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Introduction

L a link in R3.

’84: Jones polynomial V (L)

’00: Khovanov homology Khi,j(L;R)

’14: Lipshitz-Sarkar spectrum
∨

j χ
j(L) (independently, Hu-Kriz-Kriz)

gr -

Top
Σ∞ //

gr -

Sp
H∗(−;R) //

bi

gr -R-Mod
Euler char. // Z

[t]

Corollary
Since Khovanov homology is the cohomology of a spectrum, Khovanov homology with
coefficients in R = Z/2 becomes endowed with an action of the Steenrod algebra.

Question
How to compute this action?
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Khovanov homology (Khovanov ’00)

In 2000, Khovanov assigned to each knot diagram D, a Z-bigraded family of cochain
complexes and proved that it was invariant under Reidemeister moves.

. . . −→ C i−1,j−2(D) −→ C i,j−2(D) −→ C i+1,j−2(D) −→ . . .

. . . −→ C i−1,j(D) −→ C i,j(D) −→ C i+1,j(D) −→ . . .

. . . −→ C i−1,j+2(D) −→ C i,j+2(D) −→ C i+1,j+2(D) −→ . . .

where i is the homological grading and j is the quantum grading.

Khovanov homology distinguishes the unknot and the trefoil.

Its Euler characteristic is the Jones polynomial of the knot.

Khovanov homology can be used to give a combinatorial proof of the Milnor
conjecture on the slice genus of torus knots (Rassmussen ’10).

Trefoil (neg.) Hopf link Unknot

j , i −3 −2 −1 0

−1 Z
−3 Z
−5 Z
−7 Z2

−9 Z

j , i −2 −1 0

0 Z
−2 Z
−4 Z
−6 Z

j , i 0

1 Z
−1 Z
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Semi-simplicial objects, cubes and their realisations

Semi-simplicial objects

Let C be a model category (Top,Top•,Sp,Ch(Z)).

C∆
op
inj “category of semi-simplicial objects in C”,

. . .
////
//// X2

////// X1
//// X0

The realisation of a semi-simplicial object X• in C:

|X•| := hocolim
(
X : ∆op

inj → C
)

C∆̃
op
inj “category of augmented semi-simplicial objects in C”.

. . .
////
//// X2

////// X1
//// X0

// X−1

The relative realisation of an augmented semi-simplicial set X•:

|X•| := hocofib (|X>0| → X−1)
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Cubes and semi-simplicial objects

Let 2c be the cube poset {0→ 1}c .(
21
)op

1

��
0(

22
)op

11

  ~~
01

  

10

~~
00

(
23
)op

111

!!}} ��
011

�� !!

101

!!}}

110

��}}
001

!!

010

��

001

}}
000
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Let 2c be the cube poset {1→ 0}c .

1
∂0��

0

7−→ [0]

��
[−1]

11
∂0

~~
∂1

  
01

∂0
  

10

∂0
~~

00

7−→ [1]

����
[0]

��
[−1]

111

∂0}}
∂1�� ∂2 !!

011

∂0��
∂1

!!

101
∂0

}}
∂1

!!

110
∂0

}}
∂1
��

001

∂0 !!

010

∂0��

001

∂0}}
000

7−→ [2]

������
[1]

����
[0]

��
[−1]

There is a functor (2c)op → ∆̃op
inj given by

u1 . . . uc 7→

[
−1 +

c∑
i=1

ui

]
u1 . . . uc
↓

u1 . . . ûj . . . uc

7→ ∂∑j−1
i=1 ui

Left Kan extension (2c)op

��

// C

∆̃op
inj

55

Defines a functor

C(2c)op // C∆̃
op
inj , F 7→ F̂

TotF := hocofib
(

hocolim
(
F |

2nr{~0}

)
→ F (~0)

)
∈ C
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Khovanov homology (Khovanov ’00)

D a knot diagram with n negative crossings.

0← 1→
the 0-smoothing and the 1-smoothing

Σ−nTotFD ∈ Ch(Z)

D AD : 2c → Cob1+1(R2) FD : 2c
AD−→ Cob1+1(R2) ⊂ Cob1+1

TQFT−→ Ab ⊂ Ch(Z)

TQFT (circle) = V := Z〈x+, x−〉

x+

x+
x+

x−

x+
x−

x−

x−
0

x+
x+ x−

x− x+

x−
x−

x−

Khi (D) := H i (Σ−nTotFD). It splits along the quantum grading Khi (D) =
⊕

j∈Z Khi,j (D). It is
homotopy invariant under Reidemeister moves.
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Lipshitz and Sarkar (and Lawson) spectrum (2014)

How can we assign to each link L a topological space with H∗(X ) ∼=
⊕

q Kh∗,q(L)?

Khovanov homology is computed as the cohomology of a chain complex obtained
as the cohomology of the totalisation of a functor

FD : 2c → Ab // Tot (FD : 2c → Ab)

we would obtain a whose cohomology coincides with the n-suspension of
Khovanov homology Tot(FD).

Afterwards we desuspend n times this spectrum
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The Burnside category

Definition
Let B be the Burnside 2-category for the trivial group whose objects are finite sets,
whose morphisms are spans

Q
t
##

s
{{

X Y

with composition Q ′′

$${{
Q

$$||
Q ′

##zz
X Y Z

and whose 2-morphisms are bijections between spans. Q

zz
∼=
��

$$
X Y

Q ′

dd ::

A morphism f in the Burnside category can be interpreted as a linear map between sets
with coefficients in sets:

f (x) =
∑
y∈Y

s−1(x) ∩ t−1(y) · y

Federico Cantero Morán (UAM) Steenrod squares on Khovanov homology January 11, 2022 9 / 13



The Burnside category

Definition
Let B be the Burnside 2-category for the trivial group whose objects are finite sets,
whose morphisms are spans

Q
t
##

s
{{

X Y

with composition Q ′′

$${{
Q

$$||
Q ′

##zz
X Y Z

and whose 2-morphisms are bijections between spans. Q

zz
∼=
��

$$
X Y

Q ′

dd ::

A morphism f in the Burnside category can be interpreted as a linear map between sets
with coefficients in sets:

f (x) =
∑
y∈Y

s−1(x) ∩ t−1(y) · y

Federico Cantero Morán (UAM) Steenrod squares on Khovanov homology January 11, 2022 9 / 13



From Burnside to Abelian groups

There is a functor L : B → Ab that sends

A finite set X to the free abelian group Z〈X 〉,

A span X
s← Q

t→ Y to

Z〈X 〉 s←− Z〈Q〉 r−→ Z〈Y 〉

and then to
Z〈X 〉

∼=
��

Z〈Q〉 // Z〈Y 〉

Z〈X 〉∗ s∗ // Z〈Q〉∗

∼=

OO

a fibrewise bijection Q
xx

∼=
��

&&
X Y

Q ′

ee 99

amounts to the induced maps

L(X ← Q → Y ) and L(X ← Q ′ → Y ) being the same.
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From Burnside to Spectra
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Steenrod squares in Khovanov homology

There are Steenrod operations

Sqp : Khi,j (K ;Z2) −→ Khi+p,j (K ;Z2)

As the spectrum was built using the Burnside category, it is not clear how to compute these
operations.

The first Steenrod square is the Bockstein homomorphism, which only requires a lift along
Ch(Z)→ Ch(F2).

Lipshitz and Sarkar (2014) found formulae for the second Steenrod square.

They found knots and links with isomorphic Khovanov homology, but different

Steenrod squares (also Seed (2012*), Lobb-Orson-Shütz,...).

They proved that for every k > 1 there is a knot with non-trivial Sqk (together with

Lawson (2020)).

By the Adem formulae, Sq3 = Sq1 ◦Sq2.

Jones, Lobb, Orson, Shuetz (2017-2020) developed a “calculus” of framed flow categories
that computes more efficiently Sq2 and Sq3 using the formulae of Lipshitz and Sarkar.

Cantero (2020) found formulae for all Steenrod squares using cup-i products.

Bodish (2020) proved that for every k > 1 there is a prime knot with non-trivial Sqk .
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They proved that for every k > 1 there is a knot with non-trivial Sqk (together with

Lawson (2020)).

By the Adem formulae, Sq3 = Sq1 ◦ Sq2.

Jones, Lobb, Orson, Shuetz (2017-2020) developed a “calculus” of framed flow categories
that computes more efficiently Sq2 and Sq3 using the formulae of Lipshitz and Sarkar.

Cantero (2020) found formulae for all Steenrod squares using cup-i products.

Bodish (2020) proved that for every k > 1 there is a prime knot with non-trivial Sqk .

Federico Cantero Morán (UAM) Steenrod squares on Khovanov homology January 11, 2022 11 / 13



Steenrod squares in Khovanov homology

There are Steenrod operations

Sqp : Khi,j (K ;Z2) −→ Khi+p,j (K ;Z2)

As the spectrum was built using the Burnside category, it is not clear how to compute these
operations.

The first Steenrod square is the Bockstein homomorphism, which only requires a lift along
Ch(Z)→ Ch(F2).

Lipshitz and Sarkar (2014) found formulae for the second Steenrod square.

They found knots and links with isomorphic Khovanov homology, but different

Steenrod squares (also Seed (2012*), Lobb-Orson-Shütz,...).
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Formulas

Remark
An ordered simplicial complex with c vertices is a particular case of a functor 2c → Set,
which in turn is a particular case of a functor 2c → B:

If K is a simplicial complex with
c ordered vertices, I can define

FK : 2c −→ Set σ 7−→

{
{∗} if σ is a face of K

∅ if σ is not a face of K .

The Steenrod formulas for ^i -products are valid for functors 2c → Set.

Strategy: Adapt the classical ^i -products of Steenrod to functors 2c → B.

Use an improved presentation of the classical ^i -products given by
Medina-Mardones (2020).

Theorem (Cantero, 2021)

The Khovanov chain complex admits explicit stable ^i -products, which give rise to
formulae for the Steenrod squares.
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Stable ^i -products

(C∗, d) a cochain complex of Z/2-modules,

T : C∗ ⊗ C∗ → C∗ ⊗ C∗ the twist homomorphism T (a⊗ b) = b ⊗ a,

1 : C∗ ⊗ C∗ → C∗ ⊗ C∗ the identity map

^i -products

A unstable ^i -product on (C∗, d) is a family of homomorphisms

^i : C∗ ⊗ C∗ −→ C∗

with i ∈ Z, such that ^i has degree i and

^i ◦d = d◦^i +(1 + T ) ^i−1

^i= 0 for i < 0.

Steenrod squares

Sqi ([x ]) = [x ^n−i x ] if x ∈ C n is a cocycle.
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