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O Reay

Finite typesurfaces S connected orientable are classified

s

Infinite type surfaces where it s is allowed to be

non finitely generated but we still assume
that 25 is compact

may be much wilder

Examples

é

Cantortreesurface

s I
Blooming Cantortreesurface

etc



Motivation Dynamics complement of an attractor for
a dynamical system on a finite
typesurface s

Leaves of foliations of 3 manifolds

The Surfaces are completely classified by Ironkerikjaiti
1923

Richards 1963

b of 2 components e IN

g genus e Nu a

Ends s space ofends

Ul e
pairsofspaces YE X where
Y is closed in X
X EclosedsubsetoftheCantorset

Ends S subspaceof nonplanar
ends

Moreover every combination of b g E Eup is realisedby
some surface S as long as g a iff Enp 0

Definition The mapping class group of S is

Map S to Homer 1 Home'S Home s

Tidonas I isotopic to id

It is called big if S has infinite type



Interestingsubgroup

y

I
I PMap S Map S Home E Eup I

Troupofhomeomorphisms
of E sendingEnpEE
ontoitselfMapR

compmgtp.gsfstgdroop

Interestingelement

Infinite products of Dehn twists

e g II tri for s

Handle slides

ie IIIRI

g

Reais at least
non planarends



Pieviousesrltsab.tt bigMcas

Puresubgvorp

genus I H puppy age
pigs

representedbyeatingtcycles

AramagonaPatelVlamis g 2
DomatPlummer g I

wtf
in a plantendsof s

genus 0 H PMap s is uncountable DonatPlummer

a Ends
p
s I 1 H PMP 2 Oh Domat

cardinality.int

z'Fullmappingclassgvoup

S finitetype Mcantgset
embedded

H Map S e Hi Map s
calegai can

HzMap e 42

H Map IR IN 2 Q Malestein Tao

H Map IR IN 0



I Ayclicityofbinaytreesurfaces

Definition

I any surface
without boundary

In I minus interiors of n pairwise disjoint discs

BE o Binaytresuf

E g B Cantartreesurface D
Die

theorem P Wu arXiv 2211.07470

tI MapBE



Corollary H Map ie e I
Z even

O odd

proof Central extension

1 Z Map D e Map Iri e I

5
Dehntwistaround
the boundary

LyndonHochschild Serre
spectral sequence

ifeng.ie Heilmann en_
É

fÉ



Ideaofproofoftheorenein.nl

it mail.ie j
Twostes

ex H Map BLE 7 H Map BLE is an isomorphism

I Map BLE 0

Proofof assmingo

T space
S B et disjointclosedsubspaces

2 Sn Tt
DEEMED

4 toHome D to omeo t

Then P Wu

Suppose that

2 I 4 e Homeo suchthat

Qiaoia 4 S n S 0 for all k I

b In4 s is closed in T for all k 0

Then HI Homeo T 0



Rmf Inspiredby Mather's infiniteiterationargument which he used in 1971

to show that It omeoRd 0

Related to the notion of dissipatedgroups Bernick whichare all acyclic

We call groups satisfying the hypothesesabove homologicallydissipated

Wewill apply this to the setting

go.ieI
So assuming step it is enough to construct a homeomorphism

4 of B E fixing its boundary satisfying a and b above

Lemmy The following is a homeomorphic picture of T B E

F i i É

Theproofusesthe classification ofsurfaces and the fact that II e ee



In this picture it is obvious how to define 4

TÉ É
i

É
É

Hence

Consider the sequence of subsurfaces

i

É ii
and the homomorphisms inducedby extending homeomorphisms bytheidentity

MapSi MapSe MapSs



Obs Eachpair of spaces Su Su r is isotopy equivalent to the pair

o

so each homomorphism Map Sun Map Su is isomorphic to

marl mail.ie j
It therefore suffices to prove

XX Hi Map Sn Hi Map Su is an isomorphism for all if by
i e homological stability for the sequence Map n Mapsun s

Steps

A Thehomological stability machine of Randal Williams Wahl 17 reduces

this toproving that Xnish 2lconnected
Xu a certainsimplicial complex on which Map Sn acts

B Gradually simplify Xn and thenprovethat it is Cn
2 connected

a.is i
d

aotmprootofszgmin waniis
that I V 0 V Thompson's group

But our Step infinite iterationargument homologicallydissipatedgroups is different

to theirStep 2 algebraic K theory



2 Uncountabilityofthehomologyoflinearsurfaced

Definition

R E T.lt Raysurface

Eyles R T2 LochNessMonster surface

R R2 R 1pt I IR IN Flutesurface

Definition see X is topologicallydistinguished if it is not

locally homeomorphic to any
other point of X

If see X has openubhd U

y e X has open nbhd V

win y an y a

Eg Spaces that have topologically distinguished points

Lo w I I I new o E IR

O w closed interval of ordinals in theordertopology

C it anyoftheabove

Spaces thatdont have topologically distinguished points
manifolds except forthe l pointspace
theCantorset e



theorem P Wu arXiv 2212

If genus E 0

Ends E has a topologically distinguishedpoint

then

Hi Map RE is unable for all is 1

in fact

iyggy.at tmaplR
fIfproot

s.ÉÉÉÉ f Erin

Prove that 1 2 4 He Map L

adapting methods of Domat FochNessMonstersurface

Deduce that 1 2 4 H Map Rhin

adapting methods of Malestein Tao

Protoff
For an infinitesubset A EIN consider

IafrateMapk

Im Domat If na la e 1 is unbounded thenthiselement is 0 in Map L



Consider

fa attToa e MapL'la for infinite A EN

Of 1 These pairwise commute already in Map L

2 Fa 0

if AnB is finite then fat y o
by Domat

4 Fa is divisible

fanman is
divisible by n

farmn fa finiteproduct of Dehntwists supported on a

subsurface E Ey z for some finite g 73
BirmanPowell product of commutators

continuum
Choose an uncountable family of infinite E IN whose pairwiseintersections

are finite E.g IN EQ and choose a sequence in Q converging to each aer

a inapt

t
Q Map Li

Obs 4
injectivebyObs 2 3 E

Cory Domat H Map L is uncountable



But one can deduce more

Every injection A B of abeliangroups splits if A is divisible

Hence the inclusion 2 4 Q factors through Map L

The inducedmap Hx 2 s He Q is injective

115

HEH Ea
HÉMap L

Thus 1 Z injects intoHxMap L

Applying the Birman exact sequence I it 4 Map L Map L 51

during theargument 2 z injects intoHxMarch

Proofofstepf

Double covering

L IN

É

RZ IN

Lemmy Theaction Map R N A T R N preserves the index 2

subgroup correspondingto this double covering



Thus we have homomorphisms

Map IR N
gag Map Lin Edm Map L

aftyantlingeninas

ii

i

Hence we have a lift

N Z

YET
Map IR N Map Lin 3Map L

By theprevious step themap I is injective on Hx Hence so is 2

I



BONI Generalising the proof to any I of genus
O where

E Ends E has a topologically distinguishedpoint

We only have to modify Step

FE t I tl 7 f L level w

x.w ÉX
jp

y.gyy
new
115

RE

Lemmy Theaction MapR2 EW A it R E W preserves theindex 2

subgroup correspondingto this double covering

The proof uses in an essential way the fact that E has a

topologically distinguished point and we have arranged that each

embedding E s IR sends thispoint to a branchpoint of the branched

double covering L 1122

Then we have
2

Map R E W L Ere W Map L

11
AMap RE



Rink The theorem becomes fate if we remove the hypothesis

that EndsE has a topologically distinguished point

For example if I Cantor tree surface

then RE E Cantor tree surface

Hi Map Re is not uncountable for 5 1,2
115

Calegari

Hi Map Cantortreesurface I
O 5 1

2 2 5 2 Calegari Chen

Rmf The proofmay be generalised slightly to prove
that

A 2 4 He Map RCE SD

whenever

e I hasgenus 0 no boundary and Ends E has a

topologically distinguished point e

S has finite genus finitely many 2components

and Ends has no point that is locally homeomorphicto e


