
 

wards a finite presentation of
the 3dim bordism bicategory

Background

TQFTS

Definition A cobordism W between closed d 1 dim

manifolds Yo Y is a 5 tuple W 2inWJoutW to 4

W is a compact smooth manifold with a decomposition

of its boundary as a disjoint union dinWWdontW

co Yo JinW

t Y dontW

Examples
M
71

FT

MXI

1
M

Mapping cylinder for q M M



Definition Let W W be two cobordisms between

Yo and Ys An equivalence between w̅ and W is

a diffeomorphism D W W that respects
all extra structure

M M

Example Let v91 _4 1

MXI MXI

M M

be two mapping iglinders on M An equivalence of
cobordisms between them is a pseudoisotopy

Definition The bordism category Bordia.gg is the

category that has

Objects closed oriented 2 1 dim manifolds

Morphisms equivalence classes of oriented ddim cobordisms

This is a symmetric monoidal category as witnessed by
disjoint union



Definition An orientedddim topological quantum field theory
is a symmetric monoidal funitor

2 Borda.gg Vesty

Goal Understand how to construct and classify TQFTS

in as many cases as possible

Analogy with abelian group presentations
ms Presentations of bordism category withgenerators

and relations



Example Presentation of Borda withgenerators and relations

as symmetric monoidal category

A1 Generating object

B4Generating morphisms

D E

10 Generating relations

flips

Using this presentation we can conclude that oriented

2 dim TUFTS are classified by commutative Frobenius algebras



Bordism bicategories Extended TQFTs

Extending down

up
In.tl

Ih

Definition The bordism bicategory Bordapast
has

Objects closed oriented 2 1 dim manifolds

1 Morphisms oriented ddim cobordisms

2 Morphisms equivalence classesof oriented 411 Jim
cobordism between cobordisms

Example 1 morphism 2morphism 1 morphism



Definition An one extended oriented 2 1 Jim TAFT

is a symmetric monoidal funitor

2 Bordanisists l

C Shommer Pries construited a finite presentation of Bordon
and used it to classify one extended 2JimTQFTs for

some chosen target symm monoidal birategories

B Bartlett C Douglas C Shommer Pries and I Vicary
conjectured a finite presentation of Borders and used it to
classify one extended 3dimTQFTs for some chosen targets
in terms

Goal Obtain a finite presentation of Bordies



Extending up Bord

23BordianDefinition
The bordism 2,1 category Bordhasd lid

Objects closed oriented 2 1 dim manifolds

1 Morphisms oriented ddim cobordisms

2 Morphisms isotopy classes of orientation preserving
diffeomorphisms between

cobordismsExampleright

handedDehn

twistDefinition
A topological modular functor is a symmetric

monoidal funitor

l2 Bords2

Contains all mapping classgroups
of

surfacesBordais
interestingStepping stonetowards

BordizzGoalObtain a finite presentation of Borden



Presentation of Bordan

theorem B Bartlett CDouglas FS

Bord12 admits a finite presentation called the

F presentation with 1 generating object 4 generating
1 morphisms 28 generating 2 morphisms 66 generating
relations defined as follows



II

II-1

III

III-1

III0

III0-1

• Generating relations:

1. Inverses.

Each of the generating 2-cells ! satisfies !! -1 = id and ! -1! = id.

2. Naturality - Frame flip.

�2

=
✓

✓-1, ✓-1
(N-F) x

3. Isotopy of Morse data invariance.

✓ = id (IMD) x

4. Naturality - Frame flip - Cusp.

�

�

⇢ (N-F-Cusp) xz

5. Naturality - Frame flip - Crossing.

�̌
↵̌ �̌ -1

�̌ -1

↵̌-1 �̌

(N-F-Cross-1) x

80

backslash



�̌ -1

�-1
2 �̌

� -1

�-1
1 �

(N-F-Cross-2) z

✓-1

II
✓

� -1
II-1

�

(N-F-Cross-3) x

III0

✓-1 ✓✓-1 ✓

III

(N-F-Cross-4)

�̌ -1 �

IIIIII-1

✓-1, ✓

✓-1

(N-F-Cross-5)

6. Swallowtail.

�̌-1 '-1 ⇢̌
= id (ST1) x

⇢-1
↵ �

= id (ST2) x

⇢-1
II ⇢ ✓-1

= id (ST3) xz

81



7. Beak.

'

�1

⇢̌

⇢̌ (B1) xz

↵

'�1

�

� (B2) xz

8. Triple point.

↵

'-1

↵

↵
↵

↵

(T1) x

↵-1
III

↵

�2
III

�-1
2

(T2) x

�̌ -1
↵̌-1 �̌ -1

�2

�̌ -1III✓✓IIIII

�1 (T3) x

82



II III II

III

✓�2 II

III (T4) x

↵ ↵ � ↵

� -1�

↵

� -1 ↵ ↵

(T5) x

↵

�1

�1

'

�1

↵

(T6) x

�-1
2 �-1

2 � ↵

� -1
�

↵

� -1 �-1
2 �-1

2

(T7) x

83



�1

�2

↵

'-1
�2

�1

(T8) x

↵ �-1
1

IIII

↵ �-1
1

(T9) x

↵ II-1 �

↵-1

� -1

✓,=

II-1

�

↵ II

(T10) x

84



Goal Describe a very general way of obtaining
presentations of bordism categories using surgery

Surgery diagrams

Let's look a little closer at one of the
generating morphisms

We note the following

Consider the surgery on associated

with the framed attaching sphere

5 12

The outcome of this surgery is with
framed attaching sphere

Diso_ IT



comes equipped with a Morse funition

that has a single criticalpoint of index 1

It
These are two key properties we would like to

emphasize Hence we will denote by

É

Likewise we have

t

EE m

mi 8 ms

These are examples of surgery diagrams
Let's see what some of the relations look like



ms

UH
surgery

spheres in tantelling position

i t i

EFE.tt
to

We also have higher dimensionalanalogues of surgery
diagrams as well

In general

o Y

M M

will represent the trace of the surgery and mapping
cylinders respentively



Surya a presentation of Body.gg

Gen D cellsclosed oriented connected Id11 Jim manifolds

Generating 1 cells

Diffeomorphism type gen 1 cells of

Surgery type gen I tells oi lox.oy.to

Relations

Diffeomorphism Naturality Surgery Frame change
type type type type

CuspUnit
ie 2

2
e

of
to too a a o

whentheattachingspheres
Composition of one are in cancelling where 0 is of

ftp YeYa iingintexk and
diffeomorphism

Qe01k Olnidnsocal0

x Crossing

5 DIsotopy
5 Y

yo

when lo.pl15 1 areif xand y are if ggtiblenossingisotopic



hearem Juhasz FSur 12.1
is equivalent in fait

isomorphic to Bord121

21Sketchconstruct intermediate

categoriesMorseBord

Bord
d 121FSur1 1delta1 BordY1 7

data

d1

81Interlude
FleftWrightCinftyleftWmathbbRright

mathcalFleftomegaright ms space of exiellent Morse functions

mathcalFalpha1leftomegaright spare of functions with a single cusp crit point

mathcalFB1leftomegaright ms spare of funitions that have exantly two Morse

critical points at the same critical

levelCertpaths



W Ws f W I R

Y 4 W i f D f

f f

Can I find a path of Morse functions
without org crit pts connecting to and f

to f



Surplidin

O cells closed oriented d 11 dim manifolds

Generating 1 cells

Diffeomorphism type gen 1 cells

Y

Surgery type gen 1 tells o 1010,41

Generating 2 cells
1 Diffeomorphism type generating 2 cells

Isotopy 2 cells Compositors Unitor

p
B
G y

Y
Yoy

A

191 B

ya
y ida

A

2 Surgery type generating 2 cells
Cusp Crossing

z C
o

ylo.tl B B

A 0 A



3 Naturality type generating 2 cells

B
C

o Yo 4 0
BY

AA

4 Frame change type generating 2 cells

B 5Qla 0A Q skip k
of 2 0 Q where

o.at 0BQ D 45 1 1

A 4io.at to

Relations partial list
1 Diffeomorphism type relations

Associativity relations sotopy invariance

B B B B B B

4 8 4
42 42

A A A A
4 4s
A A A A if Oand O are isotopic rel2



2 Surgery type relations
A Coming from single jet singularities

Cusp invertibility relations

Eye birth death Merge unmerge relations

B B B B C C S e c

B B B

A A A A A A A

Swallowtail relations

f
B

I T
TA

x A

B Coming from multijet singularities

Beak

p
2 B

y
p B

e
D D D

o.ee
B plote

410,21 B
e P

A A



Reidemeister II

C
el or

e
z

B BB
P

onA

Reidemeister III

D
e all P o

j E er e
c

g g
x ̅ e

B
P 0

B B B
pro

A
9

a

3 Naturality type relations

Naturality Reidemeister II Surgery compositorrelations

µ

y p
4

4



4 Frame change type relations

Composition of frame change 2cells

o not o a Q o 8 O QQ1

Frame change naturality relations

Irania I anoa Aly
A A

Frame change cusp relations

e Ie extly
o A o A

Framechange crossing relations

B is 8 y
0 8

A A



hearem BBartlett CDouglas FS

F Sur
_side is equivalent to Bordiarising

Surasson Bordi Bords.tn Bordansin

Skeletalization

Issue Suren is still big ms Skeletalize

should not be both included since



I choose to keep and tall it



But then what do I do with

B1



04

102 02 02 02

04

EEF

02,02

04
04

102 02



Extending to 3d speculation in progress following work

of BHaioun

Level 0
Extra gen 2cells

Extra relationsNonevLevel
1

Extra gen 2cells
Extra relations

hatmu

v7r hatmuhatmu vhatmu v

spddot B

Level 2
Extra gen 2cells

Extra relations

mu

hatmuIII'shatmu IJ



overlinehatmuT 1

B

Level 3
Extra gen 2cells

Extra relations

nuT

2
t

hatmu

D1 Classifications of partially defined extended 32TQFTs
1 Bord

23D2 Are there twisted S compactifications Bordian


