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Theorem Bowel

Last time Wa B is contractible ie d connected for all d

Today Wn Q is F connected



Wn Q ced MPPRW 24

Recall that Qu C T C GL 2
11s

Spa

Def A Q basis of 2 is the imageof the standardbasis

e_ under some matrix in Qu

A pack is a subset of a Q basis

Fact WnQ is the simplicial complex whose simplices are

partial Q bases of 2

This is what comesdirectly out of the homological stability machine

Obs dim WnQ n t

Theorems MPPRW 24 Wna is 4 connected

Outlineof.pro slightly simplified

WnQ

n 2 skeleton

fIxn gum

9 connected

bad simplexargument

Pm connected

Charney 84
Nenelemma
Mirzai van derKallen

me y means
simplicesof subcomplexesofy

GET fco f t



Play Define the various simplicial complexes

Results of Charney

A bad simplexargument

I
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Vue 2 Vn ÉC1 e

We also define

g 2 P 1 n S É.ae Kien a is odd

Def Zn simplicial complex whose p simplices are no Up 2
such that no Up Un is a partial 2 basis of 2

S no s up are pairwise disjoint

Def Yn subcomplex where we also have Ui 0 1s ni 2

IX subcomplex where we also have Ui 0 1s ni 2 Kui u O

Xn subcomplex where we also have Ui 1 Is ui 1 Kui u 1
for it forsomeordering of no up

necesstrily
unique

Obs Qu C Gln Z acts simplicially on Zn and each of these subcomplexes

Obs dim Xn n 2 e.g e en is a topdim simplex

Lemme simplices of Xu partial Q bases of size In 1
Profuses a

Coe Xn 2 skeleton of WnQ



Complexesofliftsofpartialbases lves.lt of Charney

R ring with unit

A ER ideal 2 sided

Def UA R has p simplices xp E R such that

t
FTIT.ttfffff

Tees uaief.PiIjD
eg.R z it

each Xi is congruent mod A to one of e er

Obs dim MAC K I

Assume that R satisfies Bass stable range condition of sdim d

E g Bass if R is commutative Noetherian

of krill dimension d then sd'm D

Eg if R field slim 0

if R I sdim 1 P I D not afield

Theorem Charney 84

Ma R is k d 2 connected



Def Pn simplicial complex whose p simplices are no up cher CE
such that no up is a partial 2 basis of ke

S no s up are pairwise disjoint

each g ui 25 1,2 for some IE ELE

0b i when n is odd Pu the subcomplexof Yu of simplices satisfying
the additional condition Note IE herb Kun for nodd

This is also true when n is even but with a slightly different

definitionofPn in that case
ker

2 Pn complex of partial 2 basesof 2 that reduce

a msn.to
of 4

he eg tea IE ELE

Hence by changing basis we have Pu Uza 2nd

in
n

Applying Chaney's theorem with K LE and we obtain

since R Z ftp.I.D
Core Pn is 1 connected

Moregenerally Def For S E 1,2 LET

Pns subcomplexof Pn where jes in

Obs Pacs E 22212 with

Coe Pacs is 151 3 connected
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Recall

Pu Yu

no up partial 2 basis of herb
S Ui g ui pairwisedisjoint and of size 2

A 251,2 IE ELE

To prove that the inclusion is d connected we need a family of
bad simplices so that foreach bad p simplex o Go is d p 1 connected

Remindeofbebadsinpfargumentfromlasttime.it

C X simplicial complexes

B collection of simplicesof X Y bad simplices
so that 1 if ne faceof a CX is bad then

ocyktithhf29sk

fe

Is.in Register.sio.Kni
then o o is also bad

For oeB set Go subcomplex of ofsimplices suchthat

facesL
X in

inthe of a

goodlinkof a

Presition size i.IEn.E I i Imm



Say a simplex o of Yu is bad if none of its vertices lie in Pn

This clearlysatisfies I and 2

For a bad simplex o we have Go Pacs where S E 1,2 LES

no _up is theset of indices j suchthat 251,2 is disjoint

from every s no S up

Each scui 2 so Is E 2 pti

so connectivity Go LEJ 2p 5

not of the required form dueto
the factor of 2 on the p term

But if X is connected

then it is connected since f max LE 2

and every space is 2 connected

man
1 1

So connectivity G 1 42
10
1

connectivity G THE 1 p 3

Bad simplex argument the inclusion Pn Yu is 4 2 connected

Pn is 1 connected it is 1 connected

Yu is 1 connected

Infffths
is valid for an odd When n is even thedetails are

slightly different and we conclude that Yn is connected



Nerelemmaarguments

Finally.ve have to prove

highconn ofYu highconn of IX highconn of

Reminder simplices are no Up 2

no up.vn partial 2 basis Zn

g no s up pairwise disjoint

and Yu Ui 0 1s ni 2

IX Ui 0 1s ni 2 Kui u D

Xn Ui 1 Is ui 1 Kui u 1 for it forsomeordering

Arguments and are similar focus on

nonempty

Notation A tnsB means
sinksofA subcomplexesofB

GET fco f t

Nevelemma Mirzaii van der Kallen

Ah B and suppose A is d connected ThenB is also d connected if

The del skeleton of B is contained in fool

For every psimplex o of A

P1 Fco is d p connected

p o fco is d 1 connected and f o B factors

through a d connected subcomplex

For every psimplex of B

A OEA Teflon is d p connected

preimage of



adf.ITIfIIisx and dark 0.0.0
with D n

Work by induction on n

n 7 vacuous so assume that v78 n d 9

Recall Zn

IX Txu
Construction

oEIXn LinkedIn Xu fco

t.EE oeZn

check order reversing

I p simplex of X pen 4

First I en p en

This lies in f e ez
I vertexof IXu

Recall Qu acts transitively on p simplices of w

f IXu my n is Qu equivariant

Hence Lufo
contains the n 4 skeleton of Xn

d



Lena Vp simplex of Xu Exile In p i

connectivity 4

41 d E d p

Lemme p simplex or of IXu

fco Link.tl n n E Xnzp 2
22

BE
Def A directed simplicial complex with vertices Ao

S non set

ATS directed simplicial complexwith vertices Ao S
and 90,50 CapSp forms a psimplex
iff ao ap forms a p simplex in A

Eg A IN S 1,2

1

There are simplicial maps A A
faget

labels
label shs.es

Def oeW directed simplicial complex

LLink TEW E crew left link
Tdirectedjoin

Lemmy g simplex of Xu LLink E n g i



Prof Charney

W directed simplicial complex

S non set

Suppose Id q simplex of W LLink is d g 1 connected

W is min I d 1 connected

Then the inclusion W WKS is d connected

In particular if W is d connected and

then WKS is d connected

In our case

n zp z map 227 I fco

g simplex

Lhinkxn.zp.de n 2p 9 3
connectivity 284

15 2 If g 1

by inductive hypothesis

Prop Charney inc.is 1,1 connected

nap z
is 4 connected by inductive hypothesis

d p p 1
B

d d 1 p o



Finalstep

When p 0 so o v is a vertex we need to show that

f v Xu factor through a d connected sebcomplex

1 Lena The Qu action on vertices of IXn is transitie

when u Recall we are assuming n 8

Hence we may assume that v en en

Ii Lbs For this choice of V the composition

me Xn 422 E Fcu Xu

is the canonical inclusion n z Xn

iii Obs Hee Xu z T en e Xn

Hence the canonical inclusion factors as

n a Iff n

This is a cone
hence contractible

iv Consider the pushout

Fcr By above

conn Xm for the

By generalpropertiesof
homotopy pushouts

com fungif contractible altered


