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Background & setup
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Setup & notation

V=K ¢eN

S =Sym(V*) =K[x1,...,x]

A ={H; = ker(«;) | aj € S,deg(cj) = 1}: a central arrangement
Q(A) =11, cii: defining polynomial of A

AH = {H; " H; | H; € A\ {H;}}: restriction on H; € A

Aninn; = {H € A| Hi N H; C H}: localization at H; N H;

vVvvyVvVvyy
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Setup & notation

Definition 1
Logarithmic derivation module D(.A):

D(A) = {9 € @,gzls% ’ 9(0[,') € Sq; VI} .

» D(A) is graded and reflexive, but often not free.

» We measure complexity via the minimal free resolution of D(.A).
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Free arrangements

Definition 2
If D(A) = @‘le S[—d;], then we say A is free with exponent exp(A) = (di, ..., ds).

Free arrangement has nice properties and has been extensively studied.
» Homological simplicity (no higher syzygies)
» Strong constraints on characteristic polynomial

» Addition—Deletion helps recognize/build freeness
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Deleting one hyperplane
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Definition 3 (Abe, 2021)

Arrangement B is next to free minus one (NT-free-minus) if 3 free arrangement A and
H; € A such that B= A\ {H;} := A,.

» Goal: understand D(.A4;) via its minimal free resolution.

A :free D(A) : free
I remove a hyperplane H; l
As = A\(H
NT—free-mlinu;} Q(Ad) ?
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Guiding questions

1. How many new generators appear in D(A;)?
2. Where do the first syzygies appear in the minimal resolution?

3. Which features are combinatorial?
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Theorem (Abe, 2021)

Theorem 4 (Abe, 2021)

Let A be free with exp(A) = (di,...,ds). Then the deletion A; = A\ {H;} is either
> free, or
> SPOG with level d = |A;| — |AM].
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Strictly plus-one generated (SPOG)

Definition 5
A is strictly plus-one generated (SPOG) with POexp(A) = (di, ..., d;) and level d if
D(A) has a minimal free resolution:

l
0— S[-d —1] — S[-d] & P S[-di] — D(A) — 0.
i=1

Equivalent viewpoint:

D(A)=5S01+---+ S0;+ SOy41,
b1+ -+ 0o+ fri10p41 =0,

where ;11 € 51\ {0}.
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Example: different deletions, different outcomes

This s a {ru orrangent  with. @p ()= (LLY)

Hy:z3+21=0

Hytazg+a+20,=0

Hj : 71 = () commm—

Hs: x4+ x5 = O

Hg:z3—21=0

Hr:x3+2,=0 Hy:z34+214+22=0

< SpoG
with M G=6
SPOL
with lwed =6

- Jree
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Deleting two hyperplanes
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Deleting two hyperplanes

» Setup: start with free A, delete H; and H;:
Aij = A\ {Hi, H;}.

» Goal: describe the minimal free resolution of D(A; ;).

A :free D(A) : free
l remove a hyperplane H; J
Ai = A\(H
NT—free-mgnu;} Q(Aq) ?
l'emave 2 hyperplanes Hi, H; l
= AN(H
A#I’-free-mﬁusl} 9(Auf) ?
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Theorem in general dimensions (Chu, 2025)

Theorem 6 (Chu, 2025)
Assume A is free and A1, Ay are SPOG with levels ¢; < ¢.

> If Bo(D(A12)) < £+ 2, then we may give a case-by-case minimal free resolution of
D(Aj ).
> If Bo(D(A12)) > £+ 2, then pds(D(A12)) > 2.
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Example: projective dimension can jump

Example 7
The case pdim D(A) > 2.

Q(A) = x1x0x3x4(x1 — x2)(x1 — x3)(}2 — x3)(x3 — xa) (X1 — X3 + xa) (X1 — X2 + X3 — X4).
The arrangement A is free with exp(A) = (1,3, 3,3).

Let H; = {Xl = 0}, Hy, = {X3 = 0}, and A1’2 = .A\ {Hl, H2}.
The minimal free resolution of D(A;7) is

0 — S(—=5) — S(—4)* — S(-3)° @ S(~1) — D(A;,) — 0.

Remark: This is a counterexample to Orlik's conjecture from [DiPasquale, 2023]
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Key bound on pds(D(B))

Corollary 8
Let A be free. Then

Bo(D(A;j)) < l+2 <= pdg(D(A4;))) <1.

» Recall that for any arrangement B in V = K%
pds(D(B)) < ¢-—2.

» In particular, when ¢ = 3 we always have pdg(D(B)) < 1.
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Theorem in dimension three ¢ = 3 (Chu, 2025)

Theorem 9

Assume that A is free with exp(A) = (d1, da, d3),

and the deletions A; and A; are SPOG with levels ¢; and c;.

Then the minimal free resolution of D(A; ;) is determined by
» the local intersection multiplicity |AH,-mHj

» how the SPOG levels c; and c; compare.

, and
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d . fe with (1.55)
A; - SpoG
with M G=6
4= 2

0— SE6 — SCST*® S41 — D)=
[ I R
Sta-Je St H] Sl ®Sra] @@swﬂ )
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Case (2): |Apnn,| > 2 and ¢ # ¢

d: f with (1.S5)

Hiizg+3=0
\ " “&E N SPOC‘
Hy s+ 1+ 200 = 0 thhM G=5
- A5 - Spob
wioh ool 626
Hy:o5—a =0 ‘ ‘)AHianl >2
Hr:as+a,=0 Hy: a5+ +22=0 C&>.C\Y

0= SCH]*— SEE1'@SH] —Dlids)—0
Il ” 3
STe-U8SE6] sea1est- (611 @ (@scd:) )
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Case (3): |Apnn,| > 2 and ¢; = ¢

d . fre with (1.55)

A; + SpoL
with (oued 5;:6

‘kiuami,,l >2

Hy:as+a,=0 Hy: 23+ 3 +22=0

0— SET1—=>SreIesE] — Pbhke)— o
| I
S[—Q -J SG@")—] @C@S\C‘dﬂ)

21/ 36



Addition-Deletion Theorem.

Theorem 10 (Addition-Deletion)

Let H; € A, A; := A\ {H;} and A" := A Then two of the following imply the third:
1. A is free with exp(A) = (d, ..., dp).
2. A; is free with exp(A;) = (d1,...,dp—1,dp — 1).
3. A’ is free with exp(A’) = (dy,...,dp_1).

Moreover, all the three above hold true if A and A; are free.

Problem 11 (Abe)

Can we have a similar theory for SPOG arrangements?
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Addition—deletion problems for SPOG

Problem 12 (same level)

Assume that
1. A is SPOG with

POexp(A) = (di,...,di)< and level d,
2. A; is SPOG with
POeXp(A,-) = (dl, ey d;_l, d,' — 1, d,'+1, ey dg) and level d.

then A" is SPOG with POexp(AM) = (di,...,d;_1,d;,di11,...,d;) and level d.
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Addition—deletion problems for SPOG

Problem 13 (level drops by one)
Assume that
1. A is SPOG with

POexp(A) = (di,...,di)< and level d,
2. A; is SPOG with
POexp(A,-) = (dl, N d,'_l, d,' — 1, d,'_|_1, ey dg) and level d — 1.

then A" is free with exp(AM) = (d1, ..., di_1,d;, diy1,. .., dp).
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Generalized Saito-type criterion
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Saito’s criterion and generalizations

Theorem 14 (Saito’s criterion)
For homogeneous derivations {61, ...,0,} € D(A), define

A = det(6;(x;)).

Then, A is free with basis {61,...,0,} iff A/Q(A) € K\ {0}.

Some generalizations

» Higher-order A-differential operators [Holm, 2002],

> Freeness of toric logarithmic sheaves [Daniele-Marcos—-William, 2024].
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Minors attached to generators

Definition 15
Let 01, ...,0011 € D(A) be homogeneous derivations. Define the (¢ 4 1) x ¢ matrix

M = M[b1,...,0p41], M(i,j) = 0i(x;).
For each 7, let M; be the ¢ x ¢ matrix obtained by deleting the i-th row of M, and set
A; = (—1) det(M,).

Since A; € Q(A)S, we may write A; = g; Q(A) with g; € S.

x Starting from this slide, the detailed arguments and proofs are presented in Chapter 3 of my PhD

thesis.
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Example 16

Let £ =4, and Q := Q(A) = x1xox3xa(x2 — x3 + xa)(—x1 + x2 — X3 + xa).
Then D(A) = S(—1) & S(—2)*. A minimal set of generators of D(.A) is given by

X1 X1X2 X1X3 X1X4 X% — X1X2 + X1X3 — X1 X4
M X2 x22 + XoXa X2X3 0 0
Tl x XoX3 X3 —x3xa —XoX3 + X3 — X3Xa 0
X4 0 0 0 0
A; = (—1)'det My =0=gQ, Ay = (—1)?det My = —x3Q = 22Q,
Az = (—1)>3det My = (xo + x4)Q = 83Q, Az = (—1)"det M3 = —x,Q = &4Q,
Ag = (—1)5 det My =0 = g5Q.

5
D161+ Do 0y + D363+ DNgbs+ As 65 = QD _ gith) = 0.
i=1
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Question 1
Suppose homogeneous derivations 61, . ..,0,.1 € D(.A) satisfy a relation

g1+ +g1041 =0,

where gi = A/ Q(A).
Can we conclude that 0y, . ..,0,.1 generate D(A)?
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A Lemma on the A;

Lemma 17
For any homogeneous derivations 01, .. .,0,11 € D(A), we have the relation

g1+ +gp10041 =0,
where gi = Aj/Q(A).

Question 2
Can we determine the structure of D(.A) from additional relations among the A;?
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Definition 18
We say that the relation in D(.A)

fby+ -+ fri1b41 =0

is of minimal degree (or primitive) if the polynomials f1,. .., f11 have no nonunit
common divisor.

Conjecture 1
A is SPOG, and the set {01, ...,0,11} forms a minimal generating set for D(A),
satisfying the unique relation

g101+ -+ gey10e41 =0,

of minimal degree if and only if go+1 € S1\ {0}, and g1,...,8 € S=o have no nonunit
common divisor modulo gy 1.
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Proposition: minors recover the relation

Proposition 1
If61,...,001 form a minimal generating set for D(.A) and satisfy a unique relation

fib1+ -+ fry1be41 =0 (1)
of minimal degree, then there exists ¢ € K* such that A; = cf;Q(.A) for all

i=1,...,0+1.
Moreover, if f;11 # 0, then fi,. .., f; have no nonunit common divisor modulo f; 1.
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Theorem 19

Assume that gy1 € S1\ {0}, and that g1,...,8¢ € Sso have no nonunit common
divisor modulo gy .

Suppose pdg(D(A)) < 1, then 61, ...,0p11 form a minimal generating set for D(A),
and A is SPOG with a relation

g101+ -+ gey10e41 = 0.

» Corollary: Conjecture 1 holds for £ = 3.
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Consequences & conjectures

Conjecture 2
When pdD(.A) = 1, there is a minimal free resolution of the following form:

0— @5[ d—1]—>@5[ d] = D(A) — 0.

i=f+1

Conjecture 3
Let G ={0; € D(A) |i € l}. The ideal A; equals 5>, Q(A), where

k=(—1)(JAl - ¢—1)

if and only if A is generic and G forms a minimal generating set of D(.A).
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Thank you!
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