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Content and motivations

•Mapping class
groups of surfaces :

g.
i.
="E →

Mg , , '

-
= To Homero ( Eg , , , Kg , ,

)
E To Diff (Eg , , , 22g ,

, ) .

Key fundamenta information :

t'
*
( Pg

, ,
; M ) = ?

fer Ma Pg , , - module
→ Hard in general

I



• Homologies stability :

① ÏŒJ
3-FETE

Pg ,
,

c
%

> Îgt ,
, , Pi.

y , > Y # idq
, ,

Sequence of groups
:

lol = Mo
,
,

Î
,
,

,Û - - -
¥

Pg
, ,

'
%

> Pg + , ,Î% . . .

② Sequence of Pg , ,
- modules { Mg }

-

gen

with Pg , ,- Equivariante Mg
mot > Mg +,

→ Define : Hi ( Pg , , ; Mg )
" i"

>H :( Fgti
,
, i. Mgn)



③ THEN :
"
trivial "

"

Homologicalhfraluilityi
" functnéalitytprlynmùaléry . EE tg , My = Z .

|
thoperty : Under some (technica) conditions on { Mlg?

gan

Yi
, y

: # i ( Pg , , /Mg )
±

>H :( Fgti
,
, i Mg + ,)

is am isomorphisme for g 7 Nti , Mgd c- 1N .

Homologieal stability has been pimen :

• [Harer ; 1985] : for M trivial ( and some mm
-trivial Mg) .

g

• [Ivanov ; 1991] : for general Mg .

• [Randal -Williams ,
Wahl ; 2017] : optimal framework .



•. Stable homology :

Hi ( %
,
, ; Mao ) : = Colin ( Hi ( Pg µ i Mg ))

g c- IN

[
If there is homologieal stability ,
this is the stable value

.

a Fer constant coefficients :

• [Madsen,Weiss ; 2007] :

H
* ( %

,
,
; Q) = Q Eei , iz B-] = :

E

/
Mumford - Morita - Miller classes

e
,
E H
"
( fa

,
i ; Q )

• [Galatina i 2004] comptes H
*
(%

, ,
; Ap)

•

fn y a prime
number

.



e For Twisted coefficients :

H
' ( Eg , i i X )

• 9-ymplectic représentation :

112 - as Pg ,
,
-

modules
.

Natural action Îg ,
,
AH

,
/2g , , ; Z )

preserve
the algebraic intersection pairing (

which is

a symplecticfnm by P.D .)
, indexing Pg ,

, Npg (E)

j

"

Aut/H
, Kg , ,
;D)

• [Kawazumî ; 2008] compotes for all da , -

.

H
*
( Pas

,
, ;
Ad H

, Kg , ,
; Q ) )

H
*
( Poo

,
, ; ☒

d'
H

,
( zg , ,

, qjj
t'il? " i a)

☒&
.

See also [Ebert, Randal -Williams ; 2012J fngennalésatàns t.org?r
with rt is I and coefficients ( H

,Gir ; Q)) . nts > 1 .

• [Lœéjenga ; 1996] amputés fa closed surfaces Pg .

H * ( l'• ¥
"
H

,
( Eg ; Q ) ) , tt

* ( Pas ;D? H ,
( Eg ; Q ) ) . .

.



LethTIG , ,

be the emit tangent bundle of Eg , ,

mg , ,

A H
,
( UTZG , ,

; E) [Trapp ; 1992] .
#

]
H

'

( UTEg
, ,
; Z )

Aim : Compute H
*
( Pas

,
, i Mo )

with Moo given by H
,
LUTE

, , ;
Q) ; H

'

(UTE
, , ;
Q)

AÎH
,
LUTE

, , ; a) ; -
À HEUTE

, , ; a)
"

.

"

{

Remonte : Some of these are outsider the classico framework
for homologie-al stability .



PLAN

) Backgrounds

) Stable coh.mdl.gg with coeff in HÂTE , ,
)

) Stable cohomdl.gg with coeff in ÀHillTG , ,
)

# ) Furterer cases and perspectives

Rmk : Ground ring is Q (although some Ehinger remain True
over Z ) .



I ) Back
granges

I Unit tangent bundle représentations

• Notation : H : = -1
,
/ Eg ,

,
)

Lœally trivial fibration :

$ '
> UTEG

, ,
> Eg , i

'

provider the SES :

o >Q > H
, ftp.Y , ,

) # H > ☐
.

À

Asa Q -
module

,
À ± ④ HE QG " .

But not as a Pg , ,
-

module
.

1 * ¥0
→

☒

HEY , ,
, g. À =

* H

oq.tt H

-

Symphorien rep .

-



• Notation : MM
"
:= Homa / M , Q ) .

SES :

o > H > À "→ Q > ☐
.

112

HYUTEG , ,

)

NB : As Pg , - modules ,
H ; H

"
and t' =/ À .

but ? as ← mod

Peg
,
,

AH tymplatic



2 G-homolagy classes

•• Earle class : [Earle ; 1978] -

,
[Morita ; 1989]
; [Trapp ; 1992]

gaz : H ' / Pg , , ; HTÉÊTÉD ± Z = : çm ,
, ,
>

Earle class
.☒ pg , , nu

À induced by m " '
'

[à
" ,
] -- mici-

I À
' il

a .

le
-
a

TÎ =
Trapp représentation .° H

-

• Twisted Mumford - Morita - Miller : [Kawazumi ; 1998]

i. 70

mi
, j
E H
" + si-2 ( pas

,
, ;D! Ha )jzo

2 itj72 Ici 1=2:

EI : min
,
•

= ei & = Q [Eei ; iz it] )
M

,
, ,

: the Earle class
l

csncentrated in

evan degrees



3 Categorieal framework and funetnhomol.gg
Consider a family of gap :

to
,
;
"

>Çi
?

> . - -
e > Pg , ,!" > . . .

Compatible représentations :

Pg
> Autr (Vg )

Ï
"

K
.[§, ,

, ,

pay ,
> Autr (Vgn )

Vg 7%
> v
f+1

f- perf , , BÀ
A

✓ Pg, IJIN )

v
7:* > V

y gti

Question : You can we encode these compatibilités ?

→ Use categories and fendras .



☒THÉ:

• Objects : Ig , , , g
70 .

• Morphismes : Hmm.IE . . G. , ) = {Ça if g-
-h

¢ ifg =/ h

. Braid ed monoidal structure : (M
, , ty , %

,
,

)

l '

boundary connected sum m objects

Isomorphismes and induced
vape an morphismes

Mz
bon

,
m

'En
,
, } Em , ,

' > Em
,
, 42m

,
,

Notations .
Ca
a small category

•
R
-

Mod category of R - modules
•
Et (G

,
R
- Mod ) category of fendras C→R- Mod .

Observation: Ain object of A collection of
"

independent
"

représentationsEt /Moi ,Q-Mod) , { Pg , ,→Aut@tMgHngewNoampati.lielities8g : Pgi→ Fg + , , ,



Quillen 's construction .MN
,
:

* Objects : Obj /UM , ) = Obj /Me )

* Morphismes : Homan
,

/Eg ,
, Ia

,
,
) = {¢

ibh"

p ¥ "

ifliegKI ' '

(
preompsétioi.by

P-h-g.tt 45g , ,

ë
h

,
/

Solution : Am object of representation {J , ,
→Autel.MY#.wFcttUMj,Q-Mod) with Pg , , - quivariant MgÏMg+ ,



☒ÉE:

[ Ivanov ; Igg ,] ; [Randal - Williams , Wahl ; 2017]

If a family of Pg , , - modules { Mg tg, µ define a fmetn

M : UM
,
→ Q - Mod

satisfying some polynomial ity améliorations
,
then :

Hi / Pg , ,
; Mg )

±
> Hi ( Pg + ,

, ,
; Mgt , )

for g 7
N (gif)polynomial degree .

Ex : ① H = H
,
( Eg ,

,
) define H : UM

,
→ ④

-

Mad
.

② À = H
,
LUTE

, , ,
) define Â : UM

,
→ Q- Mod .

À ✓

= H
' / UTEG , , ) define

À"
:UM
,
→Q

-

Mod
.

H - À → a- .



[Djoment , Veym ; 2013J fin Autlfn)
☒LÈZ-

No assumption .

& '

Theorem : [ 5. ; 20L M?UM
,

>
_

Mod function

HÉ là
, ,
; Mao ) = H*)④H*(Udi , M)

l Q

gnadat J
- [Madsen - Weiss] .

lfnollary : For
any

M : UM
,
→ a- Mod

,

t'
*là

, ,
; Mao ) is a free Y_ module .

* [ Kawazumi ; 2008] : d I I

Defi Lot 2d be the set of weighted partitions of d .

Eli
, , j' i ) , . . -

, Liv , jv )} where . i
, ,

. .

, io €
N

• j, > j'ix.⇒ j'v70 set j
'

,
t - - + jv=D .

• iatja 72 and

iitiatiif.ja-jati.tt
*
( %

,
,
; A
? Ho ) = t E ma → concentrared in

Qt 2d
degrees off

the same

pnaréty as d
.



E) Stable cohomologie with coeff in À and Â
"

Preliminaires :

• Universal coefficient Thonon : M a QU'g , , ] - module .

MV its dual Hom
r
(M

,
R ) .

Then H
☒

(P i
M
' ) E H

*
(Pg , , ; M ) .

gi

wah with oohomobgy : un cap prudent structure .

→ dual result !

Notation : H
'
LM ) : = -Ï (%

,
, i Mo )

•• Iif H
•

(M ) has a E -

module structure
,
then

there is a natural % -

module decomposition .

HYMIE Heon (m ) ⑦ Haddam)

Toi! (☒ ; À /M) ) measures the number of generation of HIM)
Toi! La ; HLM )) measures

the number of the relations in HIM } .
j'> , complexity



1 À " coefficient:

o > H > tir→ Q > ☐
.

b.ohomology LES :

known [Mw] .

- - - >t☒ > H
"

/ IÎY > HÂ)
=D✓ g-Ii

> Haiti ( H ) > f12" ' / TÎY ] → . .

.

✓
=o

Known

☒

Prop : [Kouraguine , S .] S
"
= m

,
,
,

• -

Conolly : H# ( tir ) ± Hodd ( tir )
± E. Ema

, ,
,

-

a > 2} .



2 À coefficient:

SES :O >Q > H
,

/UTEG , ,
)→ H > ☐

.

b.ohomoléoyy LES :

Known

- . . >tË¥>tFÏÂlsHÊt sain=D

> Hait > H À ) > H[¥→ . .

W so

known

Prop : [Kouraguine , S .]

g.
Zit '

= µ# mi , , )
- )

where
µ :

H ☒ H > Q

Ex : je#
( m

,
,

, , man
,
,
) = - ex fa x2 l

.



Def : i , j' 71 , Mi , j = eimj, ,

-

ej mi , i

Theorem : [ Kawazunû
,
S

.]

H* ( ti ) E ④ E { Mi
, ji i. y> B-

< Rijk >

where Rijk = ei Mj, le tej Mee
,
i

+ % Mi
, j

'



ATI) Stable coh.mdl.gg with coeff in ÀÀ and
.

.tt?tI

Notation : pldl = panty of d
.

| ÎÂ " coefficient:

• Îg , ,
- module SES :

Eid o >Ait H→ DÉFI "→Ad - ' H > ☐
.

•b.ohomology LES : pli ) =p ( d ) .
- - - >HÏ.nu/sHi-'(ndtTY-Hi-Y------gi+i

> Hifn!H) >Hip! TÎY > HÏA- 'Hts . .

.

Prop : [Kouraguine , S .] si t' = / idad-iiivnmi.io

Corolla
y : H* (À tir ) E IHM" ( dû y

± } { mi
, j

'

, itj 737 .



2 ÎÂ coefficient:

• Îg , ,
- module SES :

o >Ad- ' H >À TT→Ait H > ☐
.

•b.ohomology LES :

pli) -=p ( d)

- - >t'4A! - 'HI-stiiln.it/-Tl--tiA-- si
> H " ' /Ad - ' tg ) >Hi".fr?tT)sHi+YAdHl--

.

Prop : [Kawayumi , S .]

Si =/id.n.d.it , n µ (mi , , )
- ¥ =

:p.at/miii-)

En : Falman , mi, j )
=
- j' mit , , je , fniij > 1



d--2

µg
/m

,
,
, ,

-) : mais l ) - Z Mati
, i

m
i
,
i

•

Mj , il > - e
, Mj , ,

-

ej mi , ,

Section : m
j , ,
t - { mj_ ,

,
2 fr j'72 .

Theorem :[Kawazumi , S .]

µ * ( A? À ) ET { mi
,
; mj, ,

- tdejmi.i-E.mg;D : iij > B- .



d 73

Theorem : [Kawazumi , S .]
The E

-

module #
*

( Ad À ) is not free

for d 73 .

Prof

HI
' "'

/Ad À)↳ HHH(Adn )
f Md (Msi ) - l

HH""( d - i µ) → Ht
'""
(Ad ti )

The class mo
,
d. ,
t.HN"" / Ad ti )

but Bx s -

t e
, mo

,
p ,
= o in HH

""

/Ad À) .



D= 3

ma
, }

t - 3 Matt
,

2

ma
,
2

•

mer
,
,
↳ - l

@Ma
,
2

- 2
matin ^ Mb

,
|

Ma
,
,

•

Mb
,
,

• Mc
,
i
t - la mer

, ,

' Mc
,
,

-

lama
,
,

' Mc
,

-

ecma
,
; mer

,
l'

F- i. = QQ Ei ; Ee : = ETE, ei .

Proposition : [ tiawazvmi , 5 .]

• Heren (À FD ± %/(ei, e, ;x > 2) { moi} .

• Toi! ( Q ,
1-1*(131-17) = AÏE

,
⑦ AÏE

,

④AÏE
,
⑦AÏE

,

j > ,

a. Toy? /Q , HM.tl?H~))--Et0-NF-e
⑦② Emax- çzmp , ,

- mp.seHI;
LÀ , ,

m
, , , moi
] }"

.



d = 4 : same cmplenity as D= 3
.

Proposition : [ tiawazvmi , 5 .]

•
Hodd (☒ F1) ± le/( ÉS, ex ;✗ 7 2) { mois} .

• Toy? ( Q ,
H * CA? À)) = AÏE

,
⑦ AÏE

,

④ 1F
"

Ee ⑦AÏE
,

.

•
Toi ! ( ② ,

H MA" À ) ) ± E
,
⑦ A-2E .

⑦ ② {[Moe , 2 mer, 2
-

Ma -1,3 menti , i
- mo - IDMati , i];

[es Mimi , ,
m
"
] }

.

⑦



D= 5 : much mne difficult .

Proposition : [ tiawazvmi , 5 .]

even

• H (À ± %p , e.2.es?,eaep,q;x.P? " " " Î""

⑦ %? , e? , ç , % ;
✗72 }

.

{ mois moi . } .

⑦ %? , ex ; ✗72 } .

{ mois moi
, ,

}
.

④ % ? , e? , ç , ç ;
✗ 72 } { mari mort .

• Toi! ( Q ,
H * (AMI)) :

(AÏE, AÏE, ) ⑦
J' - ' E

,
⑦ AI Eu

⑤ ( AÎT
'

E
,
⑦

l'+2f
,

☒
j' t'
En ⑦

j'+2
Eu .



# ) Furterer cases and perspectives
I Tensor powers :

• Twisted Mumford - Morita - Miller : [Kawazumi ; 1998]

l'¥ °

mi
,
,

e- H
? """

( pas
,
, ;
T' " Ha )

S set

* [ Kawazumi ; 2008]

tt
*

( %
,

,
id Ho ) = Etmi.si SEPT

/
d

set of weighted partitions of { 1
,
.
.
_

,
d }

.



• Compute H
*

(%
, ,
;
Td Âa) and H * (%

, ,
;
T' Â! )

m'a d SES 's of type

⑨
Td?H ☒Th

" À↳Td- le H ☒ Tee IÎ→ td-eetlxot.ee" À ☒H

⑧
1-
d-le

H ☒ Tee
- ' À "☒ f1 1-

d- le
H☒Tee À ✓

→Td
-leH④THY

Pig : [Kanayan:S .]

The connecting morphismes one of the from :

④ id ☒
µ ( m ,

, , ,
- )

⑧ (id ☒ mi
, ,
) ④ -



2 Coefficients induced by Scheu fundus :

d 1- d ; S
>
⇒medaille Specht modulo over ☒[%] .

Sj : = Hong
,

( s >
,

- )
.

Fact : H
* ( Pas

, , ; { LÂ ) ) = Hong Lsd, HIL, , ; T' ti ))

EI . d = (d) , 5µF / = Synd ( À )
→ multipliertg of the trivial rep .

• d = ( l
, . . .

,
H

,
S
, ,

,
. . . . , ,
( ti) = Ad ( Â ) .

→ multipliaity of the ùgn rep .


