see Notation 2.4) and hence, by Propositions 2.6 and 2.9, a module
isomorphism between the twisted Borel-Moore homology of C (S~ A) and the twisted Borel-Moore

v

homology of C,(5).

2.3. Dual bases

We now describe, using Poincaré-Lefschetz duality, a perfect pairing between the R-module
(2.6) = HEM(C)(S \ A);£) and another naturally-defined homology R-module, for which we
describe a “dual” basis. In order to apply Poincaré-Lefschetz duality, we consider the orientation
local system O of the manifold C\ (S \ A); in particular, when S is orientable, O is the trivial local
system Z.

Let us now consider the relative homology group Hy(Cx(S ~\ A),0; L ® O), where 9 is an
abbreviation of 9C (S ~\ A), the boundary of the topological manifold C) (S \ A), which consists
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of all configurations that non-trivially intersect the boundary of S \ A. In cases (c¢) and (d) of
Figure 2.1 (i.e. for the mapping class group representations), we implicitly make a small modifi-
cation here: we replace A, which is a single point in 35, with a small closed interval in 0S and
we correspondingly replace S . A with the closure in S of the complement of this small closed
interval. In other words, similarly to the modification that we made in cases (a) and (b) in §2.2,
we are blowing up the (unique) vertex of the graph I' on 95.

For this subsection, we assume that L is a rank-one local system; i.e. its fibre over each point
is a free module of rank one over the ground ring R. In this case, the direct sum decomposition
of Proposition 2.6 corresponds to a free basis for HPM(C\ (S \ A); £) over R. There is a naturally
corresponding set of elements of the relative homology group Hy(Cy(S \ A),9; L @ O), depicted
in Figure 2.3, indexed by the set Wy (') (see Notations 2.4 and 2.8).

Definition 2.11 Consider one of the labelled graphs of Figure 2.3, whose labels specify an element
w € Wy (T'); in particular, each collection of parallel arcs is labelled by a word w; in the monoid
M({1,...,r}). This first of all indicates that the number of parallel arcs in the collection is |w;|, and
each individual arc in the collection inherits a label which is the corresponding letter (in {1,...,7})
of this word (written in the direction specified by the small perpendicular arrows in Figure 2.3).
The relative homology class in Hg(C)(S \ A),d; L ® O) depicted by this figure is represented by
the relative cycle given by the subspace of configurations where exactly one point lies on each arc
and this point belongs to the block of A\ specified by the label of the arc.

Convention 2.12 The bijection Wy (') = W, (') of Remark 2.10 gives a bijection between (the
indexing set of) a basis for the free R-module HPM(C\(S \ A); £) (by Proposition 2.6) and the set
of elements of Hy,(Cy(S \ A), 9; L ® O) described in Definition 2.11. We will henceforth implicitly
identify these two indexing sets via this bijection.

As explained in [AP20, Th. A] (in the orientable setting, which generalises verbatim to the
non-orientable setting in the presence of the orientation local system Q), the relative cap product
and Poincaré-Lefschetz duality induce a pairing

HEM(CO\(S ~ A): £) @ Hy(CA(S ~ A),8;L® O) — R (2.9)

whose evaluation on a basis element of HEM(Cy\ (S \ A); £) (from Proposition 2.6) together with
an element of Definition 2.11 is equal to 1 if the two elements are indexed by the same w € W, (T")
and equal to 0 otherwise. It follows that the submodule spanned by the elements of Definition 2.11
is freely spanned by them (i.e. they are linearly independent), and the pairing (2.9) restricts to a
perfect pairing when we restrict to this submodule of the right-hand factor of its domain.

Notation 2.13 We write H?(Cy (S \ A); L® O) for the R-submodule of Hy,(Cy(S~\ A),d; L2 O)
(freely) spanned by the elements defined in Definition 2.11. In general, for a module W over a ring
R, we denote by WV its linear dual R-module Hompg (W, R).

With this notation, the discussion above may be summarised as follows.

Corollary 2.14 Let S be a connected, compact, orientable surface with one boundary component,
let A be either a finite subset of its interior or a closed interval in its boundary and let \ be a
partition of a positive integer k. Choose any rank-one local system L on C\(S \ A) defined over a
ring R. Then the R-module HP(C\(S ~\ A); L ® O) is freely generated over R by the elements of
Definition 2.11, indexed by Wx(T'). Moreover, there is a perfect pairing

HEM(CA\(S N A); L) ®r H (CA(S~ A); L2 O) — R, (2.10)

given by the relative cap product and Poincaré-Lefschetz duality, whose matrix with respect to the
two bases that we have described is the identity matriz. In particular, we have

HY(CA(S N A L@ 0) = (HPM(CA(S N A); L))" (2.11)

The perfect pairing (2.10) and the dual basis described in Definition 2.11 (and illustrated in
Figure 2.3) will be used in some diagrammatic proofs in the next section, including in the proof of
the “Cloud lemma” (see Lemma 3.15).
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Relation to the vertical-type alternative. The dual of the representation HPM(C\(S\ A); L)
and its vertical-type alternative HPM (C(S); £) are closely related via the isomorphism (2.11), as
we now explain. For the purpose of this paragraph, we shall abbreviate these representations as
Vo= HPM(C\(S \ A);£) and V := HPM(Cx(S); £). Applying Corollary 2.14 and its analogue
when S~ A is replaced by § (which is also part of [AP20, Thm. A]), it follows from [AP20, Thm. B]
that we have embeddings of representations

VVesV and (V)Y <=V (2.12)

under the mild assumption that the local coefficient system L is u-homogeneous for u € R* such
that the quantum factorials [n],! are non-zero-divisors for all n > 1; see [AP20, Def. 2.14]. In this
setting, if R is an integral domain, we have isomorphisms

VV@F(R)ZV®FR) and (V)"@F(R)=V QF(R) (2.13)
after tensoring (2.12) with the field of fractions F(R).

Example 2.15 This applies in particular to the representations V' = £%B ) 2)(n) and their
vertical-type alternatives £B(;) 5y(n) described in §1.2.5, where the ground ring R is Zlg*t'] if
k=1 and Z[t*!, ¢™1] if k > 2. In this example, the local coefficient system £ is 1-homogeneous if
k =1 and t-homogeneous if k > 2. We therefore have embeddings

S%((km)(n)v — 2%1(}(;@72) (n) and 2‘31()(,6)’2) (n)v — Q%((k),g) (n)

that become isomorphisms after tensoring with the field of rational functions F(R) = Q(q) or Q(t, q).
The representations £B((;) 5)(n) are part of a functor £B((;) ) defined on (B, 8), described in
§1.2.5. The dual representations £B (1) 2) (n)Y may similarly be extended to a functor defined on
(B, B) (see the end of §4.2.2), so the left-hand embedding above may be thought of as an embed-
ding of representations of the category (3, 8) (that becomes an isomorphism after composing with
— ® F(R): R-Mod — F(R)-Mod). One may similarly upgrade the right-hand embedding to an
embedding of representations of (3, 3).

2.4. Tethers

In the case when the local system £ has rank one (i.e. its fibres are free modules of rank
one over the ground ring), the homology module HPM(C\(S \ A); L) is free of rank [W,(T')|,
by Proposition 2.6. However, the map (2.5) does not quite specify a free generating set: each
open simplex AF in its domain has a fundamental class in Borel-Moore homology, but in order to
push it forward to an element of HPM(C, (S \ A); L), we need to choose a lift of the proper map
A* 5 C\(S ~ A) to a map of local systems (where A* is equipped with a trivial local system). To
finish this section, we explain how to specify this choice via tethers.

Definition 2.16 Let f: X — Y be a map of spaces and choose zo € X and yo € Y. A tether is a
path in Y, up to endpoint-preserving homotopy, from yo to f(zo).

Lemma 2.17 Let X be a simply-connected space and let Y be a path-connected space admitting
a universal cover, both equipped with basepoints xg € X and yo € Y. Let f: X — Y be a map,
not necessarily preserving basepoints, and let & be a bundle of R-modules over Y. Denote by V the
fibre of & over yg and denote by T the trivial bundle of R-modules over X with fibre V.
e Each morphism Tgo: yo — f(xo) in the fundamental groupoid I1;(Y') determines a lift of f to
a bundle map T — &.
e The two bundle maps T — & determined by two morphisms To, Ty yo — f(xo) differ by the
automorphism of the trivial bundle T given by the monodromy &(Ty ' o T4) € Autg(V).

Proof. By unique path lifting, bundles of R-modules over X (resp. Y) are in one-to-one corre-
spondence with functors II;(X) — R-Mod (resp. II1(Y) — R-Mod). Under this identification, a
bundle map 7 — & lifting f corresponds (uniquely) to a natural transformation T: 7 — £ o IT; (f).
Since 7 is the trivial functor at V € R-Mod, this is determined by specifying, for each =z € X,
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a homomorphism T,: V — £(f(z)). Since X is simply-connected, there is a unique morphism
zo — « in II; (X), which we denote by 74, . We then define

Ty == (I (f)(Yaox) © To) : V = &(yo) — E(f (@)

Tt is straightforward to check that this defines a natural transformation T': 7 — oIl (f), using the
fact that IT; (X) is an indiscrete groupoid (i.e. it has a unique morphism between any two objects).

Replacing Tp with J) in the construction of the bundle map (natural transformation) has
the effect of precomposing with the automorphism &(Ty Lo T4) of V, which we may view as an
automorphism of the trivial bundle 7. O

Remark 2.18 In the terminology of Definition 2.16, the first point of Lemma 2.17 says that, if
X is simply-connected and Y is path-connected admitting a universal cover, then for any bundle
¢: E — Y of R-modules, a choice of tether determines a lift of f: X — Y to a bundle map of the
form X x E|,, = E.

Construction 2.19 In the setting of Proposition 2.6, we may consider the restriction of the map
(2.5) to any open simplex of its domain, which we denote by 7y : AF — C\(S\ A) for w € Wy ().
Let us choose, once and for all, a base configuration ¢y € Cx(S \ A) contained in the boundary
9(S ~ A). We take the barycentre by € A* to be the basepoint of the open simplex. Finally,
we choose a tether for 7y, (with respect to by and ¢g), namely a path Ty in C\(S \ A), up to
endpoint-preserving homotopy, from ¢y to the image 7y (bo) of the barycentre of the open simplex.
By the first point of Lemma 2.17 (and Remark 2.18), this determines a lift of 7, to a map of local
systems AF xV — L, where V = L|., denotes the fibre of L over ¢y. Since 7y is a proper map,
we obtain an induced map on twisted Borel-Moore homology

(ws T )w: HPM(A®: V) — HEPM(C\(S . A); L). (2.14)

In particular, if £ is a local system of rank one, we may identify V' with the ground ring R and
the left-hand side of (2.14) has a canonical generator given by the fundamental class [A¥]. In this
setting, we may define

ew = (1w, Tw ) ([AF]) € HPM(CL(S ~ A); ). (2.15)
By Proposition 2.6, the set {ew | w € W, (I')} is a free basis for HEM(Cy\ (S \ A); L) over R.

Notation 2.20 For brevity, we will often denote this homology class simply by w instead of ey,
whenever this would not lead to confusion.

Remark 2.21 To be explicit, the choices involved in Construction 2.19 are the base configuration
co € Cr(S~\ A), the identification L|., = R and one tether Ty, for each w € W, (I"). We will specify
these choices later, when they are needed to do explicit computations; see for example Figures 3.2,
3.5 and 3.6 for illustrations of tethers Ty,.

Lemma 2.22 In the setting of Construction 2.19 with L a local system of rank one, changing the
choice of tether Ty has the effect of multiplying the homology class (2.15) by a unit of the ground
ring R. More precisely, for two tethers Ty and T!. , we have

w?

(s T« ([AF]) = 1(T%-Tw) (10w, T ) ([AF]),

where Ty denotes the reverse of the path Ty, so that ‘J'(,V.‘j'w is an element of w1 (C\(S\ A), co), and
p: m(Cr(S N A),co) = R* denotes the monodromy of L at ¢y, using the identification L., = R.

Proof. By the second point of Lemma 2.17, the two maps of local systems A*F x V — £ differ
by precomposition by the automorphism (Tt o 7% ) € Autgr(V). Here, £ is the local system £
viewed as a functor out of the fundamental groupoid, so its restriction to the automorphism group
of 9o = co is the monodromy action . We may therefore rewrite this automorphism as (77, . T ),
where we have also switched to the usual notation convention for composition of paths, which
goes from left to right and where  denotes the reverse of a path. Since we have V = R, this
automorphism lies in Autg(R) = R* and it therefore acts via the canonical action of R* on the
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R-module of maps of local systems from A* x R to £. Hence the two maps of local systems differ

by multiplication by the scalar u(7%,.Tyw) € R*. It follows that the same is true for the induced

maps (2.14) on twisted Borel-Moore homology and thus in particular for the images (2.15) of [Ak]
under these maps. O

Construction 2.23 One may similarly specify a free generating set of the dual homology module
HP(C\(S ~ A); L ® O) (see Corollary 2.14). In this case, rather than a proper map from an
open k-simplex, each w € W, (T') indexes a map from a closed k-cube taking its boundary to the
boundary of the manifold C)(S \ A). The construction is parallel to that of Construction 2.19,
using the same base configuration ¢y € Cy(S \ A) as before, an identification (£ ® O)|., = R and
one tether Ty, for each w € W, (T"). Since we have already chosen an identification £|., = R (see
Remark 2.21), an identification (£ ® O)l|,, = R is determined by an identification O|., & R, in
other words a local orientation of the manifold Cy(S ~\ A) at ¢o.

3. Short exact sequences

In this section, we construct the fundamental short exact sequences for homological repre-
sentation functors of Theorem A. We start by recalling the categorical background of these short
exact sequences in §3.1. Then we construct the short exact sequences for the functors of surface
braid groups in §3.2, and in §3.3 for those of mapping class groups of surfaces. Throughout §3, we
consider homological representation functors indexed by an ordered partition A = (A1,...,A\) F k
of an integer k£ > 1 and by the depth ¢ > 1 of a lower central series.

3.1. Background and preliminaries

This section recollects the key categorical tools that define the setting in which we unearth
the short exact sequences of homological representation functors of §3.2 and §3.3. We also prepare
the work of these sections with an important foreword in §3.1.2.

3.1.1. Short exact sequences induced from the categorical framework

We recollect here the notions and first properties of translation, difference and evanescence
functors, which give rise to the key natural short exact sequences that we study for homological
representation functors in §3.2 and §3.3. The following definitions and results extend verbatim
to the present slightly larger framework from the previous literature on this topic; see [DV19],
[Soul9, §3] and [Sou22, §4] for instance. The various proofs are straightforward generalisations of
this previous work. Hence the content of §3.1.1 is just stated, without detailed justification, and
we refer the reader to these sources for a comprehensive introduction to the following material.

For the remainder of §3.1, we fix an abelian category A, a strict left-module groupoid (M, b)
over a braided strict monoidal groupoid (G,1,0), such that (G,h,0) has no zero divisors and that
Autg(0) = {ido}. We also assume that M and G are both small and skeletal, have the same set of
objects identified with the non-negative integers N with the standard notation n to denote these
objects as in §1.2.1, and that both the monoidal and module structures fj are given on objects by
addition. In particular, this is consistent with the fact that 0 is the unit for the monoidal structure
of G. One quickly checks that all of the examples of M and G defined in §1.3 satisfy all of these
assumptions.

For an object n of G, let 7, be the endofunctor of the functor category Fet((G, M), A) defined
by m(F) := F(nf—), called the translation functor. Let i,: Id — 7, be the natural transforma-
tion of Fect((G, M), A) defined by precomposition with the morphisms [n, idygm|: m — nfm for each
m € Obj(M). We define ¢, := coker(i,), called the difference functor, and k, := ker(i,), called the
evanescence functor; the associated canonical natural inclusion k, < Id and natural projection
Ta — 0y are denoted by Q, and A, respectively. We also denote by 7¢ and 6¢ the d-fold itera-
tions 7, - - TaTw and Oy - - - 6,0, respectively. The translation functor Tg is by definition naturally
isomorphic to 7T4y.

The translation functor 7, is exact and induces the following exact sequence of endofunctors

of Fet((G, M), A):
0 — ki 25 1d -5 7 25 6, — 0. (3.1)
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Moreover, for a short exact sequence 0 — F — G — H — 0 in the category Fct((G, M), A), there
is a natural exact sequence defined from the snake lemma:

0 — knF' — knG — knH — 0o F — 6,G — 6, H — 0. (3.2)

Finally, for n,m € Obj(G), 7, and 7, commute up to natural isomorphism coming from the braiding
and they commute with limits and colimits; d, and d,, commute up to natural isomorphism (induced
by the braiding) and they commute with colimits; x, and xk, commute up to natural isomorphism
(induced by the braiding) and they commute with limits; and 7, commute with the functors &y
and ky, up to natural isomorphism.

3.1.2. Preliminaries for the homological representation functors

Throughout §3.1.2, we consider any one of the homological representation functors of §1.3.
Following Notation 1.10, we denote it by EA 0 with Z[Q& 2)] the ground ring of the target module
category, where x either stands for the blank space or x = u.

Remark 3.1 The short exact sequences that we exhibit in §3.2-§3.3 are applications of the exact
sequence (3.1), with n = 1, to each homological representation functor of §1.3. With a little more
work, one could deduce analogous (though slightly more complex) results from (3.1) for any object
n. However, only the case n = 1 will be needed in §4 to prove our polynomiality results, so we
shall not pursue this generalisation here.

Subpartitions. Our descriptions of the difference functor 51136 ¢ In §3.2-§3.3 make key use of
some appropriate partitions of £ — 1 obtained from A F k.

Notation 3.2 Let k,k’ > 1 be integers such that k¥ > k’. For an ordered partition A\ =
(A, .., M) Bk, we denote by {\ — K’} the set of ordered partitions

(A= AL A = A [0 <A < i such that ) A =&

1<ILr

When k' = 1, we denote by A[7] the element (Ar,...,A\; —1,...,A.) of {A =1}, foreach 1 <i<r
such that \; > 1.

When k' = 2, we denote by A[7, j] the element (Aq,..., A\ —1,...,A; —1,...,A) of {\ —2},
for each 1 <4 < j < r such that A; > 1 and A; > 1. We similarly denote by Ali,i] the element
(Ayeo s di — 2,00, 0) of {A — 2}, for each 1 < i < r such that \; > 2.

For partitions A = (A1,...,A.) F kand X = (\],...,\)) F k', we write A < X if for each
1 <i<swehave A < Aj, for 1 < ji < -+ < j, < r. This is a partial ordering on tuples of
positive integers.

Furthermore, we deal with partitions where some blocks may be null as follows.

Notation 3.3 Let v = (v1,...,v,) F h with & > 0 be a partition such that 0 < v; < h for all
1 <1 < r. We denote by T the partition of h obtained from v by removing the 0-blocks. Then, we
always identify SE‘U 0 with 2{5_ 0 since these functors are obviously isomorphic.

Twisted functors. Let us now consider a homological representation functor 2?/\ 0= £x0) that
is twisted, i.e. where £y ¢ # 27(1/\)5) has a category of twisted modules Z[Q(A’M—Modtw as its target;
see Definition 1.8. (Recall that we sometimes have £ ¢y = 27(*/\ 0 €8 if £ < 2; see Lemma 1.13.)
The problem arising in this setting is that the category Z[Qx ¢)]-Mod"" is not abelian (because it
lacks a null object), while this is a necessary condition of the categorical framework to introduce
the exact sequences of §3.1.1 and later to define polynomiality in §4.1. However, this subtlety does

not impact the core ideas we deal with, and we solve this minor issue by adopting the following
convention.

Convention 3.4 Throughout §3, when we consider a twisted homological representation functor
£(x,0), we always postcompose it by the forgetful functor Z[Q(A’g)]-MOdtw — Z-Mod as in (1.10).
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A fortiori, the target category of 26\ 0 18 either Z-Mod if 2(*/\_5) is twisted, and it is Z[Qx,¢)]-Mod
otherwise. Following Notation 1.10, we denote by Z]| 0\ e)]—Mod' the target category of £, /)
under this convention.

Remark 3.5 For the sake of simplicity, we do not fully detail the target categories of the functors
of the short exact sequences of Theorems 3.17, 3.24 and 3.35. We however record here that this
target is of the form Z[Q(x »)]-Mod if £ < 2 (see Lemma 1.13), Z[Q{, ,]-Mod) if £ > 3 and x = u,
and Z-Mod if £ > 3 and * is the blank space.

Change of rings operations. Finally, we explain some key manipulations of the transformation
groups associated to homological representation functors. Let R be an associative unital ring. For
a category C and a ring homomorphism f: Z[@Q] — R, the change of rings operation on a functor
F:C — Z|Q]-Mod* consists in composing with the induced module functor fi: Z|Q]-Mod* —
R-Mod", also known as the tensor product functor R ®; —, where * either stands for the blank
space or * = tw. A key use of the change of rings operations is the following natural modification
of the ground rings of homological representation functors with respect to partitions.

We consider partitions A = (A1,...,A;) F kand X = (\,...,\) F &’ such that \ < A
(see Notation 3.2). In the notation of §1.2.1, for each 1 < i < r such that A, < \;, there is
an evident analogue of the short exact sequence (1.8) with G n as quotient and Gy, -\ A1) n
as the middle term. The section s, XA of this short exact sequence provides an injection
GA;’n — G(Ai—A;,Ag),w Composing this with the canonical injection G(Ai—AQ,A;),n — Ga;ny WE
obtain an injection Gy, ,, < G, n. Applying this procedure for each block, we obtain a canonical
injection G/ 5, = G . Now, for some fixed £ > 1, we consider the transformation groups Q’(}’ 0
and Q?/\’J) associated to homological representation functors SE‘A, 0 and Ef/\,, 0 respectively.

Lemma 3.6 The canonical injection Gy, — G induces a well-defined group homomorphism
Qvorg: Q’(*A,,Z) — Q’(*/w). This homomorphism also makes the following square commute (where

we temporarily shorten the notation By, .. a.(Sn) to BA(Sy)), where the top horizontal arrow is
the stabilisation map that adds trivial strands to a braid:

B)\/ (Sn) _—> B)\(Sn)

D0 d(x,0) (3.3)

a0

Q()\/,Z) Q()‘l)'

Proof. The canonical injection G/ ,, <= G, induces the following commutative triangle:

G)\’,n/FZ — Gn/FZ

|l

Gan/It.

Taking kernels and the colimit as n — oo, we uniquely define the morphism Q¢

The stabilisation map Byx/(S,,) — Ba(S,) along the top of (3.3) is the restriction (along the
left-hand map of (1.8)) of the canonical injection Gys,, < Gi,. Instead of quotienting by I
and then passing to kernels, we may equivalently (by the universal property of kernels) pass to
the kernels first (to obtain the stabilisation map at the top of the diagram) and then pass to the
quotients (to obtain Q(x ¢ at the bottom of the diagram). O

In §3.2-§3.3, we will apply a change of rings operation using morphisms of the type Q¢
and use the following property:

Lemma 3.7 The change of rings operation (Z[Qx —xn)): Z[Qf)\%)]—Mod* — Z 2A7Z)]—Mod*
gives 26, 0 the same ground ring as 26\ 0 In the case when x = tw, it also gives E?A,_é) the same
action of each group G, on Z[Q’(*A, z)] as 26\ 0
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Hence, the change of rings operation (Z[Qx—,¢)])1 allows us to canonically switch the module
structure of £y, ;) from Z[Q{,, ;)] to Z[Q7, , ], as well as the potential twisted structure, i.e. actions
of the groups G,, on these modules. In particular, we use this type of operation to identify Sf)\,’ 0
as a summand of the difference functor 5126\’ ¢ In §3.2-§3.3. This change of ground ring map is
the identity in many situations and, regardless, it does not impact the key underlying structures
of 2(*>\,7 0 for our work. Because these subtleties are minor observations and do not affect the key
points of the reasoning, we choose to use the following conventions to simplify the notation:

Convention 3.8 Throughout §3.2-§3.3, some change of ground ring operations (Z[Q—x,¢)]):
must sometimes be applied in order to properly identify the functor E(}« () 8S a summand of
01L7 N We note here that this change of rings operation is non-zero, i.e. it does not factor
through the zero module. However, we generally keep the notation £* iy for this modified functor
for the sake of simplicity and to avoid overloading the notation, Whenever these change of rings
operations are clear from the context.

The following lemma will be the key point justifying that a change of rings operation does not
impact the results of §3.2-§3.3; see Corollary 3.10.

Lemma 3.9 Let Q be a group, R a ring and f: Z|Q] — R a ring homomorphism. We consider
a functor F: (G, M) — Z][Q]-Mod such that k1 F = 0 and so that 6:F(n) is a free Z]Q]-module
for each n € Obj(M). Then the exact sequence (3.1) applied to the functor fiF' induces the short
exact sequence:

0— HF — n(fiF) — 6 (HF) — 0. (3.4)

The same statement also holds if F takes values in Z[Q) -Mod™ . In this case, the change of
rings functor fi takes place at the level of twisted module categories Z[Q]-Mod™ — R-Mod™ but,
as explained in Convention 3.4, all of the statements take place in the category of functors into
Z-Mod, via post-composing with the forgetful functor.

Proof. We first note that the change of rings functor f; is right-exact and clearly commutes with
the translation functor 71, so 71 (fiF') = fi(i F) and 61 (/iF) = fi(6;: F). Now, for each n € Obj(M),
since k1 F(n) = 0 and the Z[Q]-module §; F(n) is projective, the exact sequence (3.1) applied to
the functor F induces a split short exact sequence 0 — F(n) — 71 F(n) — 6;F(n) — 0. The result
then follows from the fact that the functor fi turns split short exact sequences of Z[Q]-modules
into split short exact sequences of R-modules. O

Corollary 3.10 The results of Theorems 3.17, 3.24, 8.35 and 3.36 hold after any change of rings
operation.

Proof. Each one of the short exact sequences (3.13), (3.17) and (3.18), the isomorphisms (3.26)
and (3.27) (and their alternatives of Theorem 3.36) follow from the exact sequence (3.1) applied to
some homological representation functor F'. In each case, it follows from the results on the module
structures from §2.2-§2.3 that F(n), 71 F(n) and 61 F(n) are free Z[Q]-modules for all n € Obj(M),
and that k1 F = 0, so we may apply Lemma 3.9. O

3.2. For surface braid group functors

We prove in §3.2.2 and §3.2.3 our results on short exact sequences of Theorem A for surface
braid group functors. The proofs of these results require certain diagrammatic arguments, which
we explain first in §3.2.1. For the remainder of §3.2, we consider any one of the homological
representation functors of (1.15) and (1.16) with the classical (i.e. non-vertical) setting. Following
Notation 1.10, we generically denote it by 2*)\ 0 (S) where * either stands for the blank space or
*=u, S € {D,3,1,Np1} with ¢ > 1 and h > 1, and the associated transformation group is
denoted by Q(,\,e)( ).

3.2.1. First properties and diagrammatic arguments

We recall that we have introduced model graphs I,,, W and W;’L\f in Notation 2.7, modelled

by Figures 2.1a and 2.1b. Let us abbreviate by writing WS WE if § =341 and WS = WhN if
S =Np1.
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Remark 3.11 For convenience, the diagrammatic arguments below illustrated in Figures 3.1-3.4
are drawn only with the case S = ¥, ;. Indeed, only the planar parts of these figures are relevant
to the arguments.

We follow the notation of §2.2 and consider, for each n € Obj(ﬂs), the surface braid group
By, (S)-representation £7, ,\(5)(n) = HPM(C\(Dy19); Z| e (9)]) where Z[QF, ,(S)] is a rank-
one local system explained in the general construction of §1.2. Proposition 2.6 describes a free
basis for the underlying Z[ o) (S)]-module of £, @)(S )(n) indexed by labellings of the embedded
graph I, VWS C S by words in the blocks of A\. We use the following slight simplification of
Notation 2.7 for §3.2.

Notation 3.12 Let gs denote the integer 2¢g if S = 3, and h if S = Njp ;. We will generically

write the basis elements (2.7) and (2.8) as (w1, ..., Wgg4n—1). Also, choosing an ordering of the
edges of the embedded graph I, V W* C D,bS, we write (w1,...,wys1n-1) F A to indicate that
the basis element (w1, ..., wgs4n—1) is associated to the ordered partition A.

The representation 71£7, ,(5)(n) = HPM(C\(D140,8S); Z] (00 (9)]) has a very similar de-
scription as a free module. More precisely, the only difference with respect to 2’(} é)(S)(n) is
that there is one extra edge of the embedded graph I;,, V W* C Dy,,1S. We write this as
(wo, w1, ..., Wes+n—1) F A, where wy is the label of the extra edge. Now, we recall from Lemma 1.11
that the image of the canonical morphism [1,idsz,] € (8, 8°)(n, 14n) under £{y,»(9) is the map
HPM(C\(Dy1S); Z[ o)) — HPM(C\(D14,,8S); Z] (0 (9)]) induced by the evident inclusion
of configuration spaces Cy(D,1S) — Cx(D1E(D,hS)) coming from the boundary connected sum

with the left-most copy of Dy. In terms of the above free generating sets coming from Proposi-
tion 2.6, the map £, Z)(S)([l, idyym]) is thus the injection defined by

(Wi Wyggn—1) — (D, W1, ..., Wygqn—1)- (3.5)

The cokernel 6, £7, ,(S)(n) of i1(£{, 4)(5))n may therefore be described as the free Z[Q7, ,)(5)]-
module generated by all edge-labellings (wg, w1, . .. ,wgs+n,1) FAof Iy, V WS such that wq is
not the empty word. On the other hand, we have K1£E‘,\)Z)(S)(H) =0.

Furthermore, if k > 2, the direct sum @;_,; 1L\, (8)(n) has a basis indexed by pairs
(4, (wo, w1, ..., Wgs4n—1)), where 1 < ¢ < 7 and (wo, w1, ..., Wgs4n—1) = Alz]. There is an evident
bijection between the basis for 6; £, Z)(S)(n) and this basis for @]_, 711)?/\[1.]7@(5)@) given by

(w07 Wiy -eny wgs+n71) — (7/7 (U}G, Wiy - .- 7wgs+n71))a (36)
where wy = iw( with wg and w} words in the monoid M({1,...,7}) (see Notation 2.4) while ¢ is
seen as a letter in the alphabet {1,...,r}. Extending by linearity, this bijection determines an

isomorphism of free Z[Q{, ,(5)]-modules

T

5126,@)(5)(11) o Tlsf,\[i],e)(s)(n)~ (3.7)

=1

The cloud lemma. In order to construct the fundamental short exact sequences of Theorem A
for surface braid groups, we will need to show that the isomorphism of modules (3.7) is an isomor-
phism of representations. (In fact, we will show that it is moreover an isomorphism of functors as
n varies.) Assuming that n > 2, the key ingredient to prove this is Lemma 3.15 below, which is
pictorially summarised in Figure 3.1. To give the precise statement of the lemma, we first have to
describe precisely what this figure is illustrating.

Definition 3.13 Given a word w in the monoid M({1,...,r}), write v(w) = (v(w)1,...,v(w),;),
where v(w); is the number of copies of the letter ¢ in w.

Definition 3.14 Suppose we are given a properly-embedded, oriented open arc « in the surface
D14,5S equipped with a path from some point on « to the basepoint of D, ,4S. Suppose further
that we are also given a word w as in Definition 3.13. We then define ¢(o, w) to be the Borel-Moore
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cycle on C, ) (D14,4S) given by the open singular simplex consisting of all configurations that lie
on « and whose labels spell the word w following the orientation of . As explained in §2.4, in order
for this to specify a Borel-Moore cycle for twisted homology, one needs to specify also a tether,
namely a path from the base configuration to a configuration lying on «. The base configuration
consists of |w| points contained in the boundary of D1,,45 close to the basepoint of the surface,
and we specify the tether to be the path of configurations that follows |w| paths parallel to the
given path from « to the basepoint.

The left-hand side of Figure 3.1 depicts a Borel-Moore cycle on the partitioned configuration
space C(D14,495), representing an element of 7122‘/\75)(5)@) = HEM(O\(D14,85); Z[ E‘/\)e)(S)])
and thus determining an element of the quotient 6;£, ,)(S)(n) of 11 &7, ,(S)(n). This cycle is
assumed to be of a specific form, depending on the following two choices:

(1) A non-empty word wq in the monoid M({1,...,r}). This determines a partition v(wg) (see
Definition 3.13) and hence also A — v(wq) given by componentwise subtraction: for 1 < < r
its ith term is \; — v(wp);. Note that this is non-negative since \; is the number of copies of
the letter ¢ in the concatenation wowy - - - Wgg4n—1.

(2) A cycle £ on Cy_y(wy)(D1414S) supported in the blue shaded region (the “cloud”).

Denote by « the open green arc depicted on the left-hand side of Figure 3.1, equipped with the
grey path to the basepoint (on the boundary of the surface). By Definition 3.14, together with the
word wo, this determines a cycle ¢(a, wg) on Cy (g (D1414S). The product & x ¢(a,wp) is then a
cycle on Cy(D14,15); this is the cycle that we consider on the left-hand side of Figure 3.1.

The right-hand side has a similar description, where we decompose the non-empty word wy
as iwj. The “” component simply says that the element lies in the ith summand on the right-
hand side of (3.7). The second, pictorial component depicts the Borel-Moore cycle £ x ¢(a, w() on
Ci\[i)(D14n5), representing an element of 71 £¢y; , (S)(n).

L/

1 — a2
wo 1wy “,‘/'

Figure 3.1 The Borel-Moore cycles considered in Lemma 3.15.

With these descriptions and notation, we may now give the precise statement of the lemma.

Lemma 3.15 (“Cloud lemma”.) For any choices of wy = iw), and & as above, the module isomor-
phism (3.7) sends the element [ x ¢(a,wp)] to the element (i, [€ x ¢(a, w})]).

Proof. Let us write w = (wo, w1, ..., Wgs+n—1) F A and define an operation (—)° on such tuples of
words by setting w® = (w§, w1, ..., Wgg4n—1), Where wy = jw§; in other words the operation (—)°
removes the first letter of the first word of w. Note that w® - A[].

For the sake of clarity, we prefer in this proof to denote by ey, (rather than w, see Notation 2.20)
the standard basis element corresponding to the tuple w, depicted in Figure 2.2. Then we denote
by e, the corresponding dual basis element depicted in Figure 2.3. As explained in §2.4, to specify
these fully, we must choose a tether for each el,: we choose these tethers to be paths to the base
configuration (in the boundary of the surface) given by sending all of the configuration points along
parallel horizontal trajectories, as depicted in Figure 3.2. Using this notation, by definition, the
isomorphism (3.7) takes ey, to the element eweo in the jth summand of the right-hand side.

Let us first decompose the element represented by the left-hand side of Figure 3.1 as

r

LHS := [§ x ¢(a, wp)] = Z Ow-Cw = Z Z Ow-Cw, (3.8)

wh J=1 whA
wo=jwq

where ow = (LHS, e},) € Z[Q{, ) (S5)] is the value of the intersection pairing (2.9) evaluated on the
left-hand side of Figure 3.1 and the dual basis element e,. This is illustrated on the left-hand side
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wo w1 0 U1

I
Wy i
W, Un,

Wn+1 Un+1

a | S

— -
iy . Wo

Figure 3.2  An illustration of the intersection pairings gw = (LHS, €},) (left) and pwo = (RHS, €/ )
(right). Here, LHS and RHS refer to the Borel-Moore homology classes depicted on the left-hand side
and right-hand side of Figure 3.1 respectively.

of Figure 3.2. From that figure, it is clear that oy = 0 unless j = i, so we may remove the outer
sum and set j =4 in the formula (3.8). The image of the element (3.8) under the map (3.7) may

therefore be written as
Z Ow- (1, ewo). (3.9)

whA
wo=iwg

On the other hand, the element represented by the right-hand side of Figure 3.1 decomposes as

RHS := (i, [§ x s(a,wp)]) = Y piv-(isey), (3.10)
vEA[]

where 11y = (RHS, e) € Z[Q{, ,)(5)] is the value of the intersection pairing (2.9) evaluated on the
right-hand side of Figure 3.1 and the dual basis element e,. This is illustrated on the right-hand
side of Figure 3.2. There is clearly a bijection between the two indexing sets of the sums above
given by sending w to v = w®. Thus, in order to prove that (3.9) = (3.10), as desired, it remains
to show that we have an equality of coefficients; in other words, we must prove that

(LHS, €},) = 0w = ftwe = (RHS, €l0) (3.11)

for each w F A such that wy = fwyg.

To prove the equality (3.11), we first recall, in the next few paragraphs below, some details
about how the intersection pairings (LHS,el,) and (RHS,el,.) may be computed. This is well-
established in the literature, but we include it in order to fix the notation and conventions that we
will use in our calculations. For further details, see [Big01, §2.1] or [PS22, §4.3] (when the surface
is a disc) or [BPS21, §7] (for more general orientable surfaces).

Calculating intersection pairings in general. We first consider (LHS, el ). We may
assume without loss of generality that the Borel-Moore homology class denoted by LHS (the left-
hand side of Figure 3.1) is represented, similarly to Definition 3.14, by configuration spaces on a
collection of pairwise disjoint, properly embedded, open arcs (each equipped with a tether, i.e. a
path to the basepoint of the surface), one of these being the arc depicted and the others being
contained in the shaded “cloud”. Indeed, this is due to the basis that we have described in §2.
The dual basis element e, is represented by the cycle given by the red vertical (and horizontal, in
the handles) arcs on the left-hand side of Figure 3.2 (also equipped with tethers). We assume that
these intersect the arcs representing LHS transversely, in particular at finitely many points. This
ensures that the cycles on the configuration space C(D14,495) representing the homology classes
LHS and €, intersect at finitely many points. We shall generally denote these intersection points
by p, and we emphasise that each p is a configuration, so it consists of k points on D14,S.

The value of the pairing (LHS, e},) € Z[Q{, ,(5)] is then a sum of terms e,¢(» ¢ (7p) indexed by
these (finitely many) intersection configurations p. Here ¢, € {£1} is a sign, , is a based loop in the
configuration space Cx(D11,45) and ¢(x ) : T1(Cr(D14,45)) — Qf/\@(S) is the homomorphism
determining the local system in the definition of 26\, 0> see §1.2.3. The loop v, is constructed as
the concatenation of four paths of configurations

kA L~ Do Y oK (312)
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where * is the base configuration. The first path * ~» x is a tether for the submanifold representing
the homology class LHS (so z is a point on this submanifold), the last path y ~» * is the reverse
of a tether for e, (so y is a point on e, ), the second is any path in LHS from z to the intersection
configuration p and the third is any path in €, from p to y.

The intersection pairing (RHS, e,,.) has an almost identical description, the only difference
being that one vertical red arc (containing a single point in the ith block of \) has been removed
and the green arc labelled by iwj is now labelled by wy, so its left-most point (in the ith block
of A\) has also been removed. The tethers have also been modified correspondingly: one of the
parallel grey paths from the basepoint to the green arc has been removed, as has the grey path to
the (removed) left-most vertical red arc. This means, a priori, that we use the quotient map ¢ ¢
rather than ¢, ¢ and the pairing takes values in Z[Q?/\[i],e)(S)] rather than Z[Qf, ,(5)]. However,
by Convention 3.8, we implicitly apply the ring homomorphism Z[Q[;j—x,¢)] in order to interpret
this as an element of Z[QZ)\,Z)(S)]. Hence in fact we are using the composition Q(x[i-x,¢) © @a[i),¢
instead of ¢, and the pairing takes values in Z[Q[, ,(5)]-

Calculating the intersection pairings in our setting. To compare the two elements
of Z[Q{, ) (5)] corresponding to the left-hand side and right-hand side of (3.11), first notice that
there is a bijection of intersection points RHSNel,. — LHSNel, given by p — p = {po} Up, where
po € D14,05 is the unique intersection point between the left-most vertical red arc and the curved
(green) arc on the left-hand side of Figure 3.2; see the zoomed-in Figure 3.3. It therefore suffices
to check that we have e; = €, and ¢(x.0)(75) = Qali]—r.0) (P(Afi),0)(Vp)), Where the values with a
subscript p are computed using the left-hand side of Figure 3.2 and those with a subscript p are
computed using the right-hand side of Figure 3.2.

The loops 7, and ;5 are both constructed as concatenations of four paths of configurations of
the form (3.12). Since the configuration p is obtained from p by adjoining one point py € D;1,4S,
it follows that -5 is obtained from ~, by adjoining one loop in D14,45 passing through po. This
loop is highlighted in Figure 3.3. By the commutativity of the square (3.3) of Lemma 3.6 (with
n replaced by n 4 1 and setting A\ := A[i]), the equation ¢x¢(75) = Qap—x,0)(Pafi,e(7p)) that
we need to prove will follow if we prove that the stabilisation map along the top of (3.3) sends 7,
to 7. The stabilisation map simply adjoins a stationary point in the boundary of the surface, so
what we must show is that adjoining the loop highlighted in Figure 3.3 to v, is the same, up to
homotopy, as adjoining a stationary point in the boundary. In other words, writing s(v,) for the
stabilisation of -y,, we must show that the based loops s(v,) and 75 are homotopic in Cy(D14,5S).

To see this, we will restrict attention to the small (light blue) shaded region on the left of
Figure 3.3, denoted by D. We first note that, at all times during the loops s(7y,) and -z, there are
exactly |wg| configuration points in D and the other k — |wg| configuration points remain disjoint
from D. (The number |wg| arises because it is the number of intersection points between the
curved (green) arc and the vertical (red) arcs on the right of D.) Moreover, the loops s(v,) and
~5 are identical outside of D, so if we write s(,)|p and ~yz|p for the restrictions of s(vy,) and vz
to |wol|-point subconfigurations supported on D, it will suffice to show that s(v,)|p is homotopic
to v5|p in Cjyy, (D). During v;|p, the configuration points travel in parallel anticlockwise around
the boundary of D without ‘twisting’ (i.e. we may think of the configuration as lying on a small
interval, which travels around the boundary of D without rotating). This is homotopic to the
constant loop by shrinking the loop along which the configuration points travel within D until it is
constant (here it is important that there is no twisting). During s(7y,)|p, one of the points remains
stationary and the other |wy| — 1 points travel in parallel anticlockwise around the boundary of D
without twisting. This is homotopic to the constant loop for exactly the same reason. Composing
these two homotopies, we see that s(v,)|p >~ vp|p in Cyy (D). Extending this to the A-partitioned
configuration space by a constant homotopy outside of D (i.e. by simply not modifying the trajec-
tories of the other k — |wy| configuration points), we deduce that s(vy,) and 75 are homotopic in
Cx(D14,45). This completes the proof that we have ¢x ¢(v5) = Qafi]—x.0) (Pa[i],¢(1p))-

Finally, we recall that the sign ¢, is the product of the local signs of the intersections of arcs in
the surface at each point of p = {p1,...,pxr} together with an additional sign recording the parity
of the permutation of the base configuration induced by ~,. The local sign of the intersection at py
is +1, so adjoining py does not change the product of the local signs. In addition, as a consequence
of the paragraph above, the permutation induced by +; is obtained from the permutation induced
by v, by adjoining a fixed point; in particular they both have the same parity. Thus €5 =¢,. O
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Figure 3.3 A zoomed-in portion of the left-hand side of Figure 3.2. The loop of configurations 75 is
obtained from the loop of configurations 7, by adjoining the loop (in the surface) highlighted in blue.

w = wrwsa

Figure 3.4 The identity of Lemma 3.16 in the orientable case. The identity in the non-orientable case
is the obvious analogue; only the left-hand side of each diagram, which is planar, is important.

A decomposition property. We also will need the following (more elementary) diagrammatic
fact in §3.2.2-§3.2.3. This is an identity, depicted in Figure 3.4, taking place in the Borel-Moore
homology group £f, ,(5)(n) = HPM(C\(D,S); Z[ O (9)])-

The left-hand side of the figure represents a Borel-Moore cycle on C)(D,,1S) defined as follows.
Choose a word w in the monoid M({1,...,7}) and a cycle & on C)_,(,)(D,4S) supported in the
blue shaded region. (Recall from Definition 3.13 the notation v(w).) If we denote by « the green
arc on the left-hand side of Figure 3.4, then the Borel-Moore cycle is £ X ¢(a, w) in the notation of
Definition 3.14.

The right-hand side of the figure represents a sum of Borel-Moore cycles, taken over all possible
decompositions w = wjws of the word w as a concatenation of two words. The Borel-Moore cycle
in this sum corresponding to (w1, ws) is & X ¢(a1,w1) X ¢(ag, ws), where oy, ag are the two green
arcs depicted on the right-hand side of Figure 3.4.

Lemma 3.16 For any choices of a cycle £ and a word w, we have the relation

€ xc(a,w)] = Y [€xc(ar,wr) X s(az,wp)]

W=wiwz

in £, 4 (S)(m) = HPM(CA(DnS); Z[QF, ) (S)))-

Proof. We follow the notation of the proof of Lemma 3.15. The result follows immediately by veri-
fying that each side of the equation evaluates to the same element of the ground ring when applying
the intersection pairing (—, e.,) with the dual basis element e, for each v = (v1,vg,v3...) F A. (De-
tails of how these intersection pairings are computed are explained in the proof of Lemma 3.15
above.) O

3.2.2. For classical braid groups

Our aim here is to prove Theorem A for each (A, £)-Lawrence-Bigelow functor £5, ) and its
untwisted version £B(, ) of §1.3.1. The arguments for this are exactly the same for both £B, 4
and £B(; (). So, following §1.3.1 and §3.2.1, we henceforth speak of the functor £, , (D) = L9805 n
where * either stands for the blank space or x = u.

From now on in §3.2.2, we assume that & > 2. For any n € Obj(8), we recall from the
preliminary study of §3.2.1 that k1 LB, ,(n) = 0 and 0; LB, 4)(n) is the free Z| (0 (D)]-module
with basis given by the tuples (wp,ws,...,w,—1) F A such that |wg| > 1, which identifies as a
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Z[Q7y ¢)(D)]-module to the direct sum P, 1B, (1,0 (n) via the isomorphism (3.7) (if n > 1;
it is trivial otherwise). From now on, we denote this isomorphism by (p(x ¢))a, setting (p(x,¢))o to
be the null morphism. We now prove the main result of §3.2.2:

Theorem 3.17 For each A+ k > 2 and £ > 1, the exact sequence (3.1) induces the short eract
sequences:

0 —— »2%?)\7[) e 7'1/2%?)\’@) e 1<ei 7'12%?}\[]-]14) — 0 (313)
IIRT

in Fct((,B,,8>,Z[QE‘)\7Z)(S)}—MOC1) if x = u, and in Fct((B, B), Z[Qx¢)(5)]-Mod®) if x is the blank
space.

Proof. As a consequence of the preliminary study above, we already know that the evaluation of
(3.13) at each object n is a short exact sequence of Z[Q, , (D)]-modules. Hence the key point
is to prove the compatibility with respect to the morphisms of (3,8). To achieve this, it suf-
fices to show that the Z[Qf, , (ID)]-module isomorphisms {(p(x,¢))n }acobj(s) define an isomorphism
bove: 512'%?)\,@) = @1@@« 71)3%6[]‘},2) in Fet((8,8), Z] ZAJ) (D)]-Mod?*).

As a first step, we prove that assembling these module isomorphisms defines an isomorphism
in the category Fet (8, Z[Q[, ,)(D)]-Mod®), in other words that each (p(x,¢))a is a By-module mor-
phism. The braid group B,, being trivial for n € {0, 1}, we consider n > 2 and prove the commuta-
tion of (p(x ¢ )n With respect to the action of any Artin generator o; of B,, with 1 <4 < n—1. Since
71 is the left-to-right translation-by-one operator, the morphisms 7'12%?/\[].]7@ (o) forall1<j<r
and 512%67@(@) are defined by the action of the generator o;1; on the Borel-Moore homology
classes supported on the embedded graph I;,; see Figure 2.1a with g = 0.

For i = 1, we use Figure 3.1 (with g = 0) to illustrate the actions of 71 £B7,(;; ) (01) (the
right-hand side of Figure 3.1) and of 6, £%B(, (1) (the left-hand side of Figure 3.1) on the basis
elements (wy,...,w,) and (jwy,...,w,). Namely, by the choice of Convention 1.6, the labelled
green arc is the image of the left-most edge of the graph I, which we will denote by (1,2) (using
the left-to-right enumeration of its vertices), under the action of oo, which swaps the points 2 and
3 anticlockwise, while the images of the other edges are concentrated in the blue shaded region.
It thus follows from Lemma 3.15 and the definition of (p(x ¢))n that (p(x.e))n 0 0187, o (n)(01) =
(B1<jcr LB (1)) © (P2 .0))a-

For ¢ > 2, we note that the action of 0,41 is supported in the subsurface containing the right-
most subgraph I, C I, (disjoint from the left-most edge (1, 2)). (This subsurface is the one whose
image under o7 is the blue shaded region of Figure 3.2.) Hence the generator 0,41 acts trivially
on the parts of the cycles representing the basis elements (wy,...,w,—1) and (jw(, ..., wp—1)
corresponding to the words wy and jwg. It thus follows from the definition of (p(x ¢))a (see (3.6))
that we have (p(x ) © 01LB(, 4)(n)(07) = (D1 <<, 1EB(1[j1,0)(3)) © (P(r,0))n for @ > 2. We have
thus verified that p(y ) is a natural transformation in Fct (23, Z[QE‘/\)@ (D)]-Mod*®).

Now, by Lemma 1.2, it suffices to check relation (1.4) in order to prove that p(y ¢ extends
to a natural transformation in Fct({(3, 8), Z] ?Ayé)(ID))]—Mod'). We consider an object n > 1, the
proof being trivial for n = 0. We note from the formula (1.2), from the composition rule (1.1),
from the fact that f is a strict monoidal structure and from the functoriality of Q%E}\’@, that
11 LB0) o ([1,id1g]) = 2%’(}74)(0;1) o £B7) ¢([1,ida]). (Here, we recall from §1.1.2.3 that we
have the canonical identification oy = b'ﬁ ,bid, defined by the braiding bf ;o 1pl =11

The map £57 ;) ([1,iday]) clearly has a similar description to that of £B7, ) ([1,id1]) in
§3.2.1, simply by adding a right-most extra edge and so replacing n with n + 1 in the defining
assignment (3.5). Specifically, the map £B7, 4)([1,idas]) is the morphism induced by the em-
bedding of I;4, into Is4,, defined by sending each edge (i,¢ + 1) for 1 < i < n to the edge
(i+ 1,7+ 2). Hence there are no configuration points on the left-most edge (1,2) of Is4,, in the
image of £B7, ;) ([1,idam]). Also, the morphism S%E‘A’@(ofl) is defined by the action of o7 *
on Iy4,, so the image of (2,3) is the green arc on the left-hand side of Figure 3.4. For each
1 < j <7, we thus deduce from Lemma 3.16 that ((p(x,¢)1m © 0180, ) ([1,id1g])) (Jwg, - - -, wn)
and 71875150 (@) ([1,id1ga]) (W, - - ., wn) are both equal to > (,)(uo, Vg, W1, ..., Wy). There-
fore, it follows from the definition of (p(r,))n and an evident induction on m (the base case

U V=W,
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m = 1 being the previous paragraph) that (B, ;<, T1£€B{xj,¢) ([, idug])) © (P(x,0))n is equal to
(P(r,0) Jmtm © 01 £B7; ) ([m, idmya]). Hence relation (1.4) is satisfied for each n € Obj(8), so Lemma 1.2
implies that p(y ¢ is a natural isomorphism on (3, 8), as desired.

For the above arguments, we stress that, whenever we deal with a twisted homological rep-
resentation functor, the action of §;£B7, , on the ground ring Z] (0 (D)] does not affect any
point of the reasoning, since @1@@ 712%6[]‘1,@) is automatically equipped with the same action
via the implicit change of rings of Convention 3.8 for each summand; see Lemma 3.7. O

Remark 3.18 There is no obvious splitting for the short exact sequences of functors (3.13). For
instance, there is an obvious splitting of (3.13) at the level of modules, given by sending each
basis element (wo, ..., wn) € T1LB 0 () for 1 < j < 7 to (jwo, ..., wy,). However, one may
check that this splitting does not commute with the action of ¢y; in particular it is not a natural
transformation of functors on (8, 8).

Applications for kernels of representations. A remarkable consequence of the short exact
sequences of Theorem 3.17 is the following inclusion (3.14) of kernels of homological representations
encoded by Lawrence-Bigelow functors, which then allows us to prove Corollary E.

We note that, by construction, any £B s (n+ 1) is a representation of B,,;1, which we may
consider as a representation of B,, by restriction.

Proposition 3.19 Whenever X' < A (see Notation 3.2) and ¢ > 1, we have an inclusion
ker(£B(y»(n+1)) C ker(£B v 4)(n+ 1)) (3.14)
of kernels of By, -representations.

Proof. By Theorem 3.17, there is an epimorphism of functors 71 £B ) o) — T1£B 5[], for any
1 < j < r. Repeating this finitely many times, we therefore obtain an epimorphism 71 £B ) ) —
71 8B\ ). Restricting to the automorphism group of the object n, we obtain a surjection of B,,-
representations £By ¢y(n+1) — £B(y ¢)(n+1), which implies the claimed inclusion of kernels. []

Remark 3.20 Inclusions of kernels of representations of B,,(5), I'y 1 and N n,1 analogous to those
of Proposition 3.19 follow by the same reasoning from the short exact sequences (3.17), (3.26) and
(3.27).

Proof of Corollary E. By hypothesis we have (2) < A, so it suffices by Proposition 3.19 to prove
that £B(2) ) (n + 1) is faithful as a B,-representation. For ¢ = 2, it is proven in [Big01] (see
also [Kra02]) that £9B ) 2)(n + 1) is faithful as a B,,;i-representation and hence, by restriction,
also as a B,,-representation. In [PS22, Rem. 4.8], it is explained how to deduce from this that
£ (2,0 (n + 1) is faithful for all £ > 2. O

3.2.3. For braid groups on surfaces different from the disc

We deal here with the short exact sequences for the homological representation functors
Lo (Xg1), 2“(‘)\,@)(29)1), £x,0)(Np,1) and ) (Np,1) of §1.3.2; see Theorem 3.24. The arguments
for our work in this section are analogous regardless of which of the homological representation
functors amongst this list we consider. For the sake of simplicity and to avoid repetition, we
thus pool the key steps and common arguments for the remainder of §3.2.3, only emphasising the
(minor) differences when necessary. Following §1.3.2 and §3.2.1, we use the standard notation
26\7@(5), where * either stands for the blank space or x = u, S is either X, ; or Ny, ; with g, h > 1,

Q@\ 2)(5) is the associated transformation group and 8° is the associated groupoid.
Furthermore, it will be convenient to consider various “cut versions” of these homological
representation functors defined on (f3, ,BS ). In fact, this definition makes sense more generally:

Definition 3.21 (Cut functors.) Let C be a category whose objects form a totally-ordered set and
in which there are no morphisms a — b if a > b. For such a category C, a functor F': C — R-Mod
and an object c of C, we define the truncation Fj>.: C — R-Mod on objects by F|>.(a) = F(a) for
a > cand Fjz.(a) = 0 for a < ¢ and on morphisms by Fi>.(f) = F(f) if the domain of f is > ¢
and Fi>.(f) = 0 otherwise.
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In the case of C = (B, ,BS>, the objects form the totally-ordered set N. This “cut” alteration is
negligible for our later study of polynomiality (see the proof of Corollary B for surface braid groups
in §4.2), while the “cut” subfunctors are much more convenient to deal with (see Remark 3.27).

From now on in §3.2.3, we assume that k£ > 2. We recall from the preliminary study of §3.2.1

that /1113?/\70(5) (n) = 0 and that 513?,\,4)(5) (n) is the free Z] ?/\76)(5)]—module with basis given by

the tuples of words (wo, w1, ..., Wgs+n—1) F A such that |wg| > 1 for each n € Obj(ﬂs). Forn > 2,
we denote by (p(x.¢))n the Z[Qf/\l)(S)]—module isomorphism (3.7), which may be written as

o~

61(L0x,0)(9)|z2)(n) — @ (T1€00 51,0 (8))22(n) (3.15)

1<isr

since the truncations do not make any difference when n > 2. We also set (p(x,¢))o to be the
trivial morphism; this gives an isomorphism of the form (3.15) for n = 0. However, for n = 1
there is no isomorphism of the form (3.15), since the right-hand side is zero, whereas we have
01(£0,0)(9)122)(1) = (117, ) (9)>2)(1) as By(S)-representations over Z[Q{, ,(S5)].

Our first goal in this section is to promote (3.15) to a natural isomorphism of functors on
(B, BS>, so we first need to correct the right-hand side on the object n = 1. To do this, we choose
a certain extension of functors, via the following lemma:

Lemma 3.22 Let M be a module over a braided monoidal groupoid G that on objects is given by the
monoid N as a module over itself. Let F,G: (G, M) — R-Mod be two functors with F(n) =0 for
n<c—1 and G(n) =0 forn = ¢ for an integer ¢ = 1. Then there is a one-to-one correspondence
between extensions of G by F, i.e. short eract sequences 0 — F — 7 — G — 0, and morphisms
G(c—1) = F(c) in R-Mod, given by evaluating the extension functor at [1,id.].

Proof. Since F and G have disjoint support, there is no choice about the action of any such
extension on objects and on automorphisms; in other words, there is a unique extension of G by F
when restricting the domain to the subgroupoid G. Lemma 1.1 describes the data and conditions
required to extend a functor out of G to a functor out of (G, M). In light of the requirement that
this is an extension of G by F, the only remaining choice is the value assigned to the morphism
[1,id.]; conversely, any such choice determines an extension. O

Definition 3.23 (An extension by an atomic functor.) Denote by (7'126’6)(5)‘22)(1) the “atomic”
functor out of (3, 8%) whose value on the object 1 is (7‘122)\’[)(5)‘22)(1) = £{,,(9)>2(2) and

whose value on all other objects is the zero module. Denote by @KKT(HSE‘AUM)(S))|>2 the
unique extension of this atomic functor by the functor @1@-@(71{)6\“]1)(S))|>2 whose value on
[1, 1d2] is:

(L85 (9)32) ([L,ids])

AI(EZ)\,@(S)|>2)(2)
_—

(T1L75,0) (5)22)(2) T1(£0),0)(9)1>2) 61(£75,0)(9)1>2)(2)

We also denote by (p(x,¢))1 the isomorphism

(Al(‘gz(x,[{)(s)@ﬁ(l))il

31(£0,0(5)122)(1) (1 ?A,Z)(S>>2)(1):< < (7126[]-],@)(5))92) (1).

1<G<r

(3.16)

Using the extension of Definition 3.23, we may now upgrade (3.15) to an isomorphism of
functors:
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Theorem 3.24 For any S =X,1 or Np1, AFk >2 and £ > 1, the exact sequence (3.1) induces
a short exact sequence

0 —— LooB)z2 — nlLhoB)z2) — B (€N —— 0 B17)

<j<r

of functors in Fet((B,8%), Z[Q ,(S)]-Mod) if x = u, and in Fet((8, B°), Z[Q(x.¢)(S)]-Mod*) if
* 1s the blank space. ’

Proof. The roadmap of this proof is similar to that of Theorem 3.17, whose arguments are reused
below for the analogous steps.

As a consequence of the above preliminary study, we already have that the evaluation of
(3.17) at any n is a short exact sequences of Z[Q, , (S)]-modules. Hence the key point is to

prove the compatibility with respect to the morphisms of (£, ,BS ). To achieve this, it suffices to
show that the Z[Q{, ,(S5)]-module isomorphisms {(p(x,¢))ataconj(ss) assemble to an isomorphism
in Fet((8, 8°),Z[Q}, ,(S)]-Mod*).

As a first step, we prove that assembling these module isomorphisms defines an isomorphism
in the category Fet(8°,Z] z)\_e)(S)]—Modﬂ, in other words that each (p(x ¢ )a is a B, (S)-module
morphism. We first consider the case where n > 2 and use the classical generating set for B, (.5),
extending the Artin generators o; of B,,, recalled in [PS24b, Prop. 4.1]. Since 74 is the left-to-right
translation-by-one operator, for each generator p € By,(5), the morphisms (7:£,;; ) (5))j>2(p) for
all 1 < j <rand 51(26’@)(5’)92)(/)) are defined by the action of the generator id;fjp on the Borel-
Moore homology classes supported on the embedded graph I, VW C Dy ,,45; see Figures 2.1a
and 2.1b. N

For p = o1, we prove that (p(x,¢))a © 01(£(y 4)(5)22)(01) = (Galgjgr(Tl’g?A[j],e)(S))\EQ(‘H)) o
(P(r,0))n by repeating verbatim the corresponding step in the proof of Theorem 3.17 which relies
on Lemma 3.15.

For p # 01, we note that the action of idifjp is supported on a subsurface containing the
right-most subgraph I, VW< C Iy ,, VW? (disjoint from the left-most edge). Hence the generator
id; hp acts trivially on the parts of the cycles representing the basis elements (wy), . ..) and (jwy,...)
corresponding to the words w(, and jw(. Using the (simpler) analogue of Lemma 3.15 similarly to
the case of p = o1, it follows from the definition of (p(x ¢))n (see (3.15) and (3.16)) that we have

(P(,0))a 001 (2‘6\7@)(5)92)(%7) = (@1gj<r(71 E(A[j]j)(s))‘?Q(p)) o (P(x,0))n-

Furthermore, the analogous relations trivially hold also for n = 0 (because £7, ,(5)|>2(0) = 0)
and for n = 1 (because the isomorphism (p(x ¢ )1 = (3.16) is B1(S5)-equivariant by construction).
We have thus verified that p(y ¢ is a natural transformation in Fct(8°,7Z] Z‘M)(S)]—Mod°).

Now, by Lemma 1.2, it suffices to check relation (1.4) in order to prove that p(y ¢ extends
to a natural transformation in Fet((8, 8%),Z[ 67@)(5)]—M0d'). We consider an object n > 1,
the proof being trivial for n = 0. We note from the formula (1.2), from the composition rule
(1.1), from the fact that § is a strict monoidal structure and from the functoriality of £f, 0 (9)>2,
that 71(£, ) (9)1>2)([1,1d1m]) = 2675)(5’)92(0{1) o £0\0)(9)1>2([1,id2z]), using the canonical
identification b'leﬁlljidn = o1 defined by the braiding bﬁlz 151 = 1h1; see §1.1.2.3.

The map £§/\7@ (9)|>2([1,1d24n]) clearly has a similar description to that of Lo (9)>2([1,1d14a])
in §3.2.1. Namely, it is the morphism induced by the embedding of I; 4, into Ioy,, defined by send-
ing each edge (i,i+1) for 1 <14 < n to the edge (i+1,7+2), and by the identity on the wedge W*.
In other words, it is explicitly obtained by replacing n with n+ 1 in the defining assignment (3.5).
Then, applying Lemma 3.16 with the illustration of Figure 3.4 and by an evident induction on m,
the corresponding reasoning in the proof of Theorem 3.17 repeats mutatis mutandis here, proving
that (p(x,6)) g © 81(L05, ) ()152) (1, idatn]) = (D1 (712005, (S)) 2 ilm]) ) © (P for
eachm > 1 and n > 2. The analogous relation follows in the exact same way for n = 1, the point
being that @ ¢; <, (T1€0,(;.0)(9))1>2([1,1d2]) = 6:1£7; 4),52([1,1d2]) 0 ALy, 1)52(1). In addition,
this relation also holds trivially for n = 0 because 26\,4)(5)‘22(0) = 0. Hence relation (1.4) is sat-

isfied for each n € Obj(ﬁs), so Lemma 1.2 implies that p(, ) is a natural isomorphism on (3, ,BS>7
as desired.

38



In the above arguments, we stress that, whenever we deal with a twisted homological repre-
sentation functor, the action of 61 (£, ;)(5)>2) on the ground ring Z[Q(x,r)(S)] does not affect any
point of the reasoning, thanks to the implicit change of rings of Convention 3.8. O

Corollary 3.25 For any S =Xg1 or Np1, AF k> 2 and £ > 1, the short exact sequence (3.17)
induces a short exact sequence

0—— 'S?A,f)(s)|>2 E— (T1£E‘/\’4)(S))|>2 —_— @ (7'12()\ i1, €)<S))|>2 — 0 (318)

1\\

of functors in Fct((,B,BS>,Z[Q’(‘A7€)(S)]—M0d) if x = u, and Fct((ﬂ,ﬂs>,Z[Q(,\j)(S)]—Mod') if %

is the blank space.

Proof. Tt straightforwardly follows from the definition of 7y and from Definition 3.21 that the
cut functor (11£f, ,(5))j>2 is a subfunctor of 71(£f ;)(5)>2): namely, the associated natural
transformation i: (11£7, ;) (5))|>2 < T1(£(, ;) (9)>2) is defined by the identity on the objects n > 2
and 0, while iy : 0 — £7 ;) (5)(2) is the zero map. Furthermore, since the objects of (8, B°) form the
totally-ordered set N, modlfylng the natural transformation zl£( ) (S) by assigning the zero map
for n < 1 defines a natural transformation (i1£7, ,)(5))j>2: £ »)(9)jz2 = (T1£]} 4)(5)|32). We
deduce from these definitions that the composite iHO((i12(>\ () z2)n is equal to (i1 (£7y 4)(5)>2))n
for n > 2 (which is the left-hand map in the exact sequence (3.17)), while it is the zero map for
n < 1. The result thus follows from Theorem 3.24, by using the universal property of a cokernel
and the definition of @1<]<T(n£()\ 1.0 (9))>2- O

Remark 3.26 Similarly to Remark 3.18, we note that there is no obvious splitting for the short
exact sequence of functors (3.17).

Remark 3.27 We conjecture that Theorem 3.24 holds also for the functors £7, e)(S ), i.e., without
truncating to the functors £f, , (5)|>2 via Definition 3.21. For the trivial partition A = (k), we
have verified this for the functor £((x),2)(2Xg,1) for each k > 2 by using explicit formulas for the
action of B, (X, 1) from [PS]. However, it seems significantly more difficult to prove this in general
for any ordered partition .

3.3. For mapping class group functors

We construct here the short exact sequences for the functors associated to mapping class groups
defined in §1.3.3, i.e. the functors (1.17) and (1.18), as well as their vertical-type alternatives, for
any Ak > 2 and £ > 1. The results in the classical (i.e. non-vertical) setting are in §3.3.2, those
in the vertical setting in §3.3.3, preceded by preliminary work and diagrammatic lemmas in §3.3.1.

The arguments being analogous for orientable and non-orientable surfaces, we pool the key
steps and common arguments for these two cases. Following Notation 1.10, we use the generic
notation § for either T 2 % ; or M = Ny ;, MCG(8"") for either T, ; or N 1, 26\’@) for any one

of the functors (1.17) and (1.18), £73" (\,¢) for the vertical-type alternative, Q7 Z)( ) for the associated

transformation group and M for elther M3 or M3

3.3.1. First properties and diagrammatic arguments

For the purposes of §3.3.2 and §3.3.3, we begin by proving qualitative properties of the repre-
sentations, including a disjoint support argument in the case of boundary connected sums of two
surfaces and some calculations of the actions of various braiding actions.

Let us first focus on the classical (i.e. non-vertical) setting for homological representation
functors. We follow the notation of §2.2 and consider, for each n € Obj(M), the mapping class
group MCG(8*) representation 2(/\ 0 (n) = HEM(C\ (8% \ 1);Z] o) (8)]) where Z[Q7 ) (8)] is
the rank-one local system explained in the general construction of §1.2. We recall that we introduce
model graphs W? and Wif in Notation 2.7, which are illustrated in Figures 2.1c and 2.1d. Let
us write W8 := W3 in the orientable setting and W% := W) in the non-orientable setting. By
Proposition 2.6, the Z[QF, , (8)]-module £7, , (n) is free with basis indexed by labellings of the
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embedded graph WS C 8% by words in the blocks of . In other words, the basis is the set of tuples
w of the form (2.7) if $ = T and (2.8) if § = M (ignoring the initial tuple of words corresponding
to the linear part of the graph, which does not exist in the mapping class group setting).

Boundary connected sums. We will use the following general principle for representations of
the mapping class group of a surface that splits as a boundary connected sum. Let £y ¢y be either
2(*>\_ ¢ Or its vertical-type alternative S?/’\Ug). We recall from §1.1.2.2 that each object n of M is the

surface 8i™.

Lemma 3.28 Letn,m € Obj(M). Let w be a basis element (see Notation 2.20) of the representa-
tion £ ¢)(nim), using the bases described in §2 and write the tuple w as w = (W', w"), where the
entries of w' correspond to arcs supported in 8 and the entries of W' correspond to arcs supported
in 8%, Then, for o, € MCG(8¥™), the element ﬁ(kyg)(idnhgom)(w) is a linear combination of basis
elements of the form (w',v"), where v'' runs over all possible labellings of arcs supported in 8¥™.

Proof. As in the proof of Lemma 3.15, we prefer to denote by ey, (rather than w) the basis element
corresponding to the tuple w for the sake of clarity. Let e, be an arbitrary dual basis element
and write v = (v/,v"”) similarly to the decomposition w = (w’,w”). It suffices to show that
<}A3()\75) (idnhn)(ew), €%) = 0 unless v/ = w’. To see this, recall that the homology class ey is
represented by some configurations on embedded arcs in 84"*+™) Since idyi¢n, by construction, is
supported in 8%, the homology class Q( A0 (idnfn) (ew) may be represented by some configurations
on embedded arcs that are identical on the boundary connected summand 8 to those representing
ew. The intersection pairing with e/, must therefore be zero unless v/ = w’. O

Interaction with the braiding. To discuss elements of mapping class groups that act by
“braiding” handles or crosscaps of the surface n = 8%, it is convenient to pass, in this section,
to a different way of representing 8" diagrammatically. Instead of a rectangle to which we have
glued a finite number of strips (as in, for example, Figure 2.1), we will represent this surface as
a rectangle from which we have either erased the interiors of 2¢g discs and glued their boundaries
in pairs (when considering 879 = Y,1) or erased the interiors of h discs and glued each resulting
boundary component to itself by a degree-2 map (when considering 8% = Np.1).

Each basis element w of the representation £7, ,(n) (see Figures 2.2c and 2.2d) looks as
illustrated in Figure 3.5 in this picture, where we have also included explicit choices of tethers
(see §2.4), i.e. paths from the base configuration to a point on the submanifold representing the
homology class. Similarly, we denote by w" the basis elements of the vertical-type alternative
representations 2&% (n) (see Figures 2.3c and 2.3d), which look as illustrated in Figure 3.6 in this
picture, where again we have included explicit choices of tethers.

Notation 3.29 We denote by o; € MCG(8") the mapping class illustrated in Figure 3.7: it
braids the left-most two handles if § = T and it braids the left-most two crosscaps if § = M.

Lemma 3.30 The following identities hold in £, , (n) for £ > 1:

o ([, 2], [ws, wa), . . ) = ([w3, w4], [@, 2], ...) (3.19)
O—l_1 (([g]a[WQ]v)) = ([w2]7[®]7"') (320)

and in £\ ;) (n) for €' <2 (recall that £, 1y = 21&}[) by Lemma 1.13):

o1 (([@, @], [wg,w4]7 .. )U) = ([’wg7 w4], [@, @], .. .)U (3.21
01 (([@}’[w2]7.,,)v) = ([wﬂv[@]v'”)v (322

Proof. Equations (3.19) and (3.20) are clear from the diagrams of the basis element (see Figure 3.5
and the action of o1 (see Figure 3.7), using the facts that the label(s) corresponding to the left-mos
handle or crosscap are empty and that the tethers are the same up to homotopy.

On the other hand, we see from the diagrams that the left-hand side of equation (3.21) is equal
to the element illustrated in Figure 3.8a. This differs from the right-hand side of equation (3.21)

o+ ~— ~— ~—
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(a) The orientable case.
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(b) The non-orientable case.

Figure 3.5 Another perspective on the basis elements depicted in Figures 2.2c and 2.2d.

w2 P W I DY

(a) The orientable case.

(b) The non-orientable case.

Figure 3.6  Another perspective on the basis elements depicted in Figures 2.3c and 2.3d.
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(a) The left-hand side of equation (3.21). (b) A loop given by the difference of two tethers.

Figure 3.8 The left-hand side of equation (3.21) differs from the right-hand side of equation (3.21) by
the scalar in Z[Qx 2)(T)] given by the image in Q(x 2)(T) of the loop illustrated on the right.

only in the choice of tether. As explained in Lemma 2.22, changing the tether has the effect of
multiplying the homology class by the unit in the ground ring given by the monodromy action of
the based loop of configurations given by the difference between the two tethers. In our setting, the
monodromy action is the quotient onto Qy ¢ (T) followed by its inclusion into Z[Qx ¢)(T)]*. We
therefore need to show that this based loop of configurations, which is illustrated in Figure 3.8b,
projects to the trivial element of the group Qx,¢)(T). This is obvious for £ = 1 since the group
Qx1)(T) is always trivial. For ¢ = 2, we recall from Lemma 1.21 that Q(x2)(T) is simply a
product of copies of Z/2, one for each block of A = (A1,...,\;) with \; > 2. The projection onto
Q(r,2)(T) records the writhe (modulo 2) of each block of strands (in a surface of positive genus
the writhe is only well-defined modulo 2). It is clear that the writhe of the loop of configurations
illustrated in Figure 3.8b is trivial for each block. This establishes equation (3.21).

We argue similarly for equation (3.22). (Again, the case ¢/ = 1 being obvious, we just consider
¢’ = 2.) The left-hand side is equal to the element illustrated in Figure 3.9a, which differs from
the right-hand side only by its choice of tether; the difference between the two tethers forms the
based loop of configurations illustrated in Figure 3.9b. We therefore just have to show that this
projects to the trivial element of the group Q(» 2)(M). This time the group Qx,2)(M) is a product
of ' + r copies of Z/2, where r’ denotes the number of blocks of A with \; > 2; see Lemma 1.21.
The first ' copies of Z/2, in the projection to Qx,2)(M) of a loop of configurations, record the
writhe of each block of strands; see [PS24a, Prop. 1.1]. The remaining r copies of Z/2 record, for
each block of strands, the number of times modulo 2 that a strand from that block passes through
a crosscap; [PS24a, Prop. 1.1]. As before, it is clear that the writhe of the loop of configurations
illustrated in Figure 3.9b is trivial for each block; thus the first ' coordinates of its projection to
Q(r,2)(M) are zero. Moreover, each strand in this loop of configurations passes around a crosscap
an integer number of times, which corresponds to passing through a crosscap an even number of
times; thus the last r coordinates of its projection to Q(A?g)(M) are also zero. This establishes
equation (3.22). O

Remark 3.31 Equations (3.19) and (3.20) of Lemma 3.30 hold for all £ > 1. On the other hand,
we used the explicit structure of the quotient group Q(x 2)(8) (and the fact that @y 1)(8) is trivial)
to prove equations (3.21) and (3.22). For ¢’ > 3 the proof shows that these equations hold up to
a unit scalar, which is the image in Q) ¢)(8) of the loops in Figures 3.8b and 3.9b for § = T and
8 = M respectively. We do not know whether this scalar is trivial in these cases.
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(a) The left-hand side of equation (3.22). (b) A loop given by the difference of two tethers.

Figure 3.9 The left-hand side of equation (3.22) differs from the right-hand side of equation (3.22) by
the scalar in Z[Q,2)(M)] given by the image in Q( 2)(M) of the loop illustrated on the right.

Remark 3.32 We will view equations (3.21) and (3.22) as being statements about the action of
(o7 H = o1, where (—)T is the operation that inverts the braiding of a braided monoidal category;
see the beginning of §1.1.

Preliminary study of the difference functor. Similarly to £, ,(n), the MCG (8%)-module
7180\ ) (n) = HPM(CA(88H™) (1) Z] ?/\,Z)(S)]) is a free Z| W) (8)]-module with basis indexed
by labellings of the embedded graph W$ n C 8(+7) by words in the blocks of A. Recall from
Lemma 1.11 that the image of the morphism [1,idy]: n — 1fn of (M, M) under £{) ¢) Is the map
HEM(CA(8" 1) Z] o)) — HEM(C)\(85047) (1), Z] (0 (8)]) induced by the inclusion of
configuration spaces C (81~ I) < C(871+™) \ T) coming from the boundary connected sum with
the left-most copy of 8. It thus follows that the map Sfx,z)([lvidlhn” is the injection defined on

basis elements by adjoining the empty word as the label of the left-most edge, or edges, of W¢ s
explicitly given by

(3.23)

{([wl,wg], ey [wgn_l,wgn]) g ([@7®], [wl,wg], ey [’wgn_l,wgn]) lfS = T,
([wl]v""[wnbH([g]a[wl]a"'v[wn]) if § =M.

Hence £1£7, ;(n) = 0 and 0:£7, ;) (n) is the free Z[QF, , (8)]-module with generating set given by
the tuples ([wo, w{(], [w1,wa], ..., [wan—1,way]) such that |we| + Jwy| = 1 if § = T, and the tuples
(fwo], [wi], ..., [wn]) such that |wo| > 1 if 8 = M. Then, we define a Z[QF, , (8)]-module injection

(ALL p)nt 01£05 0 (m) = 1L, ) (n) (3.24)

by sending each generating tuple w = ([wo], [w1], ..., [wa]) of 6:£7, ,(n) to itself in 71 £7 ;) (n).

Difference functor decomposition. From now on in §3.3.1, we assume that k£ > 2. In order
to identify 0:£7, () (n) in terms of some £y, , (n) where A" < A, we define some Z[Q, ,(8)]-module
morphisms depending on 8 as follows.

For 8 = T. For each object n > 0, we have to define several injections into 6; £f »(T)(@).
First, for each fixed pair of positive integers (j1,j2) such that 1 < j1,j2 < r, we define an injection

EEINTRAN) (T)(@m) < 0:£7, »(I')(n) by mapping each element ([wy,ws],. .., [won+1, wan42]) to
([jrws, jowa), ..., [wont1, wante]). We denote by (i(/\)g)(I‘))I{{\_ﬂ the direct sum over 1 < jy,j2 <7

of these injections.
Furthermore, we introduce two subfunctors of 71 £, ; ,(I') (see Proposition 3.33), in order to

define some more injections into d; £, /) (T')(n). For each object m > 0, let 7'1,8?)\[]-]1[)(1-‘)[_,@] (m) and
7180 j1,0) (D) 12,-1 (m) be the free Z[Q{, ,) (T)]-modules with basis all the generators of 71 £, ;; ,) (') (m)
of the form ([wy,2],..., [Wam+1, Wam+2]) and ([F,wa)],. .., [Wam+1, Wam+2]) respectively. These
modules are direct summands of 71 £7, ;) Z)(l") (m).

Proposition 3.33 By gathering the Z[Q{, 4 (T)]-modules {T1£7,;; (L) o] (m)}meObj(M;) and
{712?)\[3.]1)(1")[@7_] (m)}meObj(M;) respectively, and with the assignment of the functor T1.£7,; »(T)
on the morphisms of (M3, M), we define functors 718010 D)i=.2) and 11.£0, ;) ) (D)2, of the
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category Fet((M3, M3),Z[ 0\ é)(T)]—Mod'). Moreover, these are direct summands of the functor
1010 (1)

Proof. We focus here on the proof for 7 £7, 0)(I)[—, 27, that for GETNE (T')|z,—) being a mutatis
mutandis replication. For each m > 0, we denote by i|_ z)(m) (resp. p|_ z)(m)) the canonical injec-
tion (resp. projection) associated to the direct summand 717, ;) ) (T)[— 2] (m) of 71L7 ;1 o) (L) (m).
Forall ¢ € I'n, 1, it follows from Lemma 3.28 that £7, , (I')(idy fi) does not affect the first two en-

tries of each generator ([wy, @], ..., [Wami1, w2m+2]) so the image of the composite T1£( A, Z)( )(p)o
il_,g](m) belongs to the module 71£7, ;) (') z)(m). We deduce that the Z[Qf 0 (T)]-modules
{12810 (D)1-,01 (@) baeobjmty define a functor m.L8, 1 ) (T)- 010 M3 — Z[Q(, ,(T)]-Mod® by

assigning the I',, 1-module structure of 7'113(/\[]],4)( )(m) for each m> 0.
We now extend the functor 71£7,; ;) (I')[— o) along the inclusion Mg = (M3, MF). Re-
call from (1.2) th+at €00, o(T)([1,id1a]) = f)\[jw)(l")( Ho L, o(T)([1,id2g]), where o1 =
by, 12 hid, and b1 ;2 is the braiding of M (see Figure 3.7). Note that N (T)([1,1idoyn]) has a
similar description to that of £7,; ,(I')([1,1d1]), by simply replacing n with n + 1 in the defin-

ing assignment (3.23). Then, we deduce that (26[3] »()([1, ithm]))([uq, D, .., [Womt1, Wom42]) I8

equal to ([@, @], [w1, D], ..., [Wam+1, Wam+2]) for each element of 74 £ Ol e)( )[—,2](m). So it follows
from equation (3.19) of Lemma 3.30 that T1£f,\[j]7g)(r)([1,idmm])([wl, a],. [w2m+1,w2m+g]) =
(w1, 2], [2,9], ..., [Wemt1, wom42]), and thus belongs to 1 £7, ;) (F)[_7g](1hm). Relation (1.3) is

then automatically satisfied since 71£(,;; ) (T) is a functor out of (MF, MF); it thus follows from
Lemma 1.1 that 7'1,8?)\[?72)(11)[_’@] extends to an object of Fet((M3, M), Z[ o (T)]-Mod®).
Finally, a straightforward adaptation of the above reasoning proves that all of the projec-
tion maps {p[_ e (m)}meObj( M) are equivariant with respect to all of the morphisms of the cate-
gory (M3, My). Therefore, the subfunctor 73 £f,; (T)[- o] is a direct summand of the functor

18010 () H

Now, for each 1 < j < r, we define an injection 7—1;8()\[]-])@)(1-‘)[,’@] (n) — 5122‘/\35)(1") (n) by map-
ping each element ([wl, D, ..., [Want1, Wanya]) to ([Jwr, D], ..., [Want1, Want2]), and an injection
RN 0(D)ie,—1(n) <= 6.£7, ,(T')(n) by mapping each element ([&,ws],..., [w2n+1,w2n+g]) to
([, jwa), ..., [want1, wany2]). We denote by (iy,¢ (D)
two injections, and by (i(x,¢)(T"))x the direct sum of the maps (i(A’Z)(I‘))i/\fl} and (i(y g)( )){)‘ 2,
Finally, we use the notation 71 £f, ;; (T')(g for the subfunctor T L80\j1.0) (T)—.2 EBTyQ(/\[]],e)( )[g’,]
of 71.£7551,6(T)-

For § = M. For each 1 < j <r and each n > 0, we define an injection 71 £7, (N)(n) —
512(*>\,€)(N)( n) by mapping each element ([wils ..., [wny1]) to ([jwi],- .., [wnt1]). We denote by
(i(n0 (NV))a the direct sum over 1 < j < r of these injections.

the direct sum over 1 < j < r of these

Notation 3.34 To abbreviate and unify our notation, we set (i(x))a to be the map (i(x ¢ (T'))a
when 8§ =T, and the map (i(y,¢)(N))a when 8§ = M. We also denote by €, 1L, 4 the functor

(B1ej, josr L0 []1 il 2)(I‘)) ®(D1cicr 712?/\[3.]1)(1")[@]) for the case when 8§ = T, and the functor
Dicj< 718010 (N) for the case when § = M

An elementary check of the bases of 6, £7, , (n) and D, 1L\ 1) (n) shows that the morphism
(i(n,))n is an isomorphism of (free) Z[QY, ,(8)]-modules for each n > 0:

(ir0))n @ng(”) ) — 6180 (@) (3.25)

A similar study to the above holds in the vertical setting. Namely, Proposition 2.9 provides
Efu)(n) with the analogous free Z[Q{, 0 (8)]-module structures, indexed by the set of tuples la-
belling the embedded “vertical” graphs modelled by Figures 2.3c and 2.3d. The above reasoning
then repeats mutatis mutandis to provide an analogous isomorphism (ify , )a to (3.25).
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3.3.2. Classical homological representation functors

We prove here Theorem A for the homological representation functors of mapping class groups
in the classical (non-vertical) setting. Following our notation so far in §3.3, we make all further
reasoning, as much as possible, on the (generic) functor SE‘/\,Z), which denotes any one of the
functors (1.17) and (1.18).

Theorem 3.35 For each ordered partition \ - k > 2, each integer £ > 1 and % either the blank
space or * = u, the exact sequence (3.1) induces the following isomorphisms in the functor cate-
gories Fet((M$, M), Z] o) (T)]-Mod®) and Fet({(M35, M3 ),Z] o) (M)]-Mod®) respectively:

€M =Lh M@ | D i@ | @ | D nthyy@ie |, (320
1<j1,j2<r 1<j<r

7'12?,\75)(-’\/)% f,\x)(-’v)@ @7—1’8?}\[3‘],2)('/\[) . (3.27)
1<j<r

Proof. As a consequence of the above preliminary study of §3.3.1, it suffices to show that the
Z{Q{ ) (8)]-module isomorphisms {(i(x¢))a}neonjm) (see (3.25)) assemble into an isomorphism
ineg: @yl = 01£7) ) In Fet((M, M), Z] o) (8)]-Mod®), while the Z]| o) (8)]-module
injections {(ALL7, Z))n}neObJ( M) (see (3.24)) assemble into a natural transformation that is a sec-
tion of A1£E‘>\7Z).

First, we prove the commutation of (i ¢))a and of (A;.SE()\,[))D with respect to the action of
MCG(8""). For each element p of MCG(8"") and for each direct summand 1L, 4 of the source
of (ipx,0)a (see (3.25)), the morphisms 0:£7, , (p) and 71£7,, ;) (p) are induced by the actions of
SfA,e)(idl ip) and of 2(*)\,%) (idstp) respectively on the Borel-Moore homology classes supported on
the embedded graph W§,, C 8*1+™) Tt follows from Lemma 3.28 that the actions of Lo (id4Hp)
and of £f,, ; (id1p) do not affect the first two (if 8 = T) or one (if § = M) entries of a tuple
corresponding to a generator. Since (i(y,¢))a and (AL£7, e))n both only affect the first two (if § = T)
or one (if 8 = M) entries of a tuple by their definitions, we deduce that 6L, 5 (p) © (in,0)a =
(i,e)n 0 Dy 11L0y ) (p) and (ALLF, p))a 0 0187, () = 1LYy 4)(p) © (ALL], f))n- Therefore, the
morphisms {(i(x,¢))a }acobjm) and {(ALLF} ;) )atneobjm) define natural transformations iy ¢) and
ALEL 4 in Fet(M, Z[QF, ,)(8)]-Mod®).

Now, by Lemma 1.2, it suffices to check relation (1.4) in order to prove that i(y ¢ and A’IQ’(A’E)
are actually natural transformations of functors on (M, M). We consider an object n > 1,
the proof being trivial for n = 0. We note from the formula (1.2), from the composition rule
(1.1), from the fact that f is a strict monoidal structure and from the functoriality of 26\70, that
T1L7y o) ([1,ida]) = E‘)\}Z)(ofl) 0 £, o) ([1,1dag]), where o1 € Auta(3584S™) is the element b4 hidy,
defined by the braiding b : 151 = 141 (see Figure 3.7). Note that £\ ¢ ([1,1d2g]) has a similar
description to that of £7, , ([1,id1a]), by simply replacing n with n + 1 in the defining assignment
(3.23). More precisely, it is the map induced by the embedding of W$ ., into WS ., given by
sending the ith edge (S* — pt); to the (i + 2)nd edge (S* — pt);yo (if 8 = T) or the (i + 1)st edge
(S' — pt)ig1 (if 8§ = M). In particular this implies that, in the image of L1y 0 ([1,1d2ga]), there are
no configuration points on the two first edges (S' —pt); and (S! —pt), if § = T or on the first edge
(S' — pt); if § = M. Then the morphism 26\}6)(0171) corresponds to the action of o7 ! on WS ..
It therefore follows from equations (3.19) and (3.20) of Lemma 3.30 that for any generator w
of Dy 11L(y ) (@), both 61 £7, 4 ([1,id1zn])((ix,0))n(W)) and (i(x,e))140(Dy 71€05 ) ([1,1d1m]) (W)
are equal to o((i(x,¢))a(W)), where o denotes the operation

{([wl,wg], [w, wa), ...) — (w1, ws], [@, D], (w3, wa],...) ifS=T
([w1], [wa], . ..) — ([w1], [2], [wa], .. .) if § = M.

The same arguments using Lemma 3.30 also prove that 71 £, ,([1,1d1]) (AL L7, ))a(W')) and
(ALL ¢))140(61£7) 4)([1,id15a]) (W) are both equal to o(w’) for any generator w' of 6;£(, /) (n).
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It then follows from the above equalities and induction on m > 1 that the collections of morphisms
{(in,0))atneonjm) and {(ALL], ))ntneonjm) commute with the action of [m, idgga] for each m > 1.
Hence relation (1.4) is satisfied for all n € Obj(M) and Lemma 1.2 implies that i(5 ;) and A’IQAE)
are natural transformations of functors out of (M, M). In particular, we deduce that i(y s is an
isomorphism in Fet((M, M), Z[Qf, , (8)]-Mod®) between the functors 61 L7y o) and Dy 11 L7y
Also, it follows from the definition of (AL, ,))a (see (3.24)) that (A1€7, 4)a o (ALL], ) =
1d51L*A @) and so AJL7, ) is a section of ALy, ;) in Fet((M, M), Z[QF, , (8)]-Mod®). Since
£1L0 ) =0 (because i1(2f)\75))n is clearly injective for each n € M; see (3.23)), we deduce that
the exact sequence (3.1) is a split short exact sequence, which provides the isomorphisms (3.26)
and (3.27).

In the above arguments, whenever we deal with a twisted homological representation functor,
we stress that the action on the ground ring Z[QF o) (8)] does not affect any of the above reasoning,

since 2()\,2) and @, 1L ()\,’2) are equipped with the same action as 7122‘)\’[) via the change of rings
operation of Convention 3.8; see Lemma 3.7. O

3.3.3. Vertical-type alternatives

We now deal with the vertical-type alternatives of the homological representation functors
for the mapping class groups of surfaces introduced in §1.3.3. We consider the functors 2’(&7 Z,)(I‘)
for orientable surfaces and the functors L0, e')(N ) for non-orientable surfaces, only for ¢ < 2.
(We recall from Lemma 1.13 that SE}A,Z’) = S?fé,) in this case.) In particular, we do not con-
sider the functors £f, /) (N) with £ > 3 for non-orientable surfaces. This is because the proof
of Theorem 3.36 below relies on the identities proven in Lemma 3.30 using the specific structure
of the transformation groups Q(x 2)(T) and Q(y 2)(M) (see Lemma 1.21); in contrast, the groups
Q0 (M) are not known for £ > 3. We however conjecture that all of the following arguments,
including the results of Theorem 3.36 and Theorem C, also hold for ¢ > 3.

Theorem 3.36 For each ordered partition A b k > 2, the exact sequence (3.1) induces the anal-
ogous isomorphisms to (3.26) and (3.27) for the functors SE’A’l)(F), 26)2)(1"), 21(’)\71)(./\/) and
27(/\,2)(./\[).

Proof. We fix ¢/ € {1,2}. The analogous isomorphisms to (3.26) and (3.27) for the vertical-
type alternatives follow mutatis mutandis from the proof of Theorem 3.35 by defining analogues
(i(x,0))n and (AL, 4))a to the morphisms (iy,¢))a and (AL(y¢))a for each n € Obj(M). The
proof that these deﬁne natural transformations i, ,,) and A1£Y, ;) in Fet(M, Z[Q(» ¢)]-Mod) is a
verbatim repetition of the first part of the proof of Theorem 3. 35, again using the disjoint support
argument of Lemma 3.28. Then, the proof that 1( ) and A 2( A0y are natural transformations
in Fct((MT, M1), Z[Q(x,¢)]-Mod) is the same as the second part of the proof of Theorem 3.35,
except that we now use equations (3.21) and (3.22) of Lemma 3.30 to understand the action of the
braiding. O

Remark 3.37 We could define the functors €7, |,(T'), £{, 5(T'), £f) ;)(N) and £f, , (N) on the

categories <M3‘,M§'> and (M5, M5 ) respectively (i.e. without the opposite convention for the
braiding of M5 induced by the T endofunctor; see §1.3.3). However, in this setting it is not clear
that there are isomorphisms analogous to (3.26) and (3.27).

4. Polynomiality

In this section, we recollect the theory of polynomial functors in §4.1, then prove in §4.2-§4.3
the polynomiality results of Corollary B and Theorem C, and finally prove Corollary F in §4.4.
4.1. Notions of polynomiality

We review here the notions and basic properties of strong, very strong, split and weak polyno-
mial functors. The first definitions of polynomial functors date back to Eilenberg and Mac Lane
in [EMb54] for functors on module categories. This notion has progressively been extended to deal
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with a more general framework, and has been the object of intensive study because of its applica-
tions in representation theory (see Djament, Touzé and Vespa [DTV19]), group cohomology (see
Franjou, Friedlander, Scorichenko and Suslin [FFSS99]) and homological stability with twisted co-
efficients (see Randal-Williams and Wahl [RW17]). In particular, Djament and Vespa [DV19, §1]
introduce the notions of strong and weak polynomial functors in the context of a functor category
Fct(C, A), where C is a symmetric monoidal category where the unit is an initial object and A is
a Grothendieck category (see the definition below). They are then extended to the case where C is
pre-braided monoidal in [Soul9; Sou22], which also introduce the notion of very strong polynomial
functor. See also [Pall7] for a comparison of the various instances of polynomial functors. All these
notions extend verbatim to the present slightly larger framework from the previous literature on
this topic (see [Sou22, §4] for instance), the various proofs being mutatis mutandis generalisations
of these previous works. We also define the notion of split polynomial functor, a particular kind
of very strong polynomial functor, following an analogous notion from [RW17].

For the remainder of §4.1, we fix a strict left-module groupoid (M,1t) over a braided strict
monoidal groupoid (G, f,0) satisfying the same assumptions as in §3.1.1: (G,H,0) has no zero
divisors, Autg(0) = {ido}, M and G are both small and skeletal, have the same set of objects
identified with the non-negative integers N with the standard notation n to denote an object, and
both the monoidal and module structures f are given on objects by addition. For example, one
quickly checks that all of the examples of M and G defined in §1.3 satisfy all of these assumptions.
We also consider a Grothendieck category A, i.e. a cocomplete abelian category, which admits a
generator, and in which filtered colimits of exact sequences are exact. In particular, we recall from
[Gro57, §1.7, d)] that the functor category Fct((G, M), A) is a Grothendieck category.

Strong, very strong and split polynomial functors. The category of strong polynomial
functors of degree at most d € N, denoted by Pol5"((G, M), A), is the full subcategory of
Fct((G, M), A) defined by Pol5"((G, M), A) = {0} if d < 0 and the objects of Pol5"((G, M), A)
for d € N are the functors F such that the functor 6;(F) is an object of Poli", ((G, M), A). The
smallest integer d € N for which an object F' of Fet((G, M), A) is an object of Pol5" ((G, M), A)
is called the strong degree of F', and is denoted by sdeg(F").

The category of wvery strong polynomial functors of degree at most d € N, denoted by
VPolya((G, M), A), is the full subcategory of Pol5" ((G, M), A) of the objects F such that k1 (F) =0
and the functor d;(F) is an object of VPoly_1({G, M), A).

The category of split polynomial functors of degree at most d € N, denoted by SPoly((G, M), A),
is the full subcategory of Poli"((G, M), A) of the objects F such that the translation map
iwF: F — 7 F is split injective in Fet((G, M), A).

Remark 4.1 It follows from the definitions that split polynomiality implies very strong polyno-
miality, while very strong polynomiality implies strong polynomiality. Also, for F' an object of
Fct((G, M), A), if F is very strong (resp. split) polynomial, then its strong degree sdeg(F') is the
smallest integer d € N such that F is an object of VPolg((G, M), A) (resp. of SPoly({G, M), A)).

A valuable application of these notions of polynomiality is that of homological stability with
twisted coefficients for families of groups; see [RW17] for a detailed introduction to this notion.
Namely, let us consider any pair of groupoids M and G introduced in §1.1.2.2 and §1.1.2.3, such
that the family of automorphism groups of the Quillen bracket construction (G, M) is {B,,(S) }nen
for a fixed S € {ID, %, 1,Np1}, or {Ty1}nen, or {Ny1}nen.

Theorem 4.2 ([RW17, Theorems D, 1, 5.23, 5.26, 5.29]) Twisted homological stability holds for the
family of automorphism groups of (G, M) with coefficients in any object F of Fet({G, M), Z-Mod)
that is strong polynomial (of finite degree d € N), and for which there exists N € Obj(M) such that,
forallr € {0,...,d}, k1(07F)(n) =0 for eachn > N —r; see [RW17, Def. 4.10] for further details
on these conditions. For instance, these conditions hold whenever F' is very strong polynomial or
split polynomial.

Remark 4.3 In the case of mapping class groups of orientable surfaces, similar twisted homological
stability results to those of Theorem 4.2 from [RW17] were proven earlier by Ivanov [Iva93] and
Boldsen [Bol12].
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On another note, the target category of a homological representation functor 2(*>\ 0 is gen-
erally of the form Z| ’(k)\’e)]—Mod' (see Convention 3.4). To rigorously apply Theorem 4.2 (see
Corollaries 4.9 and 4.16), we implicitly postcompose the homological representation functors by
the forgetful functor Z[Q?)\’e)]-Mod° — Z-Mod; such operations do not affect the polynomiality
properties of 26 0

Weak polynomial functors. Let F' be an object of Fet((G, M), A). For all objects n and m of
M, it follows from a clear diagram chase, the universal property of a kernel and the 4-lemma that
the morphism [m, idnys] induces a canonical inclusion kn(F) < kg (F'). These inclusions provide
an ascending filtration on the evanescence functors {n}ncobjm). We denote by x(F) the filtered
colimit } . opi( ) Ka(£7), which is a subfunctor of F'.

Let K({(G, M), A) be the full subcategory of Fct({G, M), A) of all those objects F' such that
k(F) = F. The category K({G, M), A) is a thick subcategory of Fct({G, M), A) and it is closed
under colimits; see [Sou22, Prop. 4.6].

Remark 4.4 It would be enough to assume that A is abelian to define strong, very strong and
split polynomiality. However, we need A to be Grothendieck in order to work with the notion of
weak polynomiality and the associated quotient category of the functor category Fet((G, M), A).
Indeed, it is necessary to assume that the filtered colimits in the category Fet((G, M), A) are exact
in order to prove [Sou22, Prop. 4.6]. See also [Sou22, Rem. 4.7] for further explanations.

Therefore, the subcategory K((G, M), A) of the Grothendieck category Fect({(G, M), A) is
localising, and we may define the associated quotient category denoted by St((G, M), A), along
with the associated left adjoint quotient functor 7 g rq), which is exact, essentially surjective and
commutes with all colimits; see [Gab62, Chapitre III, §1].

For each object n of M, the translation functor 7, and the difference functor §, in the cat-
egory Fet((G, M), A) induce exact endofunctors of St((G, M), A), which commute with colimits,
respectively called again the translation functor 7, and the difference functor é,. In addition, we
have the commutation relations 6, o 7(g a1y = T(g, M) © 0n and T4 0 TG Ay = T (g, M) © Ta- Therefore,
the exact sequence (3.1) induces a short exact sequence Id < 7, — ¢, for the induced endofunctors
of St({G, M), A). Finally, the endofunctors d;, &y, 71 and 7, of St({G, M), A) pairwise commute
up to natural isomorphism coming from the braiding.

We then define, inductively on d € N, the category of polynomial functors of degree at most
d, denoted by Poly((G, M), A), to be the full subcategory of St({G, M), A) as follows. If d < 0,
Polq((G, M), A) = {0}; if d > 0, the objects of Pols((G, M), A) are the functors F' such that the
functor 6, (F') is an object of Poly—1({G, M), A). For an object F of St((G, M), A) that is polyno-
mial of degree at most d € N, the smallest integer n < d for which F is an object of Pol,,({G, M), A)
is called the degree of F. An object F of Fct({G, M), A) is weak polynomial of degree at most d
if its image m(g am) (F7) is an object of Pola((G, M), A). The degree of polynomiality of mg, v (F)
is called the weak degree of F', and is denoted by wdeg(F).

Lemma 4.5 Let F be an object of Fet((G, M), A). If F' is strong polynomial of strong degree
sdeg(F), then it is weak polynomial of weak degree wdeg(F') < sdeg(F).

Proof. The result is a straightforward consequence of the commutation relation 6% (T (F)) =
mg,m) (07 (F)) for all p > 1. -

Remark 4.6 Since each object n is equal to 17" in the category (G, M), our definitions of the
notions of strong, very strong, split and weak polynomiality are equivalent to the more classical
ones with the analogous criteria on the functors m,, d, and k, for all n € Obj(G) (instead of just
n = 1); see [DV19, Prop. 1.8], [Soul9, Prop. 3.9] and [Sou22, Prop. 4.4, (2)] for further details.

Furthermore, for a short exact sequence 0 - F — G — H — 0 in the category Fet((G, M), A),
the snake lemma induces the following short exact sequence in St({G, M), A), which is the image
of (3.2):

0— 6,1 O7T<g7M>(F) — 51'1 O71'<g7M>(G) — 61'1 O7T<g7M>(H) — 0. (41)
Finally, we recall useful properties of the categories associated with the different types of polynomial
functors, which are proven in [Sou22, Props. 4.4, 4.10] (split polynomial functors are not considered
there, but their study follows repeating mutatis mutandis this reference).
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Proposition 4.7 Let d > 0 be an integer. The categories Pol5"((G, M), A), VPola((G, M), A)
and SPolg((G, M), A) are closed under the translation functor, direct sum and direct summand.
The categories Pol5" ((G, M), A) and VPols((G, M), A) are closed under extensions. The category
Pols™ ((G, M), A) is closed under colimits. The categories VPoly((G, M), A) and SPoly((G, M), A)
are closed under normal subobjects (i.e. kernels of epimorphisms). As a subcategory of St({(G, M), A)
the category Poly((G, M), A) is thick, complete and cocomplete.

4.2. For surface braid group functors

In this section, we prove the polynomiality properties of Corollary B and Theorem C for the
homological representation functors for classical braid groups and surface braid groups defined in
§1.3.1 and §1.3.2. Throughout §4.2, we consider homological representation functors indexed by
an ordered partition A F k of an integer £ > 1 and by the depth £ > 1 of a lower central series.

4.2.1. Classical homological representation functors

We prove here Corollary B in the classical (i.e. non-vertical) setting for homological representa-
tion functors. These polynomiality results actually hold both for the standard functors (i.e. £B, 4
and £(5,¢)(5)) as well as for their untwisted versions (i.e. LB\ ;) and £{} ;) (5)).

Proof of Corollary B for classical braid groups. Following §3.2.2, we consider the functor S%f)\’g)
where x either stands for the blank space or * = u.

We first consider the case of k = 1, and so A = (1). We recall that the preliminary study of
§3.2.1 (except (3.6) and (3.7)) holds for the functor £B7) . Following Notation 3.12, for each
n € Obj(B), the By,-representation d;£B{y) ,(n) is the free Z|Q(1,¢)(ID)]-module of rank one,
with generators given by the tuples (wo, w1, ..., w,—1) such that |wo| = 1, while £ £B7 ;) ) = 0.
By expressing 01 £9B{(q) 1) ([1,1d1a]) as a quotient map of £B{) (o710 L£B71),0)([1,1d1ga]), it
follows from Lemma 3.16 and from the description (3.5) of £B7 ;) ¢)([1,id1ya]) that i1 (61 £B7(1) ))n
is an isomorphism for n > 1, while 41(31£5{(1) 4))o is the zero map. So k151 £B{(q) ) = 0, while
5%1158?(1)74) is the atomic functor whose unique non-null value is 5%2%&1))5)(0) = Z[Q{1),n(D)].
A fortiori, 2%&1)’4) is strong polynomial of strong degree 2 and weak polynomial of weak degree
1. Furthermore, it follows from the commutation property of §; with 7, that 61(7'12%2(1))5))@) =
Z] ?(1)7@ (D)] for each n > 0. By repeating mutatis mutandis the above argument, we show
that k1 (31 (11£B(1)0))) = 03 (11£B{(1),¢)) = 0, and thus 71 £B((,, 4 is both very strong and weak
polynomial, of both strong and weak degrees 1. Moreover, by applying Lemma 3.9 and then
repeating verbatim the above argument, we deduce that this polynomiality result for 2%&1)) ¢ still
holds after any non-zero change of rings operation.

Now, we proceed by induction on k > 2, reasoning on each ordered partition \ - k. First, we
consider the case of k = 2 (with an ordered partition A F 2). It follows from Theorem 3.17 that
k1 (L£B7, ) = 0, while the difference functor 0;£B7, ;) is determined by 7 £B7 ;) 4 (potentially
up to a non-zero change of rings; see Convention 3.8). By the above polynomiality results on
T1£%B((1,¢), we deduce that the functor £B7, , is both very strong and weak polynomial, of both
strong and weak degrees 2. By using Corollary 3.10 and repeating verbatim this argument, this
polynomiality result for 2%67 ¢) with A - 2 also holds after any non-zero change of rings operation.

We do the inductive step on any fixed A - k > 2. Namely, we assume that for each X € {\—1}
(see Notation 3.2), the functor S%E‘/\,,Z) is both very strong and weak polynomial, of both strong
and weak degrees k — 1, and that these properties still hold after any non-zero change of rings
operation. Since VPola((8, B), Z[Q[, , (D)]-Mod®) is closed under 74 and under normal subobjects
by Proposition 4.7, this inductive assumption implies that 7'12%6%) is both very strong and
weak polynomial, of both strong and weak degrees k — 1. Now, we deduce from Theorem 3.17
that #1£B(, ;) = 0, while the difference functor d; £B7, ,) is a direct sum of functors of the form
T1£B( ) o) where N € {\ — 1} (potentially up to a non-zero change of rings; see Convention 3.8).
Therefore, the functor E%?/\,L’) is both very strong and weak polynomial, of both strong and
weak degrees k. This polynomiality result also holds after applying any non-zero change of rings
operation by using Corollary 3.10 and repeating verbatim the above reasoning, which ends the
induction. O
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Remark 4.8 The functors £B(1),2) ® C[Z] and £B (2 2) ® C[Z?] correspond to the reduced Burau
functor Bur and the Lawrence-Krammer functor £& defined in [Soul9, §1.2]. By Corollary 3.10,
the polynomiality results of Corollary B recover those of [Soul9, Props. 3.25 and 3.33] for the
functors £B (1) 2) ® C[Z] and £9B((2),2) @ C[Z?]. Also, the corresponding key short exact sequences
using [Soul9, §1.2] (i.e. (3.13) for A € {1,2} and ¢ = 2) are proven via an alternative method,
which is more algebraic than that of Theorem 3.17.

Proof of Corollary B for surface braid groups. Following §3.2.3, we use here the notation E(/\ 0 (S)

where * either stands for the blank space or * = u and S is either 3, or Nj, ; with g,h > 1.
First, we consider the case of k¥ = 1 (with the trivial partition A = (1)) We recall that

the preliminary study of §3.2.1 (except (3.6) and (3.7)) holds for the functor £f,, ,(5). Follow-

ing Notation 3.12, for each n € Obj(8%), the Z[Q’(k(l)yg)(S)]—module Ll(1),0(9)(n) is free of rank
gs+mn—1, with generators denoted by tuples (w1, ..., Wgs4n—1), where the w; € {0,1} are integers
such that > ;<o v, qwi = 1. Also, the map i1(£7;) (5))a = £{(1) ¢ (S)([1, idlhn]) is the in-
jection defined by (w1,...,wgs4n—1) = (0,01, ..., Wgs1n—1). Hence the cokernel 6;£7, ,(5)(n)
is the free Z[Qz‘(l),g)(S)]—module of rank one generated by the element (1,0,...,0) if n > 1, while
512&1)!)(5)(0) is a free Z[QE‘(l) 0 (S)]-module of rank gs. By expressing 612€(1))€)(S)([1,id1hn])
as a quotient map of £f, Z)(S)( o L) Z)(S)([l idipm]), it follows from Lemma 3.16 that
i1(01£{(1) 4)(5))n is an isomorphism for n > 1, and a fortiori 52(Lr (1),0(9))(@) = 0 when n > 1.
Therefore, the functor 67 (£ (1), (5)) is either null or atomic (with unique non-null value being
the image of 0), and so 2(*(1)72)(5) is weak polynomial of weak degree 1. Moreover, the target of
the map i1 (7 €71y 1 (S))a is 0 for all n > 0, so 67€7,) ,)(S) = 0 and thus £7,, ,(5) is strong
polynomial, of strong degree at most 2.

Now, we prove by induction on k& > 1 that, for each ordered partition A\ + k, the functor
Ly = (11.£7, ) (5))|>2 is weak polynomial with wdeg(L) = k and strong polynomial with sdeg (L)
equal to k or k+1, and that these properties still hold after any non-zero change of rings operation.
The base case corresponds to studying the polynomiality of Ly := (7'122‘(1)7 0 (5))|>2- Repeating
mutatis mutandis the first arguments above, we deduce that 3 L1y = 0 and d;(L(y))(n) is the free
ZIQ(1),¢)(S)]-module of rank one generated by the element (1,0,...,0) if n > 1, while 6:(L))(0)
is the free Z[Q[, ,(9)]-module of rank gs + 1 on the generators (wi, ..., wgs41) with w; €
{0,1}. Viewing 61 L1)([1,1d1gn]) as a quotient map of Ly (oy Ho Ly([1, ldihn]) we deduce from
Lemma 3.16 that 41(01L(1))a is an isomorphism for n > 1. Hence we have 67(L(1))(n) = 0 when
n > 1, and the target of the map i;(67L1)) is 0 for all n > 0. Therefore, as above, the functor L)
is weak polynomial with wdeg(L(y)) = 1, and strong polynomial with sdeg(L(l)) equal to 1 or 2 by
Lemma 4.5. Furthermore, since 01 L1)(n) is a free Z[Qf, ,(D)]-module for each n € Obj(B*) and
k1 L1y = 0, we deduce that this polynomiality result for L) still holds after any non-zero change
of rings operation by using Lemma 3.9 and then repeating verbatim the above argument.

We do the inductive step on a fixed ordered partition A - k with k£ > 1. Namely, we assume
that for each A" € {A—1} (see Notation 3.2), the functor Ly := (11£7,, ) (5))|>2 is weak polynomial
of weak degree k—1 and strong polynomial of strong degree k—1 or k, and that these properties still
hold after any non-zero change of rings operation. By the inductive assumption on Ly, the commu-
tation properties of d; with colimits and with m g gsy and the right-exactness of 7 g gsy, we deduce
that the functor €, <<r Ly ;1 (as well as its versions after applying any non-zero change of rings op-
erations to each one of the L ;) factors) is weak polynomial of weak degree k—1 and strong polyno-
mial of strong degree k—1 or k. By Theorem 3.24, the difference functor 6, (26\7@) (S)|>2) is an exten-
sion of the atomic functor 71 (£7, ) (5)>2)(1) by B¢ <, Lap) (potentially up to a non-zero change
of rings; see Convention 3.8). It thus follows from the properties on extensions of Proposition 4.7
that the functor d; (Sf)\,z) (S)|>2) is weak polynomial of weak degree at most k— 1, and strong poly-

nomial of strong degree at most k. In the stable category St((8, ﬂs>, Z[Qf)\j)(S)]—Mod'), we note
that g gsy (T1(L£7; ) (5)22)(1)) = 0 because r(71(£, )(5)22)(1)) = (L], 1 (5)>2)(1). Hence

T8,85) (01(£0 ) (9)122)) = D1¢j<, T(g.ps)(Lag)) and thus the weak degree of 61(L7, ,(5))>2) is
equal to k — 1 Also, by Lemma 4.5, the strong degree of 6:(£f, ,(5)/>2) is thus k& — 1 or k.
Therefore, the functor 8( ) (8)|>2 is weak polynomial of weak degree k, and strong polynomial
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of strong degree k or k + 1. Then, by the properties on extensions of Proposition 4.7, we deduce
from Corollary 3.25 that the functor L) is weak polynomial of weak degree at most k, and strong
polynomial of strong degree at most k + 1. Since §; commutes with colimits, the inductive as-
sumption on the functors L,[; implies that 5fﬂ<ﬁ,ﬁs>(@1§j<r Ly(j1) = 0. Then, by iterating the
short exact sequence (4.1) on (3.18), we deduce that the functor 5f7r<ﬁ,ﬂs>(L>\) is isomorphic to
6f7r<ﬁyﬁs>(£2‘/\)e)(5)|>2), which is non-null since Wdeg(Ef/w)(S)gg) = k. Hence wdeg(L)) = k, and
thus sdeg(Ly) is equal to k or k + 1 by Lemma 4.5. These polynomiality results for S?A’Z)(S)@Q
and Ly also hold after applying any non-zero change of rings operation, by using Corollary 3.10
and repeating verbatim the above reasoning, which ends the induction.

In particular, we prove in the process of the induction that, for each & > 1 and each
ordered partition A F k, the functor £’(k/\’e)(5)|>2 is weak polynomial of weak degree k, and
strong polynomial of strong degree k or k 4+ 1. Now, recall from §3.2.3 that SE‘A,Z)(S) is an
extension of the atomic functor 26,@(5)(1) by 26\’@)(5)92, i.e there is a short exact sequence
Sf)\’e)(S)@Q — 2670(5) —» 2?/\74)(5)(1). By the properties on extensions of Proposition 4.7,
the functor 2?/\70(5) is weak polynomial of weak degree with Wdeg(ﬂz‘u)(S)) < k, and strong
polynomial with sdeg(!)f/w)(S)) < k + 1. Then we have 7r<ﬂ,ﬂs>(2?/\,€)(5)(1)) = 0 because
KL, (9)(1) = £0y4(9)(1), s0 mg sy (L0, 1 (5)) = mg gs)(£0y4)(S)z2). We thus deduce
that wdeg(£7, () (5)) =k, and so sdeg(£7, (5)) =k or k+ 1 by Lemma 4.5. O

Corollary 4.9 Twisted homological stability holds for the classical braid groups and surface braid
groups with coefficients in the homological representation functors of Theorems 3.17 and 3.24.

Proof. Following §3.2.1, we use the generic notation £f, ,(S) to study the functors L8], ) and
£{y,¢(8) of Theorems 3.17 and 3.24. Recall from the description (3.5) of the map i1(£f, ,(5))a
that k1 £7, ,(S)(n) = 0 for all n > 2. Then, using the commutation property of 6; with 71 (and
noting that d:(£7, ) (5)>2)(n) = 01(£7y ;) (5))(n) by (3.2) for n > 2 when S # D), it follows from
a clear iteration of the short exact sequences (3.13) and (3.17) that £1(37 £, ,)(5))(n) = 0 for all
n > 2 and all » > 0. By this last property along with Corollary B, each functor 2{/\75)(5) thus
satisfies the condition of Theorem 4.2 (as long as we choose N > 2 4 d), whence the result. O

Remark 4.10 In the above proof of Corollary B for surface braid groups, we have not determined
if the strong degree of 2(*>\ e)(S ) is k or k + 1, nor addressed the question of whether or not this
functor is wvery strong polynomial. This is actually an aftereffect of the difficulty of computing
the first entries 67" (£f, ,)(5))(0) and Ry (07 0 (9)))(0) for m > 2 with the techniques of
the present paper. Indeed, although it is not difficult to compute 6%(267@(5))@) and check that
k1(01£7, 4)(5))(n) = 0 for n > 1 via the methods of §3.2.1 and §3.2.3, the map

i1(01£75 1) (5))o: (81£7 4 (9))(0) = £75 ) (5)(1) = (01£7 4 (5))(1)

is however much trickier to study. Let us illustrate this with the case of k =1, A = (1), £ = 2 and
S = %11, for which Q((1)),2)(S) = Z* = (A) & (B) (see Remark 1.18). We recall that the generators
{[1,0],[0,1]} form a basis of £(1),2)(X1,1)(1) = Z[Z*]®2. Using the further techniques of [PS], one
may then prove that the kernel of i1(6;1L((1),2)(S))o: Z[Z?|®?* — Z[Z?] is isomorphic to the free
Z[7?]-submodule of Z[Z?)®? generated by (1 — A)[0,1] — (1 — B)[1,0], while 67(£((1),2)(5))(0) =
Z[7?]/(1 — A,1 — B). This along with the above proof of Corollary B proves that £(1)2)(21,1) is
strong polynomial of degree 2 but not very strong polynomial. Nevertheless, note that if we apply
the change of rings functor for the homomorphism ¢: Z[Z?] — Q(Z?) (where Q(Z?) is the field of
fractions of Z[Z?]), we deduce that the functor 0 £((1),2)(X1,1) is strong polynomial of degree 1. The
strong degree thus decisively depends on the ground ring of the functor in this case. Furthermore,
analogous results may be proved for more general £ (S).

In contrast, by similar work to §3.2.3 and the proof of Corollary B, it is routine to check that
the shifted-by-1 functor 71 L7, e)(S) is very strong and weak polynomial of both strong and weak
degrees k. This exemplifies how the strong polynomial degree may be heavily affected by the low
values of a given functor, thus not being optimal to describe its global behaviour, in particular for
homological stability. Moreover, this shows the interest of the notion of weak polynomiality since
it reflects more accurately the stable behaviour of functors.
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4.2.2. Vertical-type alternatives

We now deal with the vertical-type alternatives of the homological representation functors
of the surface braid groups. Following the framework of §3.2, we consider the generic vertical
homological representation functor EE‘/’\”@(S) where x either stands for the blank space or * = u,
S e {D,2;1,Np1} with g > 1 and A > 1 and the associated transformation group is denoted
by Q()\’e (S). We recall from Proposition 2.9 that, for each n € ObJ(B ), the Z[Q} o) (S)]-module
28\% (S)(n) is free with basis indexed by the set of (“vertical”) tuples w” as pictured in Figures 2.3a
and 2.3b, which has the same dimension as the (“classical”) functor £, /) (5)(n).

First of all, we focus on a significant fact about the behaviour of the functor £7; O\ Z)(S) after
applying the operation d;.

Lemma 4.11 The functor 61)38”@(,9) sends every morphism that is not an endomorphism to zero.

Proof. Recall that, by construction (see Lemma 1.11), the morphism n — 1fn of the domain
category (83, ﬂs> is sent, under each of our functors 2’{;@) (S), to the map on Borel-Moore homology
induced by the evident inclusion of configuration spaces. Since every morphism of the domain
category that is not an endomorphism factors through one of these canonical morphisms, it suffices
to show that all of these are sent to zero under 612?/’\’”@(5). In other words, we wish to show that

the map labelled by (x) in the following diagram is zero, where the rows are exact:

£ (S)(m) —— 7L (S)(n) ——— 618, (S) (@) — 0

l k l“) l(*) (4.2)

S50 (9)(11m) > T (9)(1m) —— DL ()(1m) —— 0
To do this, it suffices to show that there is a diagonal morphism making the two triangles commute.
Recalling that 7 F'(n) = F(1n) in general, we will be able to take the diagonal morphism to be the
identity as long as the two maps labelled (1) and (f) are equal (we note that the top-left horizontal
map £}, (5)(m) = 71L{};(S)(n) and the left-most vertical map £7}°,(5)(m) — £7}’,)(5)(1m) in
(4.2) are always equal by definition of the natural transformation Id — 7).

By definition of 7'128:[) (9), its action on the canonical morphism [1,idy]: n — 1bn is given by

the action of £7; \ e)(S) on the canonical morphism [1,idoy|: 1fn — 2fn composed with (P 1) iy,

where b 11 is the braiding 141 = 141 of the groupoid 3; see (1. 2) This describes the map (1); on
the other hand, the map (1) is given simply by the action of S( o) (S) on the canonical morphism

itn — 2n. It is therefore enough to prove that the automorphism b'ﬁ 1bid,, which canonically
identifies with the Artin generator oy, acts by the identity on the image of (f). This is immediate
from Figure 4.1, where the image of an arbitrary basis element w* = (wy,...,w,) under () is
depicted in green (supported on the vertical arcs) and the support of a diffeomorphism representing
the mapping class o7 is shaded in grey. Since these supports are disjoint, the action of blﬁ, ,fid, on
the image of (1) is trivial. O

Remark 4.12 It is instructive to consider why the same argument does not also show that the
functor 6, £7, ,(S) sends every canonical morphism n — 1in to the zero morphism. This boils
down to the fact that, in the analogue of Figure 4.1 for the non-vertical version £f, , (S) of the
functor, the supports are not disjoint.

We are now ready to prove the (non-)polynomiality results of Theorem C, which actually
hold for any one of these vertical-type alternatives £7; O\ 4)(5) (i.e. also for the untwisted versions).
In particular, this shows that these vertical-type alternatlves exhibit unexpected interesting be-
haviour with respect to polynomiality, which thoroughly differs from their “classical” (non-vertical)
counterparts studied in §3.2.2-§3.2.3. Indeed, they are not strong polynomial, which is a counter-
intuitive property since the dimensions of the representations encoded by each 2( i é)(S ) grow in

the same polynomial way as those of 20\ Z)(S).
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support of b?_l:idn

Figure 4.1 The support of a diffeomorphism representing the mapping class o1 = b?lhidn and the
image of an arbitrary basis element w¥ = (w1, ..., wy), shown in green, under the map (I) of (4.2).

Proof of Theorem C' for surface braid groups. By similar reasoning to that of §3.2.1, we see that

the map Ez’\f@ (S)([1,1d1pa]) is the injection defined on basis elements by (w1, ..., Wgg+n—1)" —
(@, w1,...,Wgs4+n—1)", so it follows that 5128\3)(5)@) is a non-trivial free Z[Q(, , (5)]-module

with the same dimension as 61£7, ,(5)(n) for all n > 1. Meanwhile it follows from Lemma 4.11

that 6122‘/’\7”5)(5) assigns the zero map to all morphisms of (8, 8°)(n,m) with n # m. So 511:?,7\712) (S)

is isomorphic to a direct sum of infinitely many atomic functors. It follows that 5{“22‘/’\”4) (S) # 0 for
any m € N while 7T<Bﬁs>(51£(*;’z)(5)) = 0 in the stable category St((8,8°),Z] e (9)]-Mod®),
whence the result. O

Remark 4.13 The first steps of the proofs of Theorems 3.17 and 3.24 do go through in the vertical
setting, inducing a short exact sequence of functors defined on the groupoid ,BS for each Szﬂ)(S),

analogous to (3.13) and (3.17) but only at the level of automorphism groups.

Finally, we briefly deal with the duals of the homological representations of Theorems 3.17
and 3.24. Let us consider any one of the above homological representation functors 22‘)\_2)(5).

By Corollary 2.14, the B,,(S)-representation H?(Cy(Dy,49); Z] (9] ® O) of §2.3 is the dual
representation of £f, e)(S) (n). Gathering these representations and assigning for each [m, idps| €

(B, ,BS> the evident analogue of the map tpn of §1.2.4 for homology relative to the boundary, one
may easily prove the analogue of Lemma 1.11 so that we define a functor E?/’\V@ (S): (B, B° ) —

Z{Q{, 1) (5)]-Mod®. Then the reasoning of the proof of Theorem C repeats verbatim:

Theorem 4.14 The functor S(*;\YK)(S) is not strong polynomial, but is weak polynomial of weak
degree 0.

4.3. For mapping class group functors

In this section, we prove the polynomiality results of Corollary B and Theorem C for the
homological representation functors for mapping class groups defined in §1.3.3. Following §3.3, we
use the generic notation £, , for any one of the functors (1.17) and (1.18) indexed by an ordered
partition A F k of an integer k > 1 and by the depth ¢ > 1 of a lower central series, 22‘/’\?2) for
the vertical-type alternative functor, QZA, 0 (8) with 8 € {T,M} for the associated transformation

group and M for either M5 or M .

Proof of Corollary B and Theorem C' for mapping class groups. We proceed by induction on k >
1, reasoning on each ordered partition A - k& and considering the functor 26\’ 0 First, we consider
the case of k =1 with A = (1). We recall that the preliminary study of §3.3.1 up to the paragraph
“Difference functor decomposition” holds for £3 ) ;. Hence £1£) ;) = 0, while the MCG(8)-
representation 6: £7 ) ) (n) is a free Z[Q{, ,(8)]-module of rank 1 for each n € Obj(M), with gener-
ating set given by the tuples ([wo, wp], [w1,wa], - . ., [Wan—1,Way,]) such that |wo|+|wj| =1if S =T,
and the tuples ([wo], [w1],.. ., [wy]) such that |we| = 1if § = M. By expressing 61£7 ;) 5 ([1,id1za])
as a quotient map of 2?(1),@)(‘71_1) °© £{(1),¢)([1,1d1ga]), it follows from equations (3.19) and (3.20)
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of Lemma 3.30 and from the description (3.23) of £f, ;) ([1,id1g]) that i1(61£7 ) 4))n Is an iso-
morphism for n > 0. So 5%22‘(1)’4) =0 and ,%1612)&1)’[) = 0, and thus EE‘(l 0 is both very strong
and weak polynomial, of both strong and weak degrees 1. Furthermore, the part of the proof of
Theorem 3.35 showing that the Z[Qf, , (8)]-module injections {(A]£F} /) )ntacobjim) (see (3.24))
assemble into a natural transformation in Fet((M, M), Z[Q(, ,)(8)]-Mod®) repeats verbatim for
A = (1), because Lemmas 3.28 and 3.30 also hold in this case. Then, we deduce from the definition
of these injections that (A1£7) py)a 0 (A1€{ ) ))n = id,;lg(*(l))“(n) for each n € Obj(M), and so
ALL (1)) s a section of Ay L7, ) in Fct((./\/l,M},Z[Q&l),z)(S)]—Mod'). Since £1L{(y) ) = 0 (be-
cause 41 (£{ ;) 4 ) is clearly injective for each n € M), the exact sequence (3.1) for £f,) , is a split
short exact sequence, and so 2?(1), 0 is split polynomial. Furthermore, since 6113?(1)7() (n) is a free
Z] o) (8)]-module for each n € Obj(M) and /4:12?(1)7? = 0, we deduce that this polynomiality
result for )3?(1)7 0 still holds after any non-zero change of rings operation by using Lemma 3.9 and
then repeating verbatim the above argument for the splitting.

We do the inductive step on any fixed A - k > 2. Namely, we assume that for each k' > 1
and each A" € {A — K’} (see Notation 3.2), the functor £y, , is both split and weak polynomial,
of both strong and weak degrees k — k’, and that this property still holds after any non-zero
change of rings operation. Since SPoly((M, M), Z[Q[, ,(8)]-Mod®) is closed under 7, and under
normal subobjects by Proposition 4.7, this inductive assumption implies that each functor 7'126\,7 0
and also (7‘12’{>\,,Z)(I‘))[g] in the orientable setting, are split and weak polynomial of both strong
and weak degrees k — k’, as are the versions of these functors after any non-zero change of rings
operation. Now, we deduce from Theorem 3.35 that the translation functor 71267 0 is isomorphic
to £?>\,e) @ 61261)? where (51,82‘)\12) is determined by a direct sum of functors (potentially up to a
non-zero change of rings, see Convention 3.8) of the form 71 £7,, ,) with A" € {A—1,A—2}, and also
(1100 () g] with A" € {A — 1, A — 2} in the orientable setting. Therefore, the functor £7,, ,)
is both very strong and weak polynomial, of both strong and weak degrees k. This polynomiality
result also holds after applying any non-zero change of rings operation, by using Corollary 3.10
and repeating verbatim the above reasoning, which ends the induction.

Fixing ¢ € {1,2}, the same polynomiality results follow for £Z;l) by repeating mutatis mu-
tandis the same arguments, using Theorem 3.36 instead of Theorem 3.35. O

Furthermore, we briefly deal here with the duals of the homological representations of Theo-
rem 3.35. By Corollary 2.14, the MCG(8%)-representation HY (Cy (8 \ I); Z] o (8)] ® 0) of
§2.3, for 8 € {T, M}, is the dual of the MCG(8")-representation HPM(Cy\ (8 \ I);Z] un (8)])-
Assigning for each morphism [m,idnm] the obvious analogue of the map tn, of §1.2.4 for homol-
ogy relative to the boundary, these collections of representations extend to functors EE‘S\\’/Z)(F) and
Sz/’\\j@(/\/’) of the form (MT, M) — Z][ (0 (8)]-Mod. We may then deduce analogous short exact
sequences to those of Theorem 3.36, and Theorem C repeats verbatim for these functors:

Theorem 4.15 For ¢ € {1,2}, the functors SE‘;\Y@(I‘) and 28\\2)(]\/) are split polynomial and weak
polynomial, of both strong and weak degrees k.

Finally, as a direct consequence Theorem 4.2, we deduce the following result.

Corollary 4.16 Twisted homological stability holds for the mapping class groups of surfaces with
coefficients in the homological representation functors of Theorems 3.35 and 3.36.

4.4. Analyticity of a quantum representation

Jackson and Kerler [JK11] introduce a representation V over the group ring L := Z[s*!, g*1],

called the generic Verma module, of Uy(slz), the quantum enveloping algebra of the Lie algebra
sly. Since U,y (sly) is a quasitriangular Hopf algebra, the representation V comes equipped with
an automorphism S € Auty(V ® V). This induces a B,,-representation on V®" given by sending
o; € By, toid;—1 ® S ® id,,—;—1, which we call the Verma module representation; see [JK11, §1].
For k > 0, the weight space V,, ) C V™ is the eigenspace of the action of a certain generator
K € Uy(sly) corresponding to the eigenvalue s"q~2*. The B,-action on V& restricts to a sub-B,,-
representation on V;, , for each k > 0, called the quantum representation of B,, of weight k. This
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provides a decomposition of the Verma module representation via the B,,-equivariant isomorphism:

Ve = PV (4.3)

k>0

The relation between the variables s and q and the generators ¢ and ¢ of Q(2)2)(D) = 72 =
Z{q,t) (defining the representation £B(2)2)(n)) is given by the ring homomorphism 6: K :=
Z[qﬂEl t¥1] — L defined by (gq,t) — (52, —q~2). (We note as a warning to the reader that the
notation in the literature is not consistent; in particular [JK11] and [Mar22] use different notation
from each other and from the notation used in this section, which is instead consistent with the
notation of [Big01].) In particular, L is a left K-module via ©; the change of rings operation —®xL
corresponds to adjoining square roots of ¢ and t.

A key relationship between these quantum B,,-representations and the homological represen-
tation functors studied in this paper is the following lemma.

Lemma 4.17 Forn,k > 1 there is an isomorphism of B,,-representations V,, j, = 11 £B(n) @k L.

Proof. Let D], denote the closed disc minus n interior points and minus one point on its boundary.
An alternative description of 71£%(n) is given by the twisted Borel-Moore homology of the space
of configurations of k unordered points in D/,, namely the B,,-representation HEM (Cy (DY,); Z[Z2))
over Z[Z?]. Gluing D} to D/, so that the two boundary punctures coincide induces an embedding
D!, < D14y, which in turn induces an embedding Cy (D) < Ck(D14y). This latter embedding
defines a (covariant) map on Borel-Moore homology since its image is closed, thus it is a proper
map, and Borel-Moore homology is covariantly functorial with respect to proper maps; see [Bre97,
Proposition V.4.5]. We also note that the local coefficient system that we consider on Cy (D)) is
the restriction of the one that we consider on C (D4, ). There is therefore a well-defined map

M(CL(D); Z|Z?)) — 7,£B(n) (4.4)

of B,,-representations over Z[Z?] = K. The fact that this map is an isomorphism follows from the
evident bijection that it induces on the free bases as K-modules obtained from Theorem 2.1.

We now consider the subspace C (D,,) C Ci(Dy,) of all configurations that intersect a par-
ticular fixed point on the boundary. In particular, we consider the B,-representation given by
the K-module HEM(Cy(Dy,), C;, (Dy,); K), which is introduced in [Mar22, §2]. Since Cx(D),) is
an open subspace of Cy(ID,) with closed complement C, (D)), the inclusion (Cy(D;,),d) —
(Cx(Dy), Cy (D)) is an open embedding. Relative Borel-Moore homology is contravariantly func-
torial with respect to open embeddings (since it is the composition of reduced homology with
the contravariant functor from locally-compact, Hausdorff spaces and open embeddings to based
spaces given by one-point compactification), so we have a map

Y(Cr(Dy), Cf (Dn); K) — HZM(C(D,); K). (4.5)

This is a map of B,,-representations over K since the B,-action (up to homotopy) on Cx(D,,)

preserves its partition into C, (D,,) and C%(D/,). The fact that this map is an isomorphism follows

from the evident bijection that it induces on the free bases as K-modules obtained from Theorem 2.1

for the right-hand side and [Mar22, Prop. 3.6] for the left-hand side (see also [Mar22, Cor. 3.9]).
Now, [Mar22, Th. 1.5] provides an isomorphism

Vi = HPM(CL(D,), C,, (D,); K) @k L (4.6)

of B,,-representations over L. The claimed isomorphism of the lemma is then the composition of
(4.4), (4.5) and (4.6) (tensoring the first two isomorphisms over K with L). O

Corollary 4.18 For each n > 2, there is an isomorphism of B,,-representations over L
yen o @Tlﬂ%k(n) ®x L. (4.7)
k20

We may therefore define the Verma module representation functor Uer: (B, 8) — L-Mod to
be the colimit @k>0 71 8B Qk L. This functor Yer is analytic, i.e. it is a colimit of polynomial
functors, and exponential, i.e. it is a strong monoidal functor ((8,8),5,0) — (L-Mod,®,L).
Howewver, the functor Uet is not polynomial.
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Proof. The isomorphisms (4.7) follow directly from Lemma 4.17 and the decomposition of the
Verma module representation (4.3). The analyticity of the functor et follows from its defi-
nition and Corollary B. We deduce from Theorem 3.17 (using Corollary 3.10) that 67"Uer =
Do 1B, @k L for all m > 1. Hence there is a natural embedding et < §7*Ver for all
m > 1, which proves that the functor Uer is not polynomial. That it is an exponential functor
straightforwardly follows from the isomorphism Uer(n) = V™, O

Remark 4.19 Analogous arguments to those of Corollary 4.18 may be repeated verbatim for
functors for the mapping class groups of surfaces extending the Magnus representations (see for
instance [Sak12, §4] or [Suz05] for the definition of these representations) or the representations
constructed from actions on discrete Heisenberg groups introduced by [BPS21].
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