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§1. Some basic group theory

§2. Applications to 2-dimensional topology



Group —— « object » —— define a property

e Derived subgroup: [K, K]

e Abelian
e Center: Z(K)
K
e Lower central series: ¢ Nilpotent
(FiK)i>1
e Solvable

e Derived series: (DiK)>1

cyclic ¢ Abelian c Nilpotent C Solvable



e abeK: [a, b] := aba~'b~"

e STCK: [S,T]::<[s,t]|seS,te T>

Lower central series \ Derived series

MK>ToK>T3K > - DiK > DK > DsK > - -
K=K, DiK =K,
MK =K, ThK]. Dn1K = [DpK, DpK].
e K is nilpotent if 3/ with e K is solvable if 3/ with

MK = {e} DiK = {e}



: Generalize the indexing set

Good-ordered commutative monoid : commutative monoid
(A, +,0) with a partial order < compatible with addition and
such that the zero element 0 is the smallest element.

: N with usual order, N2 with component-wise order.

A-filtration : a A-filtration of K is a family (K))xea of normal
subgroups of K such that

° KO =K
e K\ D Ky for A < X
o [K\,K,] C Kny,forall X, peA

: The lower central series (I';K);>o is a N-filtration
(with ToK = K).

The derived series is not a N-filtration.



N2-filtrations
Koo

A N2-filtration of K is a family
(Kim.n)(m,nyene Of normal subgroups ’

of K such that Y u Y
K: o> K D K

N Koo - K 2,0 2,1 2,2
’ U U U

e Kmn D Ky for (m,n) < (m',n’) Kso O Ksi O Kaz
L] [Kmvn, Km/’n/] C Km+m/7n+n/ fOI’ a” @] U U

(m, n),(m',n’) € N?

Km,n

’ Km+1,n Km,n+1

is an Abelian group for (m, n) # (0,0)

- Knn is abigraded Lie algabra.
(m,n)eN2\{(0,0)}



| Double lower central series

Consider a triplet (K, X, Y)
consisting of K and two normal
subgroups X and Y. The double
lower central series of (K, X, Y) is
the N2filtration (Kin,n)(m,nyene given
by

* Koo=K
e Kno=TmX form>1

e Kop=Tr,Y forn>1

L4 Km,n = [K1,0a Km—1,n] [K0,1 5 Km,n—1]
form,n>1

K D Y DO Iy
U U @]
X o Kii DO Ko
U U U
X O Koy DO Kop
U U U
F3X D) K3’1 D) K3’2
U U U

Kii=[X,Y] Ko = [X,[X, Y]]

K2,2 = [?’ [)_(7 [)_(7 V]]] [[)_(7 V]a [)_(7 ?]]



Lemma

IfK = XY and (Ki;)(i e is the double lower central series of

(K; X, Y). Then, for m > 1, we have

rm(K) = H KiJ‘
i+j=m
NK=XY K=XY o Y Y
U U @]
rgK = K270K171K072 )_( D) ;(1,1 K1,2
@] @] U
MK = K30Kz2,1K1,2Ko 3 X O Ko Koo
U U @]
F3)_( D K3’1 K3’2
@] @] U




]Johnson Filtration \

A : good-ordered commutative monoid (e.g. N or N?).

(K\)xen a group K endowed of a A-filtration.

Proposition
Let G be a group acting on K and such that G(K)) C K. Set

Gy ={9€G|[9, K. C Kayp Y € A}

The the family (Gy)aen is a Afiltration of G. We call it Johnson
filtration induced by the action of G on (K))aea.-

Here
[9,Kul = {g(X)x " | x € Ky},

i.e., we take the commutator in K x G.



§2. Application to 2-dimensional topology



Mapping class group\

¥ =¥, 1 : Compact, connected
oriented surface of genus g with
one boundary component.

- g

M={h:ZT 55| hss = Idaz}/isotopy‘

Dehn Twist : t.

| Dehn-Nielsen representation |

T=m(X, %) = (X1,.. ., Xg, V1, - -, Yg)
The map
p: M — Aut(r), h+—— hy

is injective.

| Lower central series of r |

Mm=m o = [m, 7], T3m = [m, [r, 7],

M1 = [, Tpm]

The action of M on 7 preserves
the lower central series.



Johnson filtration

M ——"— Aut(r)

”;'"”-; l IT=JM>DbM>DIBM>D---
Aut(m/T i)

— . —1
Torelli group JpM = {h eM ‘ Vx em: h#(X)X S I',,+17r}

={he M| [hr] CThym}
T={heM]|h =ldye)} (comm.inmx M)
= ker(p1)

= ker(pn).

Notice that

[hy7] CThpm <= [A,Tpr] CTpenr VM >0



eThecase A=N2 = {(m,n) € Z | m,n> 0}
with the order (mn)y<(m',n') iff m<mandn<n'.

Goal

Define a doubly indexed filtration for the mapping class
group M and for the Goeritz group G < M

M=M__1+ D M_1p > Moy D Moy
@] @] @] @]
Mo, -1 D G=Mopo DO Mos1 D Mo
@] @] @] @]
My, 4 D Mo D Mi 4 D Mi
@] @] @] @]
Mo _4 ») Moz D Moy D Moo
@] @] @] @]

Mas, 4 o) Masp > Majy > Map



Goeritz group of S8

e V =V, :Handlebody of genus g standardly embedded
into S, i.e., V' = V; := S8\ V, is also a handlebody.

o OV =9V =XuUD,where Dc oV =09V'is a fixed disk.

e We have two embeddings :: > — Vand/ : ¥ — V.

e Consider the two normal subgroups of K = = (X, %) :

X i=ker(K 55 m(Vg,+)) and ¥ i=ker(K — 1 (Vg:#)) -



Goeritz group of S8

Using generators :

o K=m(X,*)=(Xy,...,Xg, }1,...,Yg) free groupon2g
generators

o X={((x1,..., X))k normal closure in K

o Y ={(y1- Yok
Let (Ki,)(ijene e the double lower central series of (K; X, Y).

The subgroup of M :
g:gg,1:{h€M| h#()_()C)_(, h#(\_/)c\_/}

acts on K preserving the double lower central series of (K; X, Y)

The group G is called Goeritz group of S of genus g (relative to the
disk D)



Goeritz group of S8

K:<X1,...,Xg,y1,...,yg> X:<<X17"'7Xg>>K Y:<<y1,...,}/g>>K

g:{h€M| h#()_()C)_(, h#()_/)c\_/}

Equivalent definitions :

e G is the group of isotopy classes of orientation-preserving
homeomorphisms h : §* — S3 such that h(0V) = 0V and hyp = Idp.

e G is the subgroup of M consisting of the elements which extend
to the two handlebodies V and V'.

e G is the subgroup of M consisting of the elements which
preserve the standard Heegaard splitting of the 3-sphere.
Remark. We do not know if G is finitely generated for genus > 3.

Powell’s conjecture : The group G is finitely generated. Moreover,
Powell proposed a set of 5 generators.



Goeritz group of S8

K= (X,....,%, V1, Yg) X={xt,..., X))« Y={n,...,¥))x
Q:{heMI h#()_()C)_(, h#(V)CV}

Some related groups :

’ Handlebody groups ‘

H=MCG(V,D)={he M| hy(X)c X} / \

X) C
’H’:MCG(V/,D):{hGM| h#(?) }

’ Luft's groups (Twist groups) ‘ / \ / \

T =ker(H — Aut(my(V, *)))
T’ =ker(H' — Aut(m(( V', %))

- finitely generated

non finitely generated



Exampls |

/\
/\/\

o ft,t,teT

te, ¢ G
tt', t5€g




’ Action on H;(X,Z) ‘

K:<X1,...,Xg,y17"'ﬂyg>

a = [x], bi=[y]
H= H1(Z,Z) = <a1,b1,...,ag,bg>ab
Sp(H, w) ~ Sp(29, Z)

Lemma (folklore)
Let o : M — Sp(2g,Z) be the action on H. Then

. o(H)= {('g(,,ﬂ),q

o o(H)= {(;(Pr)_1> ’ P"Ris symmetric}
(P
0

P 'Ris symmetric}

w:HOH —Z
intersection form

(PT‘)),1) ‘ P e GL(g, Z)} ~ GL(g,Z)

(Idg . ) Ris symmetric} ~ 73290+

o o(T)= (I‘,iqg h?g) ' Ris symmetric} ~ 7,390+




’ Double Johnson filtration for the Goeritz group ‘

K= (Xt,...,Xg, Y1, Yq) X = {{X1,...,Xg))k Y = (1, Yo) )k
The Goeritz group

g:{hEM‘ h#()_()C)_(, h#(?)CY}

acts on K preserving the double lower central series (Ki ;) jene de (K; X,Y)

For (m, n) € N?

Gmn={he G| [hK]CKniinsy Y(i.j)eN} [h2]=hy(z)z""

Proposition
o gm,n = {h €g ‘ [h7 )_(] C Km+1,n7 [h7 V] C Km,n+1}
O g0,0 =G L4 gm,n 4G

O [gm,na ga,b] C Omrantb-




tetry_1 S g1,0

fs € G114

Goo D
U

Gio DO
U

Goo D
U

Gzo D

Go,1
Gy 1
Ga 1

G3,1
U

Go,2
Gip2
Gop
G2




Double Johnson filtration for the mapping class group M

For(m, n) € Z? we set
Mm7n = {h € M ‘ [h:‘:1,l<j7j] C Km+j,m+j V(I,I) € N2} S M

Proposition

We have

o Mpn={he M|[h*" Kio] C Kni1,n and [h*! Ko 1] C Kinni1 }
o Mpmn= Muax(—1,m),max(—1,n)

e If (m,n) € N2, then Mpy = Gmn

o My_1=T and M_11=T" (Luft'sgroups)

e Mo _1=H and M_i1o=H (Handlebody groups)

o M_4_41=M (Mapping class group)




Double Johnson filtration for the mapping class group M

M=M__1 D H=M_1po D T =M_1 D M_
@] @] @] @]
H = Mo, -1 D G = Moo D Mo, D> Mop
@] @] @] @]
T =M, 1 D Mo D M > Mip
@] @] @] @]
Mz, D Moz D Mz D Map
@] @] @] @]
Mz, 4 D Maspo D M3 > Map
Proposition

For (m, n),(a,b) € {(k,I) € Z® | k,I > -1, k+1>1}U{(0,0)}, we have

[Mm,n, Masp] C Mmiantb




Dy, : disk with n holes
FPB, = MCG(Dy) (framed) pure braid group in n strands
Any embedding D; — ¥ induces a map FPB, - M

Proposition

Consider an embedding D; — X such that the images of the
holes of Df bound mutually disjoing disks in V. Let

f : FPB, — M be the induced homomorphism. If 5 € ' FPB,
then f(3) € My 1.




Relation with the usual Johnson filtration

I=JMDK=bMDJIHMD---
———— N —

Torelli Johnson
oM ={he M| [h K] C 1K}

vm,n>—-1withm+n>1we
have

Mm,n C Jm+nM

Mo
Moz
Mapo

K =m(X, %)
T M_q2
Mo,1 Mo,z
M 1 M
e Mz
Ma 1 M3z

o Mz 4, Mig, Mo4, M_12CIM=1T

o Mz _1, Mag, My, Moz, M_13C M=K



Theorem

IT=Mz_1-Mio-Mo1-M_12-K

Conjecture
We have K C Ma _1 - My - Mo 1 - M_4 2, therefore

IT=Mz_1-Mio-Mo1-M_qp>.

Theorem (case of automorphism groups of free groups)

Let F = Fpq=(X1,...,Xp, Y1,---,Yq) the free groupon p + g
generators.

We can define a doubly indexed filtration (.A; ;) j>—1 for Aut(F).
If ZA = ker (Aut(F) — Aut(F/[F, F])), then

TA= Az 1-A1p- Aot - A_q2.



| Double Johnson homomorphisms

|

K= <X1, .
(Kij)(ijyene:
al = [X/]a

bi = [yi]

H: <a1,b1,...,ag,bg>ab

@ Liem,n(A, B)

Lie(A,B) =

N2 -graded free Lie algebra

(m,n)EN2

7Xg7}/1»~~a}/g>
double lower central series of (K; X, Y)

)_(:<<X17"'7Xg>>K Y:<<y1,~~~,}/g>>K

Né = {(mn)eN?|m+n>1}

A:<a1,...,ag>ab B:<b1
£i2071 (A, B)
Siﬁ ,O(A-, B) £i21’1 (A, B)
Siez,o(A, B) Liep 4 (A, B)
Qies,o(A, B) £i23’1 (A, B)

generated by A in degree (1,0)
and B in degree (0, 1).

Lemma

@ Km+1 n:

(m,n)ENZ

Km n41

~ @ SLiemn(A B) = Lie(A B)

2
(m,meN2

e bghan

Lieg2(A,B) -
Liet2(A,B) -
Liez2(A,B) -
Lieg2(A,B) - -




Proposition
For every (m,n) € Ni there exist a subgroup

and a group homomorphism

Tm,n . Mmyn — Dm}n(A, B)

such that
Mpmit,n- Mmngr C ker(Tm,n)-

Moreover, these homomorphisms are compatible with the usual
Johnson homomorphisms : the diagram

C . .
Mmnp—— ImpnM is commutative.

Tm,nJ( J’Fmﬁ—n

Din.n(A, B) —— Dpn.n(H)



Remark
The above result can be extended to all the indices :

(Tm,n : Mmn — Dmn(A, B))

m,n>—1
We also get the following : If h € Z, then there exist

hy e Ma 4, hoeMypo, hzec Moy, haeM_q5
such that

71 (h) = 12, _1(h1) + 710(h2) + 70,1 (h3) + 71 2( ha).




Thank you very much for your attention!



