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Aim Uniform homological stability for Bage with coefficients in Vx

Precisely

ommf
Bag Mod Eg Spike V any fʰ

I 1
Bfs Spfe A V

H Bagen Vx Hi Bages Vx is an isomorphism

for all if f g

diverging functionof g
independent of A



I i iii in.in

f 2 2 2 tene

2 I given by addition

Obs f is bilinear and alternating

If n 2g it is non degenerate and hence symplectic

If n 29 1 it is degenerate I titei 0

but its restriction to her is non degenerate then

symplectic

Def Tu Aut Ma

groupautomorphisms preserving 4 7 and

Lemme For 4 29 1 Tage E Spag

Proof Mn is spanned by Ei Ei 5 1 2g ke

and tie v

In this basis Tage ats by

Def Gelfand Zelevinsky For all new Spn 2 The

Equivalent def of Spag 2 thesubgroup of Spag stabilising a

unimodular elementof 229



thimagfintegalbeat.in

Replacing 2 with 72 we similarly define Sp 2 2 and

mod 2 Sp I Sp 4

Obs There is an embedding Gut Spu

Iper
tins in alne.tn

Def Que mod 2 Gun

The integral Buvan representation extends as follows

action on H 2

Bag Mod Eg Spage Tage

I 1 I
Beg Mod Egr Spage Tegtz

Bf
modtcg.in Spf

Tages

Mod Egz CMod Ege on H Egan ie E 229
2 stabilisesI in

The ACampo79 Bloomquist Patet Scherich22

The image of Brian Bu Tu is Qu



alipay.gg ifyhomdogicalstability

Suppose we have

groups Gu new with Go trivial

injections Gm Gu Gmtn assoc unital

automorphisms Gmen Gmen
bmntp n bmp ban 1p
bman

p bup 1 1m bnp

This determines a sequence of destabilisation complexes Wu G

Now suppose that we have

an and Qu as above

surjections Pu Gu Qu compatible with all structure

Waca and W Q are highly connected of slope α so
offset β 0

t 1 0 for ian β

The MPPRW 24
uniformlyhomologicallystable

If Qu is UHS of slope 830

for a class of coeff systems closed under takingshifts

Hi Qu D H Qut D ison for it on constant

then G is UHS of slope min 8 for the pullbacks of
these coeffsystems



Reductiontohigh connectivity

Now.set Gu Bu
Qu Qu CT Spa

Pu Bur Bu Qu

These admit all of the above structure so we have destabilisation complete

Wn B
Wu Q

Calculations of Borel
arithmetic subgroup

UHS of slope 1 for Qage C Speg 2 with coeffs in V

Lemma expressing H Q2 Vi in termsof H Qag Vx in a range

UHS of slope for Qu C Spn with coeffe in V

ad here v

due tobranchin

highconnectivity of of t
andoffset

UHS of slope for Bu with coeth in Vx pulled back along

Bw Bu Qu CT Spu E



wnCBliscontract.be Daniolini 13 Hatche Vogtmann 17

Wn B has vertices isotopy classesof arcs from to pi

and 80 Op span a p simplex

representatives that are disjoint except at

WIB has the same vertices

and 80 Op span a p simplex

representatives that are disjoint except at
or P Pu

Examples

iii
0



Remake
a many vertices

dimWuB n t

dimWIB a

Proposition Let S be any vertex of WEB ThenWIB
deformation retracts onto S

Proof

Point p e WB
collectionof arcs that forepaw

80 Op

night to

barycentric coordinates

Stef

jf
so s in general positin t s

pairwise disjoint

Define 8 and 8 as in the figure

Exactly oneof 8 and 8 has an endpointat

P Pn and is thus a vertexof WIB

light interval proportional to ti gradually

decrease the weighting initially ti of 8 and
increase theweighting by ti of 8



Repeat finitely many
times ri 8g gfp

ti tg

with Jin 8 i 0 g

Slept Consider this as 85 8g s the fmupiexYlid
to's ti 0

Now gradually decrease the ti to 0 at speed ti

and increase the weight of 8 to 1 at speed 1

ʰ on

w we mean int

on the boundary Call this W B

Proposition For any mm 21 W B is contractible

theorem The inclusion WCB WIBI is a weak homotopy equivalence

and hence WB is contractible

Theproof of this uses the badsimplexagement



Badsimplexargumet

YCXsimplici.at complexes

B collection of simplicesof X Y bad simplices

so that 1 if ne faceof a C X is bad then o C Y

if
i IE sai
asimpiexsxTjointhesimplexspannedbythe union

of theverticesof o and oz

then 0 0 is also bad

For oeB set Go subcomplex of of simplices suchthat

I o is a simplex of e

all bad facesof e a lie in a

inthelinkof a

good link of a

Preposition Suppose d 0 oEB Go is d dim o 1 connected

Then Y X induces isom's on T Ed1 and a surjection on toe

In our case WEB

Y WhB

Define

B o i l yn if an arcof o ends at pi
then 32 arcs of o end at pi



Not bad Bad

Proofffffman net is trivial

oeB

cut along a disjoint union of discs each
with n In punctures and

m 71 boundary basepoints

Go I join of Wn m B over all j

key observation one of the m is equal to 1 say m 1

ie for at least one of the complementary

regions of 0 the basepoint does not

getsplit into several copies
when cutting

along

Hence Go E Wn B the rest

Tcontractible
by induction

So Go is contractible hence the Proposition above applies

with d a



Wn Q ced MPPRW 24

Recall that Qu C T C GL 2
11s

Spa

Def A Q basis of 2 is the imageof the standardbasis

e_ under some matrix in Qu

A pack is a subset of a Q basis

Fact WnQ is the simplicial complex whose simplices are

partial Q bases of 2

This is what comesdirectly out of the homological stability machine

Obs dim WnQ n t

Theorems MPPRW 24 Wna is 4 connected

Outlineof.pro slightly simplified

WnQ

n 2 skeleton

fIxn gum

9 connected

bad simplexargument

Pm connected

Charney 84
Nenelemma
Mirzai van derKallen

me y means
simplicesof subcomplexesofy

GET fco f t



We'll leave the nerve lemma bad simplex arguments
a black boxes and instead just describe the general
context of Charney's result

Pn complex of partial basesof 2 that reduce mod 2 to

a subset of a fined partial basis of 4

complexesofliftsofpartialbases

Rvi.mg with unit

A ER ideal 2 sided

Def UA R has p simplices xp E R such that

Xo Xp is unimodular basis ofdirectsummandof R

Note In general this is weaker than

assuming it is a partial basis But

when R is a P I D e.g R Z it

is equivalent

each Xi is congruent mod A to one of e er

Pu 222 2 with K LE C when n is odd

Kee n t weigh.ly fteintt

Obs dim MaCR K I



Assume that R satisfies Bass stable range condition of sdim d

E g Bass if R is commutative Noetherian

of krill dimension d then sd'm D

Eg if R field slim 0

if R I sdim 1 P I D not afield

Theorem Charney 84

Ma R is k d 2 connected

In our case K LE
D 1 since R Z

connectivity E 3 1


